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PREFACE. 


T his book may be regarded as a third edition of a Treatise on the 
Mathematical Theory of the Motion of Fluids/' which was published in 
1879 The second edition, largely remodelled and extended, appeared under 
the present title in 1895 In this issue no further change has been made in 
the general plan and arrangement, but the work has been carefully revised, 
occasional passages have been rewritten, and many interpolations and addi- 
tions have been made, amounting m all to about one-fifth of the whole. 
The numbering of the sections has consequently been somewhat disturbed. 
The more important extensions will bo found in the latter half of the book, 
which deals mainly with physical applications. 

One or two points from the preface of 1895 may be repeated. 

I have peisisted in the use of the reversed sign of the velocity-potential, 
writing 11 ==- 3^/0^’, &c , m place of u = d4>ldx, &c The physical interpretation 
of the function is theieby greatly improved, and the far-reaching analogy with 
the magnetic potential is at the same time made more complete. It should 
he remembered that the prevalent usage had a purely analytical origin, in 
connection with the notion of "perfect differentials ’ From a physical point of 
view it IS so much more natuial to rcgaid the state of motion of a dynamical 
system, m any given configuiation, as specified by the impulses which would 
start it, rather than by those which would stop it, that the change hero advo- 
cated would seem to lequirc no further justification. It is, moreover, not 
wholly an innovation, fox it may claim authority m the writings of Cauchy. 
If he, instead of Poisson, had happened to write a text-book of Mechames, the 
convention would, I think, have been different 

Pams have been taken to give full and accurate references in the foot- 
notes, but it will be understood that the original methods have not always 
been followed m the text. 

In the preceding edition I endeavoured, m the spnit of Poinsot's warning, 
"" Gardens nous de croire ([u'une science soit faito quand on Fa reduite k des 
formules analytiques," to render the analytical results as intelligible as 
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possible, by numerical calculations, and by the insertion of a number of 
diagrams of stream-lines and other curves, drawn to scale This process of 
illustiation has been continued For fe,cihties in reproducing some of the new 
diagrams I am indebted to the Councils of the London Mathematical Society 
and the Manchester Literary and Philosophical Society, in whose publications 
they first appealed. 

I have had recourse to Professor A E. H. Love’s kind advice on vaiious 
points, and have to thank him for several valuable suggestions. 

1 he officers and staff of the University Press have placed me under great 
obligation by the constant consideration shewn in matters connected 'with 
the printing 



help in revision I had gratefully to record on the former occasions I feel 
that this edition is the poorer for want of the vigilant censorship which has 
so often been exercised for the benefit of his friends, but which is unfortu- 
nately no longer within his power 


HORACE LAMB 


Jammy ^ 1906 
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Page 149, Art 116 A reference to the researches of C A. Bjerhnes on pulsating spheres has 
unioitunately been onaitted A full account of these is given by V Bjerknes, VuiUmmien nher 
hydiodijnamische Femhafte, Leipzig, 1900-1902 

Page 261, first footnote Add a leference to Ohiystal, “ On the Hydrodynamical Theoiy of 
Seiches, with a Bibliographical Shetch,” Trans F S Fdui,t xli p 599 (1905). 

Page 286, equation (36), for ^ 't cad ^ d<f>\ foi ‘ ^tt - J 77 ’ ? ead ‘ - Jt; ’ 

,, 405, line 5, /o? * minimum’ 7 ead ‘stationary’ 

„ 413, footnote A paper by Loid Kelvin on “ Deep Sea Ship-Waves,” Twc IL aV Edui, 
t XXV p 1060 (1905), has appeared since this chapter was printed 

Page 418, first footnote Deference should also have been made to papers by A Kasmussen 
and G. Kota, respectively, rra?is. Jmc Nav Aich^t xli p 12 (1899), and t xhi. p 239 (1900) 

Page 512, equation ( 8 ), foi ‘ 2 ’ read ‘S.’ 

1 

,, 513, equations (18), imert a comma after ‘log 
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HYDRODYNAMIC 8. 

CHAPTEB I. 

THE EQUATIONS OF MOTION. 


1. The following investigations proceed on the assumption that the 
matter with which we deal may be treated as practically continuous and 
homogeneous in structure , we assume that the properties of the smallest 
portions into which we can conceive it to be divided are the same as those of 
the substance in bulk. 

The fundamental property of a fluid is that it cannot be in equilibrium in 
a state of stress such that the mutual action between two adjacent parts is 
oblique to the common surface. This property is the basis of Hydrostatics, 
and IS verified by the complete agreement of the deductions of that science 
with experiment Very slight observation is enough, however, to convince 
ns that oblique stresses may exist in fluids m motion. Let us suppose for 
instance that a vessel in the form of a circular cylinder, containing water 
(or other liquid), is made to rotate about its axis, which is vertical. If tho 
motion of the vessel be uniform, the fluid is soon found to be rotating with 
the vessel as one solid body If the vessel be now brought to rost, tho 
motion of the fluid continues for some tune, hut gradually subsides, and at 
length ceases altogether , and it is found that during this process the portions 
of fluid which are further from the axis lag behind those which are nearer, 
and have their motion more rapidly cheched Those phenomena point to the 
existence of mutual actions between contiguous elements which are partly 
tangential to the common surface Tor if the mutual action wore everywhere 
wholly normal, it is obvious that the moment of momentum, about the axis 
of the vessel, of any portion of fluid bounded by a surface of revolution about 
this axis, would he constant We infer, moreover, that these tangential 
stresses are not called into play so long as the fluid moves as a solid body, 
hut only whilst a change of shape of some portion of the mass is going on, 
and that their tendency is to oppose this change of shape 

li. 
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The Equations of Motion [chap. 

2 It IS usual, however, in the first instance to neglect the tangentia 
stresses altogethei. Their effect is in many practical cases small, and inde 
pendently of this, it is convenient to divide the not inconsiderable difficultie 
of our subject by investigating first the effects of purely normal stress Th< 
further consideration of the laws of tangential stress is accordingly deferrec 
till Chapter xi 

If the stress exerted across any small plane area situate at a point P o 
the fluid be wholly normal, its intensity (per 
unit area) is the same for all aspects of the 
plane The following proof of this theorem 
is given here for purposes of reference 
Through P draw thiee straight lines PA, 

PB, PC mutually at right angles, and let 
a plane whose direction-cosines relatively to 
these lines are I, m, n, passing infinitely 
close to P, meet them in P, G Let p, 

Pi> jP 2 ) Ps denote the intensities of the 
stresses'^ across the faces ABC, PBO, PC A, PAB, respectively, of the 
tetrahedron PABG If A be the area of the first-mentioned face, the areas 
of the others aie, in ordei, I A, mA, nA Hence if we form the equation oi 
motion of the tetrahedron parallel to PA we have lA=-pl , A, where we 
have omitted the teims which express the rate of change of momentum, and 
the component of the extraneous forces, because they are ultimately propor- 
tional to the mass of the tetrahedron, and therefore of the third order of 
small linear quantities, whilst the terms retained are of the second We 
have then, ultimately, p-=-pu and similarly which proves the 

theorem 

3 The equations of motion of a fluid have been obtained in two diffeient 
forms, corresponding to the two ways m which the problem of determining 
the motion of a fluid mass, acted on by given forces and subject to given 
conditions, may be viewed We may either regard as the object of our 
investigations a knowledge of the velocity, the pressure, and the density, 
at all points of space occupied by the fluid, for all instants , or we may seek 
to determine the history of every particle The equations obtained on these 
two plans are conveniently designated, as by German mathematicians, the 
‘Eulerian' and the '^Lagrangian’ forms of the hydrokmetic equations, although 
both foims are in reality due to Eulerf 

* Beckoned positive when pressures, negative when tensions Most fluids are, howevei, 
incapable undei ordinary conditions of supporting more than an exceedingly slight degree of 
tension, so that p is nearly always positive 

t “Pnncipes gbn^raux du mouvement des flaides ” Eist de VAcad de Beilin, 1755 
“ De prmcipiis motus fluidorum ” Novi Comm Acad Petiop t xiv p 1 (1759) 

Lagrange gave thiee investigations of the equations of motion, first, incidentally, m 
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The Eulerwm, Equations 

4 Let u, V, w be the components, parallel to the co-ordinate axes, of the 
velocity at the point (.«, y, z) at the time t These quantities are then 
functions of the independent variables <r, y, z, t For any particular value of 
t they express the motion at that instant at all points of space occupied by 
the fluid , whilst for particular values of x, y, z they give the history of what 
goes on at a particular place. 

We shall suppose, for the most part, not only that u, v, w are finite and 
continuous functions of Xy y, Zy but that their space-derivatives of the first 
order Chul'dx, dvjdx, dw/dx, &o) are everywhere finite*, we shall understand 
by the term ‘continuous motion,’ a motion subject to these restrictions 
Cases of exception, if they present themselves, will require separate examina- 
tion In continuous motion, as thus defined, the relative velocity of any two 
neighbouring particles P, P' will always be infinitely small, so that the line 
PP' will always remain of the same order of magnitude It follows that if 
wc imagine a small closed surface to be drawn, surrounding P, and suppose 
it to move with the fluid, it will always enclose the same matter And any 
surface whatever, which moves with the fluid, completely and permanently 
separates the matter on the two sides of it. 

6. The values of u, v, w for successive values of t give as it were a series 
of pictures of consecutive stages of the motion, m which however there is no 
immediate means of tiacing the identity of any one paiticle. 

To calculate the late at which any function F{x, y, z, t) vanes for a 
moving particle, we remark that at the time t -)- Sf the particle which was 
originally in the position {x, y, z) is m the position {x-\-uU, y + vU, z + wBt), 
so that the corresponding value of P is 

F(x + uBt, y + vBt, z -f wBt, t + 8t) = F + + wU 

ox dy dz dt ' 

If, after Stokes, we introduce the symbol E/Et to denote a differentiation 
following the motion of the fluid, the new value of F is also expressed by 
F + DFjEt St, whoiico 

2)F dF , dF dF dF 

+ + 0 ) 

coimoction with the principle of Least Action, in the Mihcellmim Tainmensia, t. n (1700) 
Oeuvr(% Pans, 1867-913, t i., secondly in his “M6moiro sur la Th6one du Mouvement des 
Plmdes, Nouv m6m de VAcad de Bnhn, 1781, Oeuines, t. iv , and thiidly in tlic M^,cmuq%ie 
Analytique In this last exposition he starts with the second foim ol the efimUioiis (Ait. 18, 
below), but translates them at once into the ‘ Eulenati’ notation 

It IS important to bear in mmd, with a view to some latei developments under the head 
of Vortex Motion, that these derivatives need not be assumed to be continuous. 
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The Equations of Motion [ohap. i 

6 To form tie dynamical equations, let _p be tbe pressure, p the density, 
X, F, Z the components of the extraneous forces per unit mass, at the point 
(«, y, z) at the time t Let ns take an element having its centre at {x, y, z\ 
and its edges Sx, By, Bz parallel to the rectangular co-ordinate axes The rate 
at which the a?-component of the momentum of this element is increasing is 
pBxSyBzDulDt; and this must be equal to the ic-component of the forces 
acting on the element Of these the extraneous forces give pSajSiz&X. The 
pressure on the y^-face which is nearest the origin will be ultimately 

(p — ^Bp/dx Bx) ByBz*, 

that on the opposite face 

(p + \dpjdx . Bx) By Bz 

The difference of these gives a resultant - ap/3iK BxByBz in the direction of 
a!-positive The pressures on the remaining faces are perpendicular to x. 
We have then 

p BxByBz^ — pBxByBz X - ^BxBy Bz. 


Substituting the value of BujDt from (1), and writing down the 
symmetrical equations, we have 


I Bp 
P^JJ’ 
1 Bp 


Bu Bit , Bu , 9 m „ 1 

dv Bv , 3v , Bv rr 

dw , dw dw dw ^ 

oi ox dy dz p dz I 




( 2 ) 


7, To these dynamical equations we must jom, in the first place, a 
certain kinematical relation between Uj v, w, p, obtaiiiGd as follows. 

If V be the v'olume of a moving element, we have, on account of tho 
constancy of mass, 


D pv 

Dr 


= 0 , 


1 Dp 1 Dv _ 
Dt ^ V Dt ~ 


To calculate the value of 1/v DvjUt, let the element m question bo that 
which at time t fills the rectangular space having one corner P at 

(x,y, z), and the edges PD, PM, PiV"(say) parallel to the co-ordmate axes. 
At time t i- Bt the same element will foi in an oblique parallelepiped, and since 


It is easily seen, by Taylor’s theorem, that the mean pressure over any face of the element 
8a> hy Sz may be taken to be eiiual to the pressure at the centre of that face. 
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Equation of Continuity 


the velocities of the particle L relative to the particle P are duldoo 
dvidcc. Sx, dwjdx.Bw, the projections of the edge PL become, after the time St, 







BXy 


respectively To the first order in. Bt, the length of this edge is now 


and similarly for the remaining edges. Since the angles of the parallelepiped 
differ infinitely little from right angles, the volume is still given, to the first 
order in Bt, by the product of the three edges, we have 


or 


T + ^ SI . {i + (I + 1 + g) S< J &, 

1 jDv __ du dv dw 
V Dt dy'^ dz 


Hence (1) becomes 



_^dw\ 
\dx dz) 


= 0 


.( 3 ) 


This is called the ‘equation of continuity/ 

rm . Bu dv dw 

The expression ^ ^ 9F ' 

which, as we have seen, measuies the rate of increase of volume of the fluid 
at the point {cc, y, z), is conveniently called the ‘expansion’ at that point. 


8. Another, and now more usual, method of obtaining the above equation 
IS, instead of following the motion of a fluid element, to fix the attention on 
an element SooSyBz of space, and to calculate the change produced in the 
included mass by the flux across the boundary If the centre of the element 
be at {x, y, £), the amount of matter which per unit time enters it across the 
y^-face nearest the origin is 

and the amount which leaves it by the opposite face is 

hjhz 

The two faces together give a gain 

— BxSijBz, 

per unit time. Calculating m the same way the effect of the flux across the 
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remaining faces, we have for the total gain of mass, per unit time, in the 
space hxtyhz, the formula 


'0 pw 0 pv 
^ doG dy 



Since the quantity of matter m any region can vary only in consequence 
of the flux across the boundary, this must he equal to 


^(pSxSySe), 


whence we get the equation of continuity in the form 


dp d pu d P'^ .pzo 
dt d(c dy dz 


. . . (4) 


9 It remains to put in evidence the physical properties of the fluid, so 
far as these affect the quantities which occur in our equations 

In an ‘incompressible’ fluid, or liquid, we have Dp/Di = 0 , in which case 
the equation of continuity takes the simple form 


du dv du) 
dx '^dy ^ dz 


( 1 ) 


It is not assumed here that the fluid is of uniform density, though this is 
of course hy far the most important case. 

If we wished to take account of the slight compressibility of actual liquids, 
we should have a relation of the form 


p = «(p-p,)/po, (2) 

or p/po=l (3) 

where ic denotes what is called the ‘ elasticity of volume.’ 

In the case of a gas whose temperature is uniform and constant we have 
the ‘isothermal’ relation 

pIpo = pIpo, 0) 


where p^, po are any pair of corresponding values for the temperature in 
question 

In most cases of motion of gases, however, the temperature is not constant, 
but rises and falls, foi each element, as the gas is compressed or rarefied 
When the changes are so rapid that we can ignore the gain or loss of heat 
by an element due to conduction and radiation, we have the ‘ adiabatic ’ 
relation 

i>ipo={pip»y ( 5 ) 

where po ^iiy of corresponding values for the element con- 

sidered The constant 7 is the ratio of the two specific heats of the gas, 
for atmospheric air, and some other gases, its value is 1*408 



8-10] Boundary Condition V 

10 At the boundaries (if any) of the fluid, the equation of continuity 
IS replaced by a special surface-condition Thus at a fixed boundary , the 
velocity of the fluid perpendicular to the surface must be zero, %e li I, m,n 
be the direction-cosines of the normal, 

lu + mv + nw=0 ( 1 ) 


Again at a surface of discontinuity, le. -a surface at which the values of 
u, v, w change abruptly as we pass from one side to the other, we must have 

I -'Ui) + m{Vi-Vi) + n (wi - = 0. (2) 

where the suffixes are used to distinguish the values on the two sides. 
The same relation must hold at the common surface of a fluid aud a moving 
solid 

The general surface-condition, of which these are particular cases, is that 
if F{x, y, z,t) = Q be the equation of a bounding surface, we must have at 

every point of it 

J)FjDt = 0 ( 3 ) 

For the velocity relative to the surface of a particle lying in it must be 
wholly tangential (or zero), otherwise we should have a finite flow of fluid 
across it It follows that the instantaneous rate of variation of F for a 
surface-particle must be zero 

A fuller proof, given by Lord Kelvin*, is as follows To find the rate 
of motion (v) of the surface F {x, y, z, t) = 0, noimal to itself, we wiite 

F{x + IvBt, y -f mvU, z + 7tvU, t + = 0, 

where I, m, n are the direction-cosines of the normal at (®, y, z), whence 

dx ay 

/dF dF dF'' 

V0a;’ dy’ dz , 


Since 


where 


{I, VI, n) = 


dF . 


■ 11 , 


R- 


'dFfi 


dx) -^[d-yJ^Kdzj 


we have 


1 dF 
~R di 


w 


At every point of the surface we must have 

j; = fo/) + mv + 'iiw, 

which loads, on substitution of the above values of I, m, n, to the ociuation (3). 

Tlie partial differential equation (3) is also satisfied by any surface 
moving with the fluid This follows at once from the meaning of the operator 

(W Thomson) “Notes on Hydio dynamics,” Camh and Dnh. Math Journ* Feb 1848 

Mathematical and Physical l^apeiSf C&mhxidgei 1QS2 ,t i p 88 
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DjLt A question arises as to whether the converse necessarily holds , ^ e 
whether a moving surface whose equation F =0 satisfies (8) will always 
consist of the same particles Considering any such surface, let us fix our 
attention on a particle P situate on it at time t The equation (3) expresses 
that the rate at which P is separating from the surface is at this instant 
zero , and it is easily seen that the motion he continuous (according to the 
definition of Art 4), the normal velocity, relative to the moving surface P, 
of a particle at an infinitesimal distance f from it is of the order viz it is 
equal to where Q is finite Hence the equation of motion of the particle 
P relative to the surface may be written 

D^li)t=a^. 

This shews that log f increases at a finite rate, and since it is negative infinite 
to begin with (when 0), it remains so throughout, le ^ remains zero for 
the particle P 


The same result follows from the nature of the solution of 



0P . dF dF 


= 0 , 


(5) 


considered as a partial differential equation in F* The subsidiary system of ordinary 
differential equations is 


dt- 


dx ^dy _ dz 

'' u ~~ V ~ 


( 6 ) 


in which X, y, 5? are regarded as functions of the independent variable t These are 
evidently the equations to find the paths of the particles, and their integrals may be 
supposed put in the forms 

«=/i («, c, t), y=fi {a, b, 0, t), (a, b, o, t), .. (7) 

where the arbitrary constants a, 6, c are any three quantities serving to identify a particle , 
for instance they may be the initial co-ordinates The general solution of (5) is then found 
by elimination of a, b, c between (7) and 

F=f(a,b,c), ... (8) 

where xj/ is an arbitrary function This shews that a particle once in the surface P=0 
remains in it throughout the motion 


Equation of Energy 

11 In most cases which we shall have occasion to consider the extraneous 
forces have a potential, viz we have 


A, 



0X1 0X1 

dy ’ 0-a 


(1) 


The physical meaning of XI is that it denotes the potential energy, per unit 
mass, at the point {x, y, z), in respect of forces acting at a distance It will 


Lagrange, Oeuvres^ t iv, p 706 
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Energy 


be sufficient for the present to consider the case where the field of extraneous 
force IS constant with respect to the time, i.e dHjdt = 0 If we now multiply 
the equations (2) of Art. 6 by u, v, w, in order, and add, we obtain a result 
which may be written 


D , ox / 


dp , 3jo , 
dx dy dz 


If we multiply this by SxSySz, and integrate over any region, we find 

^(i’+ 7)— ///(«! + . « 


where T = ifjfp (u^ + dxdydz, V ^JJfSlpdxdydz, (3) 

'le T and V denote the kinetic energy, and the potential energy in relation 
to the field of extraneous force, of the fluid which at the moment occupies 
the region m question The triple integral on the right-hand side of (2) 
may be transformed by a process which will often recur in our subject Thus, 
by a partial integration, 

dxdydz [pu] ^2/^^ ~///p ^ dxdydz, 

where \pu\ is used to indicate that the values of pu at the points where the 
boundary of the region is met by a line parallel to x are to be taken, with 
proper signs If I, m, n be the direction-cosines of the inwmdly directed 
normal to any element SS of this boundary, we have By8z=^ ± IBS^ the signs 
alternating at the successive intersections referred to We thus find that 

~ ifpuldS, 

where the integration extends over the whole hounding surface. Trans- 
forming the remaining terms in a similar manner, we obtain 

^(!r+ V) = jlp(lu + mv + 7iw)dS + jjjp ••■0) 

In the case of an incompressible fluid this reduces to the form 


D 

Dt 


m 

(y q. jy) = (lu + mv + nw) p dS. 


(5) 


Since lu -1- mv + nw denotes the velocity of a fluid particle in the direction of 
the normal, the latter integral expresses the rate at which the pressures ySS 
exerted from without on the various elements BS of the boundary are doing 
work Hence the total increase of energy, kinetic and potential, of any 
portion of the liquid, is equal to the work done by the pressures on its 
surface. 
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In particular, if the fluid be bounded on all sides by fixed walls, we have 

lu + mT + nw = 0 
over the boundary, and therefore 

-I- y =r const ... (6) 

A similar interpretation can be given to the more general equation (4), 
provided p be a function of p only If we write 

m 

then E measures the work done by unit mass of the fluid against external 
pressure, as it passes, under the supposed relation between and p, from its 
actual volume to some standard volume For example, if the unit mass 
were enclosed in a cylinder with a sliding piston of area A, then when the 
piston IS pushed outwards through a space Bx, the work done is pA Sx, of 
which the factor denotes the increment of volume, i e, of In the 
case of the adiabatic relation we find 


7-1 Vp Po/ 


. ( 8 ) 


We may call E the intrinsic energy of the fluid, per unit mass. Now, 
recalling the interpretation of the expression 


du dv dw 
dz 

given in Art. 7, we see that the volume-integral in (4) measures the rate at 
which the various elements of the fluid aie losing intrinsic energy by 
expansion"^ , it is therefore equal to -DWjDt, 

where W = JfJE pdxdydz .. . . (9) 

Hence §fT+V+ W)=jjp{lu + mv-hnw)dS. . ..(10) 


The total energy, which is now partly kinetic, partly potential in i elation to 
a constant field of force, and partly intrinsic, is therefore increasing at a rate 
equal to that at which work is being done on the boundary by pressure from 
without 


^ dy'^ dz ) 


dso 5y dz 




* Otherwise, 


p8x 8y 5z=i - p 8x By dz. 
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Impulsive Motion 


11 


Impulsive Generation of Motion 

12 If at any instant impulsive forces act bodily on the fluid, or if the 
boundary conditions suddenly change, a sudden alteration in the motion may 
take place. The latter case may arise, for instance, when a solid immersed 
in the fluid is suddenly set in motion 

Let p be the density, u, v, w the component velocities immediately before, 
u', if, w' those immediately after the impulse, X', Y', Z' the components, of 
the extraneous impulsive forces per unit mass, -nr the impulsive pressure, at 
the point {x, y, z) The change of momentum parallel to x of the element 
defined in Art. 6 is then pSx^yBz («'- u), the a:-component of the extraneous 
impulsive forces is pSxSyBzX', and the resultant impulsive pressure in the 
same direction is - dvr/dx SxSijBz Since an impulse is to be regarded as an 
infinitely groat force acting foi an infinitely short time (t, say), the effects of 
all finite forces during this interval are neglected 

Hence, p hxBi/Bz (u - u) = pBxByBzX' - BxBijBz, 


or 

Similarly, 


u — u 


= X'- 


Id'UT \ 
p dx 

/ V' ^ I 


1 d'UT 

, 1 B-uy 

w = *^•1 

p OZ / 


. .( 1 ) 


These equations might also havo been deduced from (2) of Art 6, by 
multiplying the latter by Bt, integrating between the limits 0 and r, putting 


X' = rxdt, Y' = r Ydt, z' = rzdt, vr 

Jo JO I 0 



and then making t vanish 

In a liquid an instantaneous change of motion can bo pioducodby the 
action of impulsive pressures only, even when no impulsive forces act bodily 
on the mass In this case we have X', JT', = 0, so that 


it — u ■ 


'y' — -y = 


w — = — 


^ d'CT \ 

p dx ' 

1 d'UT 
~p By ’ 

1 d'tsT 
P dz' j 




... ( 2 ) 


If we differentiate these equations with respect to x, y, z, respectively, and 
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add, and if we further suppose the density to be uniform, we find by Art. 9 (1) 
that 

3^-sr 3V _ 

3a!® ”** 0^® 3.2® 

The problem then, m any given case, is to determine a value of w satisfying 
this equation and the proper boundary conditions * ; the instantaneous change 
of motion IS then given by (2) 


The Lagrangian Equations 

13. Let a, b, c be the initial co-ordinates of any particle of fluid, cc, y, z 
its co-ordinates at time t We here consider x, y, z as functions of the 
independent variables a, 3, c, t, their values in terms of these quantities give 
the whole history of every particle of the fluid The velocities parallel to 
the axes of co-ordinates of the particle (a, b, c) at time t are dx/dt, dy/dt, dzifdt, 
and the component accelerations in the same directions are 
IHlbt Let p he the pressure and p the density in the neighbourhood of 
this particle at time t , X, Y, Z the components of the extraneous forces per 
unit mass acting there Considering the motion of the mass of fluid which 
at time t occupies the differential element of volume bxSyBz, we find by the 
same reasoning as in Art 6, 

y 1 dp 
0t®“ ~p^’ 

dt^ pdy’ 


_ 1 3p 

pdz‘ 


These equations contain differential coefficients with respect to oc, y, z, 
whereas our independent variables are a, b, c, t To eliminate these dif- 
ferential coefficients, we multiply the above equations by dxjda, dyjda,, dzjda,, 
respectively, and add; a second time by dwjdh, 3y/33, 3.?/36, and add, and agam 
a third time by dxjdc, dyfdc, dz/dG, and add We thus get the three equations 




Jda^Kdf Jda^K 






let® ^ 


da 

dos 


id^jz 




w 

Kdf 


da 

36 

^4. _ 

3c I dt‘ 


-Z] 


J da pdd ’ 




’o-'a 


-Z 


3c ^p3c ~"- 


These are the ‘ Lagrangian’ forms of the dynamical equations 


* It Will appear in Chapter rii. that the value of -cr is thus determinate, save as to an 
additive constant 
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Lagrangian Equations 


14 To find the form which the equation of continuity assumes in terms 
of our present variables, we consider the element of fluid which oiiginally 
occupied a rectangular parallelepiped having its centre at the point (a, h, c), 
and its edges ha, hb, he parallel to the axes. At the time t the same element 
forms an oblique parallelepiped The centre now has for its co-ordinates 
X, y, z; and the projections of the edges on the co-oidmate axes are 
respectively 


dx . 

^ oa, 
da 

r>. 

Ta^’ 

dx 



dx ^ 


dz . 

^ oa 
9c 


The volume of the parallelepiped is therefore 


dx 

dy 


da’ 

da' 

9a 

dx 

dy 

9^ 


db’ 

U 

dx 

dy 

dz 

9o’ 

dc’ 

9c 


or, as it IS often written, hahbSc 

d {a, h, c) 

Hence, since the mass of the element is unchanged, we have 

9 (x, y, z) __ 

^ 9 (a, 6, c) “ 

wheie po IS the initial density at (a, b, c) 

In the case of an incompressible fluid p = po, so that (1) becomes 

3 y,j) _ 1 

d (a, b, c) 


. .( 2 ) 


Webe7^'s Tr mis formation 

15 If as in Art 11 the forces X, Y, Z have a potential O, the dynamical 
equations of Ait 13 may be wntten 

4- 9// , 9“-^ 9-2^ _ ^ 0 D 

dt^ da df da dt^ da da pda^ ^ ^ ^ 

Let us integrate these equations with respect to t between the limits 0 and t 
We remaik that 


, &c , &c 


dx dx] * dx 


1 0 dt^ da \_dt 9a Jo Jo dt dadt 

dxdx yd /dxY 7 , 

~diu ““~^0aJo Isij 


0 
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14 

where u,, is the initial value of the ®-coinponeiit of velocity of the particle 
(a, h, c) Hence if we write 


we find* 




dt, 


(1) 


— M = ■ 

da'^ dt da^ dt da " 

0iB 9» ^ ^ ^ ^ 

U^'^dt db^ dt db 


■ % = ■ 


■0a’ 

'db’ 


dtdc'^dtdc “ 9c 


( 2 ) 


0«\^ , 
Jt) + 


■9yY 


+ 


(3) 


These three equations, together with 

and the equation of continuity, are the partial differential equations to be 
satisfied by the five unknown quantities x, y, z, p, X, P i>eing supposed 
already eliminated by means of one of the relations of Art. 9 
The initial conditions to be satisfied aie 

y=h, 2 =c, % = 0 


x = a, 


16 It IS to be remarked that the quantities a, b, c need not be restricted 
to mean the initial co-ordinates of a particle, they may be any three quanti- 
ties which serve to identify a particle, and' which vary continuously from one 
particle to another If we thus generalise the meanings of a, b, c, the form 
of the dynamical equations of Art 13 is not altered , to find the form which 
the equation of continuity assumes, let a;„, y„ now denote the initial 
co-ordinates of the particle to which a, b, c refer The initial volume of the 
parallelepiped, whose centre is at y«, z„) and whose edges correspond to 
variations 8a, Sb, 8c of the parameters, a, b, c, is 

9(^0, yo, gp ) 

9 (a, b, c) 


- 8a 89 8c, 


so that we have 


0 (x, y, z) _ 0 {x^, ?/o. ^o) 


0 (a, b, c) 

or, for an incompiessible fluid, 

0 (x, y, z) _ 9(ao, y o, ^o) 

0 (a, b, c) 9 (a, b, c) 


( 1 ) 


(2) 


* H Weber, “Ueber eine Transfoimation der bydrodynamischen Gleicbungen, Crelle^ 
t Ixviii (1868) 
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17 . In a large and important class of cases the component velocities 
u, Vy w can be expiessed in terms of a single function <j>, as follows 


u, V, w=-- 


dcj) 


07/’ 


d<f) 
dz ' 


(i)» 


Such a function is called a ‘ velocity-potential,’ from its analogy with the 
potential function which occurs in the theories of Attractions, Electro- 
statics, &c The general theory of the velocity-potential is reseived for the 
next chapter, but we give at once a proof of the following important 
theorem - 


If a velocity-potential exist, at any one instant, for any finite portion of 
a perfect fluid m motion undci the action of forces which have a potential, 
then, provided the density of the fluid be either constant or a function of the 
pressure only, a velocity-potential exists for the same portion of the fluid at 
all instants before or after f. 

In the equations of Art. 15, let the instant at which the velocity- 
potential </)o exists be taken as the origin of time, we have then 

Ufida + VQdb -f w^dc = dcjbo, 

throughout the portion of the mass m question Multiplying the equations 
(2) of Art 15 in oidei by cZa, db, dc, and adding wo got 

~ ~ ^ ~ (u^ida + + w^o) = - 


* The reasons for the introduction of the minm sign are stated in the Preface 
I Lagiaiige, “Mdmoire sur la Thdorio dn Monvemont des Tluidea,” Nquv (te VAcad de 
Beilm, 1781, Oeuvreh, t iv p 714 The argument is reproduced m the M^caniqm> Analyttque 
Lagrange’s statement and proof were alike impoifcct , the first iigorous domoustration is due 
to Oauchy, “M6moire hui la Throne des Ondes,” il/rw de VAcad roy des Sciences, i i (1827), 
Oeuvtes Completes, Pans, 18H2 , U® S6ric, tip 88, the date of the memoir is 1815 Another 
proof is given by Stokes, Camh Trans t vin (1845) (see also ]\J(Uh and Thys Papers, Cam- 
bridge, 1880 , t. 1 . pp lOG, 158, and t ii. p BG), together with an excellent historical and 
critical account of the whole mattei 
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or, in the ‘ Eiilenan ’ notation, 

udx + 'ody *f wdz = - c? (<^o + x) 

Since the upper limit of t in Art 15 (1) may be positive or negative, this 
proves the theorem 

It IS to be particularly noticed that this continued existence of a velocity- 
potential IS predicated, not of regions of space, but of portions of matter 
A portion of matter for which a velocity-potential exists moves about and 
carries this property with it, but the part of space which it originally occupied 
may, in the course of time, come to be occupied by matter which did not 
originally possess the property, and which therefore cannot have acquired it 
The class of cases m which a velocity-potential exists includes all those 
where the motion has originated from rest under the action of forces of the 
kind here supposed, for then we have, initially, 

•+ Vodh + w^dc = 0 , 

Qj. <^o = const. 

The restrictions under which the above theorem has been proved must 
be carefully remembered It is assumed not only that the extraneous forces 
A, E, 2/j estimated at per unit mass, have a potential, but that the density p 
IS either uniform or a function of p only The latter condition is violated 
foi example, in the case of the convection currents generated by the unequal 
application of heat to a fluid , and again, in the wave-motion of a hetero- 
geneous but incompressible fluid arranged originally in horizontal layers 
of equal density. Another case of exception is that of 'electro-magnetic 
rotations ’ , see Art 29. 

18 A comparison of the formulae (1) with the equations (2) of Art 12 
leads to a simple physical interpretation of 

Any actual state of motion of a liquid, for which a (single-valued) 
velocity-potential exists, could be produced instantaneously from rest by the 
application of a propeily chosen system of impulsive pressures This is 
evident from the equations cited, which shew, moreover, that - tir/p -f const , 
so that OT = -h gives the requisite system. In the same way 'sr = - pt/) -f G 
gives the system of impulsive pressures which would completely stop the 
motion The occuiience of an arbitrary constant in these expressions shews, 
what IS otherwise evident, that a pressure uniform throughout a liquid mass 
produces no effect on this motion^ 

In the case of a gas, (f> may be interpreted as the potential of the extraneous 
impulsive forces by which the actual motion at any instant could be produced 
instantaneously from rest 

* This interpretation was given by Cauchy, loc cit , and by Poisson, MSm de VAcad, roy, 
des Sciences, t i (1816) 
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A state of motion for which a velocity-potential does not exist cannot be 
generated or destroyed by the action of impulsive piessuies, or of extraneous 
impulsive forces having a potential. 

19 The existence of a velocity-potential indicates, besides, certain 
hinematioal properties of the motion, 

A ‘line of motion' or ‘ stream-line'^ is defined to be a line drawn fiom 
point to point, so that its direction is everywhere that of the motion of the 
fluid The differential equations of the system of such lines are 

U V W ^ ^ 


The relations (1) shew that when a velocity-potential exists the lines of 
motion are everywhere perpendicular to a system of surfixces, viz the 
‘ equipotential ' surfaces (p = const 

Again, if from the point (w, y, z) wc draw a linear element Is in the 
direction (Z, m, ^), the velocity resolved in this direction is -t- mo, oi 

^ dcp dx dcpdy dp dz i. * 

dx ds dy ds dz ds ' ds 

The velocity in any direction is therefore equal to the rato of decrease of 
p m that direction 

Taking ds in the direction of the normal to the surface p = const , we see 
that if a senes of such surfaces be drawn corresponding to equidistant values 
of p, the common difference being infinitely small, the velocity at any iioint 
will be inversely proportional to the distance between two consecutive surlacos 
in the neighbourhood of the point. 

Hence, if any equipotential surface intersect itself, the velocity is zero 
at the intersection The intersection of two distinct equipotential surfaccH 
would imply an infinite velocity 


20. Under the circumstances stated m Art. 17, the e(iuation8 of motion 
aie at once integiable throughout that portion of the fluid mass foi which 
a velocity-potential exists For in virtue of the relations 


dv 

dz‘' 


dw 

-dy' 


dw 

dx 


dib 


dll 


dv 


which ate implied m (1), the equations of Art 6 may be written 


dxdt dx dx dx dx p dx ' 


&c, &c. 


* Some writers prefer to lestiiot the use of the teim ‘stream-hue’ to the case of steady 
motion, as defined in Art. 21. 


L. 


2 



18 Integration of the Equations in Special Cases [chap, ii 


These have the integral 

+ m (3) 

where q denotes the resultant velocity {u^ -f and F {t) is an arbitrary 

function of It is often convenient to suppose this arbitrary function to be 
incorporated in the value of dcj^jdt, this is permissible since, by (1), the 
tvalues of u, v, w are not thereby affected 

Our equations take a specially simple form in the case of an incompressible 
fluid , VIZ we then have 

pJ^ n-if+Fit), (4) 

p Ot 


with the equation of continuity 


4 .^+ ^ = 0 

dx^ dy^ 


( 5 ) 


which IS the equivalent of Art 9 (1) When, as in many cases which we 
shall have to consider, the boundary conditions are purely kmematical, the 
process of solution consists m finding a function which shall satisfy (5) and 
the prescribed surface-conditions The pressure p is then given by (4), and 
is thus far indeterminate to the extent of an additive function of t It 
becomes determinate when the value of p at some point of the fluid is given 
for all values of t 


Suppose, for example, that we have a solid or solids moving through a liquid com- 
pletely enclosed by fixed boundaries, and that it is possible (e g, by means of a piston) to 
apply an arbitrary pressure at some point of the boundary Whatever variations are made 
in the magnitude of the force applied to the piston, the motion of the fluid and of the 
solids will be absolutely unaffected, the pressure at all points instantaneously rising or 
falling by equal amounts Physically, the origin of the paradox (such as it is) is that the 
fluid IS treated as absolutely incompressible In actual liquids changes of pressure are 
propagated with very great, but not infinite, velocity. 


Steady Motion 


21 When at every point the velocity is constant in magnitude and 
direction, ^ e. when 





.( 1 ) 


everywhere, the motion is said to be ‘ steady ’ 

In steady motion the lines of motion coincide with the paths of the 
particles. For if P, Q be two consecutive points on a line of motion, 
a particle which is at any instant at F is moving in the direction of the 
tangent at P, and will, therefore, after an infinitely short time arrive at Q 
The motion being steady, the lines of motion remain the same Hence the 
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dnection of motion at Q is along the tangent to the same line of motion, 
i e the particle continues to describe the line. 

In steady motion the equation (3) of the last Art becomes 

— + constant (2) 

The law of variation of pressure ctlong a stT6(iWj-l%ne can however in this case 
be found without assuming the existence of a velocity-potential. For if hs 
denote an element of a stream-line, the acceleiation in the direction of 
motion IS qdq/ds, and we have 

^ __ dfl 1 dp 
^ ds ds p ds’ 

whence, integrating along the stream-line, 

If — n-if+c (3) 

This IS similar in form to (2), but is moro general in that it does not assume 
the existence of a velocity-potential It must however he carefully noticed 
that the constant of equation (2) and the ‘ G of equation (3) have different 
meanings, the former being an absolute constant, while the latter is constant 
along any particular stream-line, but may vary as we pass from one stream- 
line to another. 

22 The theorem (3) stands in close relation to the principle of energy. 
If this be assumed independently, the formula may be deduced as follows*. 
Taking first the particular case of a liquid, let us considei the portion of an 
infinitely narrow tube, whose boundary follows the sti cam-lines, included 
between two cross sections A and B, the direction of motion being from A 
to B Let p be the pressure, q the velocity, H the potential of the extraneous 
forces, cr the area of the cross section, at A, and let the values of the same 
quantities at B be distinguished by accents. In each unit of time a Tnfl.M ,g 
pqa at A enters the portion of the tube considered, whilst an equal mass 
pq'cr' leaves it at B Hence qa — q'u'. Again, the work done on the 
mass entering at A is pqa- per unit time, whilst the loss of work at B is 
p'q'a' The former mass brings with it the energy pqa- {\q^ + D,), whilst the 
latter caiiies off energy to the amount p<^ a-' + 01) The motion beinv 

steady, the portion of the tube considered neither gains nor loses energy on 
the whole, so that 

pqa + pqa{^q^-^Ll)=p'(j[a’ pq'a -f- fl') 

Dividing by pqa- (= pq'a), we have 

* This IS really a reversion to the methods of Daniel Bernoulli, Bijilrodynarmca Argentorati 


2—2 
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OT, using 0 in tlie same sense as before, 

£ = + (4) 

p 

which IS what the equation (3) becomes when p is constant 

To prove the corresponding formula for compiessihle fluids, we remaik 
that the fluid entering at A now brings with it, in addition to its energies 
of motion and position, the intrinsic energy 



per unit mass The addition of these terms to (4) gives the equation (3) 
The motion of a gas is as a rule subject to the adiabatic law 


p!l>o=(plpd'*> ('^) 

and tbe equation (3) then takes the form 

( 6 ) 

y-lp 


23 The preceding equations shew that, In steady motion, and for points 
along any one stream-line^, the pressure is, cceteris paribus, greatest where 
the velocity is least, and mce wrsd This statement, though opposed to 
popular notions, becomes evident when we reflect that a particle passing 
from a place of higher to one of lower pressure must have its motion 
acceleiated, aud v'lce versd^ 

It follows that m any case to which the equations of the last Art apply 
there is a limit which the velocity cannot exceed]: ¥or instance, let us 
suppose that we have a liquid flowing from a leservoir where the velocity 
may he neglected, and the pressure is p^, and that we may neglect extraneous 
forces We have then, in (4), G=pjp, and therefore 

P=Po-^Pf' c^) 

ISTow although it is found that a liquid from which all traces of air or other 
dissolved gas have been eliminated can sustain a negative pressure, or tension, 
of considerable magnitude^, this is not the case with fluids such as we find 
them under ordinary conditions Practically, then, the equation (7) shews 
that q cannot exceed This limiting velocity is of course that with 

which the fluid would escape from the reseivoir into a vacuum In the case 
of water at atmospheric pressure it is the velocity 'due to’ the height of the 
water-harometer, or about 45 feet per second. 

Tills restriction is unnecessary when a yelocity-potential exists 
t Some interesting practical illustrations of this principle are given by Froude, Natuie, 
t xiii , 1875 

X. Cf. Helmholtz, “Ueher discontmuirhche Flnssigkeitshewegtingen,” Berl. Monatsber , April, 
1868, Phil Ma^jNov 1868, G-esammelte Ahhandlungen, her^zig, 1BS2-B, i i p 14:6 

§ 0 Reynolds, Mancli Mem , t vi. (1877); ScienHjic Papers, Cambridge, 1900 , t i. p 231 
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21 


If m any case of fluid motion of whieh we have succeeded iu obtaining 
the analytical expression, we suppose the motion to be gradually accelerated 
until the velocity at some point reaches the limit heie indicated, a cavity ivill 
be formed there, and the conditions of the problem are more or less changed. 

It will be shewn, in the next chapter (Art 44), that in irrotational motion 
of a liquid, whether ‘steady ’ or nob, the place of least pressure is always o.t 
some pomt of the boundary, provided the extraneous forces have a potential O 
satisfying the equation 

0?/ dz- 

This includes, of course, the case of gravity. 

In the general case of a fluid in which p is a given function of p we have, 
putting fl = 0 in (3), 

,..2 r* (8) 


For a gas subject 


to the adiabatic law, this gives 


27 

7-I Po 




( 9 ) 


4 


(«’) 

7-1 

if c, = (rPlp)K=idpldp)K denote the velocity of sound in the gas when at 
pre^ure p and density p, and Co the corresponding velocity for gas under the 
conditions which obtain in the reservoir (See Chap. X.) Hence the limiting 
velocity is 


or, 2 214} Co, if 7 = 1 408. 

24 We coBclnde this chapter with a few snaple applicatioiiB of the 
equations. 


Efflux of liquids. 

Lot ns take in the first instance the problem of the effliix of a liquid from 
a small orifice m the walls of a vessel which is kept filled up to a coastant 
level, so that the motion may he regarded as steady. 

The oiigm being takea ia the upper surface, let Lhe axis of z be vcx'tical, 
aad its positive direction downwards, so that fl = — 5-2^. If wo suppose l/ho 
area ot the upper surface large compared with that of the orifice, the velocity 
at the former may be neglected. Hence, dotormiiiing the value of 0 in 
Alt. 22 (4i) so that p = P (the atmospheric pressure), when 0, we havc’^ 

j = 0) 

^ This result is due to D Beruoulh, I c. p 19. 
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At the surface of the issuing jet we have^ = P, and therefore 

( 2 ) 

i.e. the velocity is that due to the depth helow the upper surface. This is 
known as Tomcelh’s Theorem*. 

We cannot however at once apply this result to calculate the rate of efflux 
of the fluid, for two reasons In the first place, the issuing fluid must be 
regarded as made up of a great number of elementary streams converging 
from all sides towards the orifice. Its motion is not, therefore, throughout 
the area of the orifice, everywhere perpendicular to this area, but becomes 
more and more oblique as we pass from the centre to the sides Again, the 
converging motion of the elementary streams must make the pressure at the 
orifice somewhat greater in the interior of the jet than at the surface, where 
it IS equal to the atmospheric pressure The velocity, therefore, in the interior 
of the jet will be somewhat less than that given by (2) 

Experiment shews however that the converging motion above spoken of 
ce^es at a short distance beyond the onfice, and that (in the case of a circular 
onflce) the j et then becomes approximately cylindrical The ratio of the area 
of the section jS' of the jet at this point (called the ‘ vena contracta ’) to the 
aiea S of the orifice is called the ‘ coefficient of contraction ’ If the orifice be 

about^'62^°^^ ^ is found experimentally to be 

particles at the vena contracta being nearly straight, 
there is little or no variation of pressure as we pass from the axis to the outer 
surface of the jet. We may therefore assume the velocity there to be uniform 
t roughout the section, and to have the value given by (2), where 0 now 
denotes the depth of the vena contracta below the surface of the liquid in the 
vessel. The rate of efflux is therefore 


( 3 ) 

The calculation of the form of the issuing jet presents difficulties which 
^ o^srcome in a few ideal cases of motion in two dimensions 

(See Chapter iv.) It may however be shewn that the coefficient of con- 
traction must, m general, he between i and 1. To put the argument m its 
mpes _orm let us first take the case of liquid issuing from a vessel the 
pressure an which, at a distance from the orifice, exceeds that of the external 
space by the amount P, gravity being neglected. When the orifice is closed 
by a plate, the resultant pressure of the fluid on the containing vessel is of 
course ml If when the plate is removed, we assume (for the moment) that 
the pressure on the walls remains sensibly equal to P, there will be an un- 
balanced pressure PS actmg on the vessel in the direction opposite to that of 


* “ De motu gravium nataraliter accelerato,” Firenze 1643 
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the jet, and tending to make it recoil The equal and contrary reaction on 
the fluid pioduces in unit time the velocity q m the mass pqS' flowing through 
the ‘ vena contracta,’ whence 

FS^ptS' (4) 

The principle of energy gives, as in Art 22, 

P=ip2^ (5) 

so that, comparing, we have S' — ^S. The formula (1) shews that the 
pressure on the walls, especially in the neighbourhood of the orifice, will in 
reality fall somewhat helow the static pressure P, so that the left-hand side 
of (4) IS an under-estimate. The ratio 8'/8 will therefore in general he > |. 

In one particular case, viz where a short cylindrical tuho, projecting 
mwards, is attached to the orifice, the assumption above made is sufficiently 
exact, and the consequent value ^ for the coefficient then agrees with 
experiment. 

The reasoning is easily modified so as to take account of gravity (or other 
conservative forces) We have only to substitute for P the excess of the static 
pressure at the level of the orifice over the pressure outside. The difference 
of level between the orifice and the ‘vena contracta ’ is here neglected*. 


JSffiucc of Oases. 

25 We consider next the efflux of a gas, supposed to flow through a 
small orifice from a vessel in which the pressuie is po and density p^ into a 
space where the pressure is pi We assume that the motion has become 
steady, and that the expansion takes place according to the adiabatic law^ 


If the ratio po/pj of the pressures inside and outside the vessel do not exceed a certain 
limit, to be indicated presently, the flow will take iilace iii much the same nianuor as in 
the case of a liquid, and the rate of discharge may bo found by putting p=pi in Art 23 (9), 
and multiplying the resulting value of q by the ai-ea S' of the voiia contracta. This gives 
foi the rate of discharge of mass + 



It IS plain, bowover, that there must bo a hunt to the applicability of this result; for 
otherwise wo should he led to the paradoxical conclasion that when p^=0,ie the discliaigo 
IS into a vacuum, the flux of matter is ml The elucidation of this point is due to 


* The above theory is due to Torda (ilZd/a clc VActid dew Scipjicu, 17Cfl), who also made 
expenmenta with the special form of mouth-picee leferred to, and found S’/S'=1'942 It was 
re-disoovered by Hanlon, Proc. land Math Soc , t. iii. p 4 (1869); the question is further 
elucidated in a note appended to this paper hj Maxwell See also Troude and J Thomson, 
Pros. Glasgow Phil Soe., t x (1876). 

t A. result equivalent to this was given by Saint Venant and Wantzel, Touni. de VEoole 
Polyt , t. XTi p 92 (1839) 
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Prof. Osborne Reynolds*. It is easily found by means of Art 23 (8), that qp is a maximum, 
i e, the section of an elementary stream is a minimum, when q^^dpjdp, that is, the velocity 
of the stream is eq[iial to the velocity of sound in gas of the pressure and density 'which 
prevail there On the adiabatic hypothesis this gives, by Art 23 (10), 



and therefore, since oc 


1 



P- 

( ^ V 

Vv+V ’ 

Po 

' \y+V 


or, if y=l ‘408, p = 634po, p - 


( 2 ) 

.(3) 

.(4) 


If f-y be less than this value, the stream after passing the point in question widens out 
again, until it is lost at a distance in the eddies due to viscosity The minimum sections 
of the elementary streams will be situate in the neighbourhood of the orifice, and their sum 
& may be called the virtual area of the latter. The velocity of effiux, as found from (2), is 


911Co 

The rate of discharge is then —qpS^ where q and p have the values just found, and is there- 
fore approximately independent of the external pressuie so long as this falls below 
o2/^o The physical reason of this is (as pointed out by Reynolds) that, so long as the 
velocity at any point exceeds the velocity of sound under the conditions which obtain 
there, no change of pressure can be propagated backwards beyond this point so as to affect 
the motion higher up the stream 

These conclusions appear to be in good agreement with experimental results 

Under similar circumstances as to pressure, the velocities of effiux of different gases are 
(so far as y can be assumed to have the same value for each) proportional to the corre- 
sponding velocities of sound. Hence (as we shall see in Chap, x ) the velocity of effiux will 
vary inversely , and the rate of discharge of mass will vary directh’^, as the so uaro root of 
the density t 


Rotatmp Liquid, 

26 Let us next take the case of a mass of liquid rotating, under the 
action of gravity only, with constant and uniform angular velocity co about 
the axis of 0 , supposed drawn vertically upwards. 

By hypothesis, u,v,w==- my, 0, 

X, F, Z= 0, 0, — g. 

The equation of continuity is satisfied identically, and the dynamical equations 
obviously are 


2 1 3jD 

p ox 


2 1 dp 

pdy 


1 dp 
p dz 


■g ....(1) 


Tvr 1 , f 17, 1885, PM Mag. 

Maioh, 1886 ^ similar explanation was given ty Hugoniot, Comptes Pendus, June 28, July 26 

““ ^ attempted, above, to condense the reasoning of these writers 

t Of araham, Phil Trans,, 1846. 
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Rotating Liquid 



These have the common integral 


{oo^ -f y^) — gz + const (2) 

P 

Thefiee surface, ^ = const., is tlieiefore a paraboloid of revolution about the 
axis of 0 , having its concavity upwards, and its latus rectum = 2gf(o\ 


Since 


dv _ 
dx 0y 


a velocity-potential does not exist A motion of this kind could not therefore 
be generated in a 'perfect’ fluid, ie, in one unable bo sustain tangential 
stress 


27. Instead of supposing the angular velocity o) to be uniform, let us 
suppose it to be a function of the distance r from the axis, and let us inq[uire 
what form must be assigned to this function in order that a velocity-potential 
may exist for the motion. We find 

dv dw ^ dco 

dec ay dr 

and in order that this may vanish we must have ei)r^ = /i, a constant. The 
velocity at any point is then =//./r, so that the equation (2) of Art 21 
becomes 

£=const -1^,, (1) 

if no extraneous forces act To find the value of <j!> we have, using polar 
co-ordinates, 

09’ ’ rdff r ’ 

whence — const = — /i. tan""^ | -f- const (2) 

We have here an instance of a 'cyclic' function. A function is said to be 
‘ single-valued ' throughout any region of space when we can assign to every 
point of that region a definite value of the function in such a way that these 
values shall form a continuous system This is not possible with the function 
(2) ; for the value of if it vary continuously, changes by — as the point 
to which it refers describes a complete circuit round the origin. The general 
theory of cyclic velocity-potentials will be given in the next chapter. 

If gravity act, and if the axis of be drawn vertically upwards, we must 
add to (1) the term — ^0 The form of the free surface is therefore that 
generated by the revolution of the hypeibolic curve od^z= const, about the 
axis of z, 

By properly fitting together the two preceding solutions we obtain the 
case Rankine's ‘ combined vortex.’ Thus the motion being everywhere in 
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coaxial circles, let us suppose the velocity to be equal to (or from r = 0 to 
r = a, and to for r > a. The corresponding forms of the free surface are 
then given by 

and + 

these being continuous when r = a. The depth of the central depression 
below the general level of the surface is therefore co^a^jg. 



28. To illustrate, hy way of contrast, the case of extraneous forces not 
having a potential, let us suppose that a mass of liquid filling a right circular 
cylinder moves from rest under the action of the forces 

X = Ax + By, T = B'o) + Oy, Z=Q, 
the axis of z being that of the cylinder 


If we assume u — w~% where <» is a function of t only, these values satisfy 

the equation of continuity and the boundary conditions The dynamical equations are 
evidently 

d(i> o ^ ^ 

p ’ 






• 0 ) 


Differentiating the first of these with 
subtracting, we eliminate y, and find 


respect to y, and the second with respect to ^ and 


i-i(S'-ii) 


•( 2 ) 


The fluid therefore lotates as a whole about the axis of z with constantly acoeLewted 
angular velocity, except in the particular case when jB=B' To fi^d p, we substitute the 
value of dcoldt in (1) aud integrate ; we thus get 

= J 6)2 (^2 ^^ 2 ^ I ^2 ^ 2^a!y + Oy^) + const. , 

, where 23=5+^'. i 
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29 As a final example, we will take one suggested by the theory of 
‘ electro-magnetic rotations ’ 

If an electric current be made to pass radially from an aximl wire, through a conduct- 
ing liquid, to the walls of a metallic containing cylinder, in a uniform magnetic field, the 
extraneous forces will be of the type* 


X, 


Y. 


>‘2? ^2 J 


0 


Assuming i^= — coy, 'v=a)X, ^o— 


Eliminating we obtain 


0 , where w is a function of r and t only, we have 


0CO 



1 

0 p 

1 

1 



P 


00 ) 


fiZ 

1 

dp 

*0-r 

- 0 ) 23 /= 


P 



00 ) 

02 o) ^ 

■-0, 


2 


drdt 



( 1 ) 


The solution of this is co = X (jf )/ j ^ - 1 -/ (r), 

where X and / denote arbitrary functions. Since 6)=-0 whon /=0, we hare 

i'( 0 )/rH/(r)= 0 , 


and therefore 


^2 ^ 


( 2 ) 


where X is a function of t which vanishes for t=0 Substituting in (1), and integrating, we 
find 

Since p IS essentially a single -valued function, we must have d\ldt—}x, or \=nt. Hence 
the fluid rotates with an angular velocity which vanes inversely as the square of the 
distance from the axis, and inci eases constantly with the time 


* If (7 denote the total flux of electricity outwards, pei unit length of the axis, and 7 the 
component of the magnetic force parallel to the axis, we have ix—^Cj^rp Tor the history of 
such experiments see Wanhelmann, Handbueh d Phijiyik, t. lii (2), p. 315 The above case is 
specially simple, in that the forces J, Y, Z, have a potential - /a tan“i?//a), though a 
‘cyclic’ one As a rule, in electro-magnetic rotations, the mechanical forces 1', F, .2’ have not 
a potential at all 
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IRROTATIOITAL MOTION 

30. The present chapter is devoted mainly to an exposition of some 
general theorems relating to the kinds of motion already considered in Arts. 
17 — 20 , VIZ. those in which udx vdy 4- wdz is an exact differential through- 
out a finite mass of fluid It is convenient to begin with the following 
analysis, due to Stokes*, of the motion of a fluid element in the most general 
case. 

The component velocities at the point {oo, y, z) being n, y, w, the relative 
velocities at an infinitely near point {x + hx, y ■\-hy, z->r hz) are 


( 1 ) 



equations (1) may be written 


Sm = a^x + hBy -(- gZz -p ySz — ^Sy, s 

Sv=Mx + bSy+/dz+^Sx~$Sz,[ (2) 

Sw = gSx -f- /Sy + cSz + f Sy — tjSx. i 

Hence the motion of a small element having the point (x, y, z) for its 
centre may be conceived as made up of three parts 

* “On the Theories of the Internal Faction of Fluids in Motion, &o ” Camb.I’hil Itam 
t Yiii (1845), Math, and Phys. Fa^eis, t i p. 80, ’ 
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The first part, whose components are ?/, 'o, w, is a, motion of translation 
of the element as a whole. 

The second part, expressed by the first three berms on the right-hand 
sides of the equations (2), is a motion such that, if hy, be regarded as 
current co-ordinates, every point is moving in the direction of the notmal bo 
that quadric of the system 

a -f + c (S^)^ 4- 2fSySjz -h 2pr + 2hSic Sy = const , . (3) 

on which it lies If we refer these quadrics to their principal axes, the 
corresponding paits of the velocities parallel to these axes will be 

^u' aSx', S?/ = h'hy', ho' = (4) 

if a' {S^y + V (S/y H- o' {hz'y = const 

IS what (3) becomes by the transformation The formulae (4) express that 
the length of every line in the element parallel to d is being elongated at 
the (positive or negative) rate a\ whilst lines parallel to y' and / are being 
elongated in like manner at the rates V and c' respectively Such a motion is 
called one of ^ure stram and the principal axes of the quadrics (3) are called 
the axes of the strain 

The last two terms on the right-hand sides of the equations (2) cxpiess a 
rotation of the element as a whole about an instantaneous axis; the com- 
ponent angular velocities of the rotation being 77, 

Tins analysis may bo illustrated by the so-called ‘laminar’ motion of a liquid in 
which 

'It = V = 0, w = 0, 

so that a, b, <?,/, y, ^5 ’ 7 = 0 , /i = 11 , i'= ~ yu 

If A represent a rectangular fluid oloiuout bounded by planes parallol to the co-ordiunto 
planes, then B rcprebcnts the change produced in this in a slioit time by the stiain, and 0 
that due to the strain phis the rotation - 



It IS easily seen that the above lesoliition of the motion is iinu|uc If 
we assume that the motion relative to the point y, z) can be made up of a 
strain and a rotation in which the axes and coefficionts of the strain and the 


^ The quantities coriesponding to 97 , in the theory of the infimiely small duplaeemmts 
of a continuous medium had been interpreted hy Cauchy as expressing the ^mean rotations” 
ol an element, Exercices ^Analyse et de Phystque, t n. (Paris, 1841), p 302 
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[chap. Ill 

ax]S and angular velocity of the rotation are arhitraiy, then calculating the 
relative velocities Su, Sv, Sw^ we get expressions similar to those on the right- 
hand sides of ( 2 ), but with arbitrary values of a, b, c, f, g, A, 'rj, f Equating 
coefficients of Zx, 8 y, however, we find that a, b, c, &c. must have respec- 
tively the same values as before. Hence the directions of the axes of the 
stiain, the rates of extension or contraction along them, and the axis and the 
angular velocity of rotation, at any point of the fluid, depend only on the 
state of relative motion at that point, and not on the position of the axes of 
reference. 

When throughout a finite portion of a fluid mass we have 77 , ^ all zero, 
the relative motion of any element of that portion consists of a pure strain 
only, and is called " irrotational/ 


31 The value of the mtegial 

/ {udx - 1 - vdy + wdz), 
f( dx dy dz\ , 

\\u j^^w-j-]d 

J\ds ds as/ 


taken along any line AJBCB^is called^ the 'flow’ of the fluid from J. to D 
along that line. We shall denote it for shortness by I {ABCL) 

If A and D coincide, so that the line forms a closed curve, or circuit, the 
value of the integral is called the 'circulation’ in that circuit We denote 
it by I (ABO A) If in either case the integration be taken in the opposite 
direction, the signs of dxfds, dyjds, dzjds will be reversed, so that we have 

I(A1)) = ^I(DA\ and I (ABCA):= -I (AGBA) 

It is also plain that 

I {A BCD) = T (AB) ^ I (BC) -h I (OD) 

Again, any surface may be divided, by a double series of lines crossing 
it, into infinitely small elements The sum of the circulations round 
the boundaries of these elements, taken all in the 
same sense, is equal to the circulation round the 
original boundary of the surface (supposed foi the 
moment to consist of a single closed curve) For, 
m the sura in question, the flow along each side 
common to two elements comes m twice, once for 
each element, but with opposite signs, and there- 
fore disappears from the result There remain then 
only the flows along those sides which are parts of 
the original boundary; whence the truth of the 
above statement 



From this it follows, by considerations of continuity, that the circulation 


* Sir W Thomson, “ On Yortex Motion ” Edm Toa7is,i xxv (1869) 
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round the boundary of any surface-element hS, having a given position and 
aspect, IS ultimately proportional to the area of the element 

If the element he a rectangle hyhz having its centre at the point {x, y, z), 
then calculating the circulation round it in the direction shewn by the arrows 
in the annexed figure, we have 


y 



z 


0 


I{AB) = {v — ^ (dv/dz) Sy, 1 (BG) = {w + 1 (dwldy) %) Bsi, 

I (GD) = — {?; + ^ (dvjdz) By, I (DA) = — {w — (dwldy) Sy] Bz, 

and therefore I(ABODA) = hjBz 

In this way we infer that the circulations round the boundaries of any 
infinitely small areas SSi, BS^y having their planes parallel to the 
co-ordinate planes, are 

2vBS,, (1) 

respectively. 

Again, referring to the figure and the notations of Art. 2, we have 

/ (ABC A) = I {PJBGB) -f / {PCAP) Hh / (PABP) 

= . JA -H 2-7 . mA -f . nA, 

whence we infer that the circulation round the boundary of any infinitely 
small area B8 is 

2 (l^ + niTj BS ( 2 ) 

We have here an independent proof that the quantities rj, ^ may be regarded 
as the components of a vectoi. 

It will be observed that some convention is implied as to the relation 
between the sense in which the circnlation round the boundary of 88 is 
estimated, and the sense of the normal (Z, m, n). In order to have a clear 
understanding on this point, we shall suppose in this book that the axes of 
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»d n'“^p >' ‘tie a,es yp,.„t e, 

oT;;::Lrcoat% w^ -nexed 


y' 


hy %, %, 

hy ^h) ^25 
hy ^ 3 ) ^3 


^iC ^ nijV -f 71 jW, 


: . . 


.(3) 


(4) 


v' — l^u -f- m^v + n^w, 

in all cases On the other hand we hnd 

n — ±(^ 2 l+^ 2 ’?-h% 03 1 

r= ±ft^4<m3J74.^3f)J 

ot?ufn: TZ" 'TzrzzZatiiziz'r -- - 

of the type (3) is eaUed ‘polar’ , whilst one which ^like V formulae 

distinguished as ‘axial’ g. ’ “ 'si 7, C), is transformed by (4) is 

s»r “ .*T.Uo 'Jsl .t ““ '<Je- »f -1 

infinitely small elements into ^^10^^ ^ boundaries of the 

by ( 2 ), “aj be divided, we have, 

01, substituting the values of i, r,, f from Art. SO, ” 


Ouiic + vdy+ wdz) = f[U(^—-~)^^ 1^ 

JJ\ [dy 


\doo dy. 


- . gaij vda; dvJ\^^> ■ (®) 

.n.:Xr£rrir ue 

. -e'L£z£2£;‘:£triir :r“ 

*MaxweU,i>.ooiond Matt. S„o,t.m.pp. 279 ,g„ Surface, 

of ® IS supposed drawn towards the reader. ’ " ' ^8- P 31 the axis 

t See MaxweU, BUctricity and. Magmttsm Oxford 187^ A f 00 
3: Two right-handed systems, or two left h«ZT ^ 

and a left-handed system are not systems are ‘eongrueat, ’ whilst a right-handed 

§ For references see ME Ahrpliflryo ten , . , 

' M^ol^anik deformirhmer 

11 This theorem is due to 8fr»lrp« c ,1 ., t, 1901) 

published proof appears to have been givL by HriTT’”"*'"" ^^54 The first 

MussigkeUen, Qottimen 1861 n rn-u all gem. Theorie x? 

ifognetiam. Art 24 ^ V’ 190 (y), and MaxweU, Electnaty and 
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which we may term the positive side ; the direction of integration in the 
first member is then that in which a man walking on the surface, on the 
positive side of it, and close to the edge, must proceed so as to have the 
surface always on his left hand. 

The theorem (5) or (6) may evidently be extended to a surface whose 
boundary consists of two or more closed curwes, provided the integration in 
the first member be taken round each of these m the 
proper direction, according to the rule just given. 

Thus, if the surface integral in (6) extend over the 
shaded portion of the annexed figure, the directions 
in which the circulations in the several parts of the 
boundary aie to be taken are shewn by the arrows, 
the positive side of the surface being that which 
faces the reader. 

The value of the surface-integral taken over a 
closed surface is zero 

It should he noticed that (6) is a theorem of pure mathematics, and is 
true whatever functions u, v, w raaj be of y, z, provided only they he 
continuous and differentiable at all points of the surface*. 



33 The rest of this chapter is devoted to a study of the hinetnatical 
properties of irrotational motion in general, as defined by the equations 

tv,^=0, ( 1 ) 

i e. the circulation in every infinitely small circuit is assumed to ho zero. 
The existence and properties of the velocity-potential in the various cases 
that may arise vsnll appear as consequences of this definition. 

The physical importance of the subject rests on the fact that if the 
motion of any portion of a fluid ma.ss be irrotational at any one instant it 
will under certain very general conditions continue to ho irrotational. 
Practically, as will be seen, this has already been established by Lagrange’s 
theorem, proved m Art V7, but the importance of the matter warrants a 
repetition of the investigation, in the Eulenan notation, in the form given bv 
Lord Kelvin t 

Consider first any terminated line AB drawn iii the fluid, and suppose 
every point of this line to move always with the velocity of the fluid at that 
point. Let us calculate the rate at which the flow along this lino, from A to 
B, is increasing. If 8x, By, Bz he tlie projections on the co-ordinate axes of 
an element of the line, we have 


.D 


/ <s \ Dtt ^ 


* It IS not necessary that their differential eoeflicients should be continuous, 
t Z c ante, p 30 


L 


3 
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Now BhxjDt, the rate at which hx is increasing m consequence of the motion 
of the fluid, is equal to the difference of the velocities parallel to x at its 
two ends, % c. to hu ; and the value of DujDt is given in Art. 6 H enco, and 
by similar considerations, we find, if p be a function of p only, and if the 
extraneous forces X, Y, Z have a potential fl, 

^ {uhx -f vhy -h w^z) = — ^ — Sn 4 - uhu 4- vhv 4- 
JUZ p 

Integrating along the line, from A to £, we get 

^ + — vft + ( 2 ) 

or, the rate at which the flow from to B is increasing is equal to tho excess 
of the value which -jdp/p-^l-hlq^ has at B over that which it has at A. 
This theorem comprehends the whole of the dynamics of a peifect fluid. Por 
instance, equations (2) of Art 15 may be derived from it by taking as the 
hne AB the infinitely short line whose projections were oiuginally Sa, Sc, 
and equating separately to zero the coefficients of these infinitesimals 

If Q, be single- valued, the expression within brackets on the right-hand 
side of (2) is a single-valued function of x, y, z Hence if the integration on 
the left-hand he taken round a closed curve, so that B coincides with A, 
we have 

J {udso 4- vdy 4- wdz) =0, . (3) 

or, the circulation in any circuit moving with the fluid does not alter with 
the time 

It follows that if the motion of any portion of a fluid mass be initially 
irrotational it will always retain this property, for otherwise the circulation 
in every infinitely small circuit would not continue to be zero, as it is initially 
by virtue of Ajt. S2 (5) 


34. Considering now any region occupied by irrotationally-moviiig fluid, 
we see from Art. 32 (5) that the circulation is zero in every circuit which, 
can he filled up by a continuous surface lying wholly in the region, or which 
in other words IS capable of being contracted to a point without passing out 
of the region Such a circuit is said to be ‘ reducible ’ 


Again, let us consider two paths ACB, ABB, connecting two points A, B 
of the region, and such that either may by continuous variation be made to 
coincide with the other, without ever passing out of the region. Such paths 
aie^lled miituallyreconcileable’ Since the circuit ACBBA is reducible, 
we have I (ACBI)A)= 0, or since 1 {BI)A)= — I [ADB) 


I{AGB) = r{AI>B), 

i.e. the flow is the same along any two recoacileahle paths 
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A region such that all paths joining any two points of it are mutually 
reconcileahle is said to be 'simply-connected' Such a region is that enclosed 
within a sphere, or that included between two concentric spheres In what 
follows, as far as Art 46, we contemplate only simply-connected regions. 


35 The irrotational motion of a fluid within a simply-connected region 
is characterized by the existence of a single-valued velocity-potential Let 
us denote by — the flow to a variable point P from some fixed point A, viz 

^ — f {udx -f vdy 4- wdz) (1) 


The value of has been shewn to be independent of the path along which 
the integration is effected, provided it lie wholly within the region. Hence 
<;(> 18 a single-valued function of the position of P, let us suppose it expressed 
m terms of the co-ordinates {cOy y, z) of that point By displacing P through 
an infinitely short space parallel to each of the axes of co-ordinates in 
succession, we find 




d4> 




( 2 ) 


%e (56 IS a velocity-potential, according to the definition of Art 17. 

The substitution of any other point P for A, as the lower limit of the 
integral in ( 1 ), simply adds an arbitrary constant to the value of cf), viz the 
flow from A to P The original definition of cj) in Art 17, and the physical 
interpretation in Art 18, alike leave the function indeterminate to the extent 
of an additive constant 


As we follow the couisc of any line of motion the value of </> continually 
decreases, hence in a simply-connected region the lines of motion cannot 
form closed curves 


36. The function (p with which we have here to do is, together with its 
first differential coefficients, by the nature of the case, finite, continuous, and 
single-valued at all points of the region considered. In the case of incom- 
pressible fluids, which we now proceed to consider more particularly, <p must 
also satisfy the equation of continuity, (5) of Art 20, or as we shall in future 
write it, for shoitncss, 

V^</) = 0, (1) 

at every point of the region. Hence (p is now subject to mathematical 
conditions identical with those satisfied by the potential of masses atti acting 
or repelling according to the law of the inverse square of the distance, at all 
points external to such masses , so that many of the results proved in the 
theories of Attractions, Electrostatics, Magnetism, and the Steady Flow of 
Heat, have also a hydrodynamical application We proceed to develope those 
which are most important from this point of view. 


3—2 
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In any case of motion of an incompressible fluid the surface-integral of 
the normal velocity taken over any surface, open oi closed, is conveniently 
called the 'flux' across that surface. It is of course equal to the volume o 
fluid crossing the surface per unit time. 

When the motion is irrotational, the flux is given "by 

where hS is an element of the surface, and hn an element of the normal to it, 
drawn m the proper direction. In any region occupied wholly by liquid, the 
total flux across the boundary is zero, i.e. 



the element in of the normal being drawn always on one side (say inwards), 
and the integration extending over the whole boundary This may be 
regarded as a generalized form of the equation of continuity (1). 

The lines of motion drawn through the various points of an infinitesimal 
circuit define a tube, which may be called a tube of flow. The product of 
the velocity (g) into the cross-section (cr, say) is the same at all points of such 
a tube. 

We may, if we choose, regard the whole space occupied by the fluid as 
made up of tubes of flow, and suppose the size of the tubes so adjusted that 
the product qa is the same for each The flux across any surface is then 
proportional to the number of tubes which cross it. If the surface bo closed, 
the equation (2) expresses the fact that as many tubes cross the surface 
inwards as outwards Hence a line of motion cannot begin or end at a point 
of the fluid. 

37. The function cannot be a maximum or minimum at a point m the 
interior of the fluid , for, if it were, we should have 3<^/9n everywhere positive,, 
or everywhere negative, over a small closed surface surrounding the point in 
question Either of these suppositions is inconsistent with (2). 

Further, the square of the velocity cannot be a maodmuni at a point 
m the interior of the fluid. For let the axis of cg be taken parallel to the 
direction of the velocity at any point P. The equation (1), and therefore 
also the equation (2), is satisfied if we write 9<j!)/9^ for <j) The above 
argument then shews that d(f>ld!c cannot be a maximum or a minimum at P. 
Hence there must be points m the immediate neighbourhood of P at which 
{d<pldxY and therefore a fortiori 



is greater than the square of the velocity at P^. 

* TMs theorem was enunciated, in another eonneetion, hj Lord Kelvin, Phil Mag , Oct. 
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On the other hand, the square of the velocity may be a at 

some point of the fluid The simplest case is that of a zcto velocity , see, 
for example, the figure of Art 69, beloiv 

38. Let us apply (2) to the boundary of a finite spherical portion of the 
liquid. If r denote the distance of any point from the ceutre of the sphere, 
Sw the elementary solid angle subtended at the centre by an element of 
the surface, we have 

0<^/3n = —dcpjdr, 

and 88 = Omitting the factor r“, (2) becomes 

or 

Since l/47r. or l/^Trr^ measures the mean value of <j> over 

the surface of the sphere, (3) shews that this mean value is independent of 
the radius. It is therefore the same for any sphere, concentric with the 
former one, which can be made to coincide with it by gradual variation of the 
radius, without ever passing out of the region occupied by the irrotationally 
moving liquid. We may therefore suppose the sphere contracted to a point, 
and so obtain a simple proof of the theorem, first given by G-auss in his 
memoir* on the theory of Attractions, that the mean value of over any 
spherical surface throughout the interior of which (I) is satisfied, is equal to 
its value at the centre 

The theorem, proved in Art 37, that </> cannot he a maximum or a 
minimum at a point in the interior of the fluid, is an obvious consequence of 
the above 

The above proof appears to be due, in principle, to Fro8t"f" Another 
demonstration, somewhat different in form, has been given by Lord RayleighJ. 
The equation (1), being linear, will be satisfied by the arithmetic mean of any 
number of separate solutions </>!, infinite number 

of systems of rectangular axes to be arranged uniformly about any point P as 
origin, and let <f>i, cj) 2 i <j> 3 , • be the velocity-potentials of motions which are 

the same with respect to these systems as the original motion (f> is with 

1850 [Reprint of JPapeis on Meet) ostaticsy da, London, 1872, Art 6C5] The above demon 
stration is due to KircliliofC, VorUsungen iiber WQttlwtutUsche Physik, M^chcmih, Loipzig, 1876, 
p. 186 For another proof see Art 44 below 

* “ Allgememe Lehrsatze, u s w ResulUite am den Beobachtungen des magiietuchen 
Vereins, 1889 [Werke, Gottingen, 1870 — 80, t. v p 190] 

t Quarterly Journal oj Mathematics, t. xn (1873) 

X Messenger of Mathematics, t. vii p 69 (1878) ; Sc. Papers^ t. i. p. 347. 
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respect to the system Xy y, z la this case the arithmetic meaa say) of the 
fuactioas </)2t <^>3, . will be a fimction of r, the distance from P, only 
Expressing that m the motion (if any) represented hy the flux across any 
spherical surface which can he contracted to a point, without passing out of 
the region occupied hy the fluid, would be zero, we have 

47rr2 1 ^ = 0, 
dr 

or ^ = const 

39 Again, let us suppose that the region occupied by the irrotationally 
moving fluid is"periphractic,’^i e that it is limited internally by one or more 
closed surfaces, and let us apply (2) to the space included between one (or 
more) of these mternal boundaries, and a spherical surface completely 
enclosing it (or them) and lying wholly in the fluid If M denote the total 
flux into this region, across the mternal boundary, we find, with the same 
notation as before, 

if, 

the surface-integral extending over the sphere only This may be written 

jt, 

(*) 

That IS, the mean value of cj) over any spherical surface drawn under the 
above-mentioned conditions is equal to Jf/47rr + 0, where r is the radius, M 
an absolute constant, and (J a quantity which is independent of the ladius 
but may vary with the position of the centref 

If however the original region throughout which the irrotational motion 
holds be unlimited externally, and if the first derivative (and therefore all the 
higher derivatives) of cf) vanish at infinity, then G is the same foi all spherical 
surfaces enclosing the whole of the internal houridaries For if such a sphere 
he displaced parallel to without alteration of size, the rate at which G 
varies in consequence of this displacement is, by (4), equal to the mean value 
of d(j>ldx over the surface Since 0<^/3ic vanishes at infinity, we can by taking 
the sphere large enough make the latter mean value as small as we please. 

See Maxwell, Electricity and Maquehsm, Arts. 18, 22 A region is said to be ‘ aperiphraotic ’ 
when every closed surface drawn in it caa be contracted to a point without passing out of the 
region 

+ It IS understood, of course, that the spherical surfaces to which this statement applies are 
leconoileahle with one another, in a sense analogous to that of Art 34. 

X Eixohhofi, Mechamk, p 191 
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Hence G is not altered by a displacement of the centre of the sphere parallel 
to X In the same way we see that G is not altered by a displacement parallel 
to y or ^ it is absolutely constant. 

If the internal boundaries of the region considered be such that the total 
flux across them is zero, e.ff if they be the surfaces of solids, or of portions of 
incompressible fluid whose motion is rotational, we have M=0, so that the 
mean value of <j> over spherical surface enclosing them all is the same. 

40 (a) If ^ be constant over the boundary of any simply-connected 

region occupied by liquid moving irrotationally, it has the same constant 
value throughout the interior of that region. For if not constant it 
would necessarily have a maximum or a minimum value at some point 
of the region 

Otherwise we have seen in Arts. 35, 36 that the lines of motion cannot 
begin or end at any point of the region, and that they cannot form closed 
curves lying wholly within it They must therefore traverse the region, 
beginning and ending on its boundary. In our case however this is impossible, 
for such a line always proceeds from places where ^ is greater to places where 
it IS less Hence there can he no motion, ^ e 

d(p ^ ^^—0 

and therefore (p is constant and equal to its value ab the boundary. 

(/3) Again, if d(p/dn be zero at every point of the boundary of such a 
region as is above described, 4> will be constant throughout the interior. For 
the condition 9(/)/0n=O expresses that no lines of motion enter or leave the 
region, but that they are all contained within it. This is however, as we 
have seen, inconsistent with the other conditions which the linos must 
conform to Hence, as before, theie can be no motion, and (j> is constant. 

This theoiem may be otherwise stated as follows no continuous irrota- 
tional motion of a liquid can take place in a simply-connected region bounded 
entirely by fixed rigid walls. 

(y) Again, let the boundaiv of the region consideied consist partly of 
suifaces S over which <p has a given constant value, and partly of other 
surfaces 2 over which 3(/)/3vt=0. By the previous argument, no lines of 
motion can pass from one point to another of S, and none can cross 2. Hence 
no such lines exist , <j> is therefore constant as before, and equal to its value 
at S, 

It follows from these theorems that the irrotational motion of a liquid in 
a simply-connected region is determinate when either the value of <^, or the 
value of the inward normal velocity — 0<^/3n, is prescribed at all points of the 
boundary, oi (again) when the value oi <j> is given over part of the boundary, 
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and the value of — 9<^/3n ovei the reiDainder. For if <^i, be the velocitj^- 
potentials of two motions each of which satisfies the prescribed boundary- 
conditions, in any one of these cases, the function — ^2 satisfies the condition 
(a) or (/3) or ( 7 ) of the present Article, and must therefore be constant 
throughout the region 


41 A class of cases of great importance, but not strictly included in the 
scope of the foregoing theorems, occurs when the region occupied by the 
irrotationally moving liquid extends to infinity, hut is bounded internally by 
one or more closed surfaces. We assume, for the present, that this region is 
simply-connected, and that is therefore single- valued 

If be constant over the internal boundary of the region, and tend every- 
where to the same constant value at an infinite distance from the internal 
boundary, it is constant throughout the region For otherwise would be a 
maximum or a minimum at some point. 

We infer, exactly as in Art. 40, that if he given arbitrarily over the 
internal boundary, and have a given constant value at infinity, its value is 
everywhere determinate 


Of more importance in our present subject is the theorem that, if the 
normal velocity be zero at every point of the internal boundary, and if the 
fluid be at rest at infinity, then is everywhere constant We cannot how- 
ever infer this at once from the proof of the corresponding theorem in Art 40. 
It IS true that we may suppose the region limited externally by an infinitely 
arge^suiface at every pomt of which d(f>/dn is infinitely small, but it is 
conceivable that the integral fjd<t>ldn ,dS, taken over a portion of this surface, 
t still be finite, in which case the investigation referred to would fail. 
W e proceed therefore as follows. 


• Since the velocity tends to the limit zero at an infinite distance from the 
internal boundary {S, say), it must be possible to draw a closed surface 2 , 
completely enclosing beyond which the velocity is everywhere less than a 
certain value e, which value may, by making 2 large enough, be made as 
email as we please. Now in any direction from S let us take a pomt P at 
-Ti ^ eyond 2 that the solid angle which 2 subtends at it is 

in ni ey sma , and with P as centre let us describe two spheres, one just 
excluding, the other just including S. We shall prove that the mean value 

lo.f. L . ' co„esp„adi«g valaes of ^ maj differ by a firnte 

alues can arise from this cause. On the other hand, when Q, Q fall without 
2 , the corresponding values of cannot differ by so much as e QQ', for e is 
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Iby definition a superior limit to the rate of Yariatioii of (j> Hence, the mean 
values of <J) over the two spherical surfaces must difter hy less than e.QQ. 
Since QQ' is finite, whilst e may by taking 2 large enough be made as small 
.as we please, the difference of the mean values may, by taking P sufficiently 
^distant, be made infinitely small. 

Now we have seen in Arts 38, 39 that the mean value of (f> over the 
inner sphere is equal to its value at P, and that the mean value over the 
outer sphere is (since 0) equal to a constant quantity C Hence, 
ultimately, the value of (f> at infinity tends everywhere to the constant 
value 0. 

The same result holds even if the normal velocity be not zero over the 
internal boundary , for in the theorem of Art 39 M is divided by r, which is 
in our case infinite. 

It follows that if = 0 at all points of the internal boundary, and if 
the fluid be at rest at infinity, it must be everywhere at rest Tor no lines 
*of motion can begin or end on the internal boundary. Hence such lines, if 
they existed, must come from an infinite distance, traverse the region occupied 
by the fluid, and pass off again to infinity; ie they must form infinitely long 
courses between places where ^ has, within an infinitely small amount, the 
.same value 0, which is impossible. 

The theorem that, if the fluid be at rest at infinity, the motion is deter- 
minate when the value of — dcpjdn is given over the internal boundary, follows 
by the same argument as in Art 40 


Green’s Theorem. 

42 In treatises on Electrostatics, See, many important propeities of 
the potential are usually proved by means of a certain theorem due to Green 
Of these the most important from our present point of view have already 
been given; but as the theorem in question leads, amongst other things, to a 
useful expression for the kinetic energy in any case of irrotational motion, 
some account of it will properly find a place here 

Let P, Y, W be any three functions which are finite, single-valued and 
differentiable at all points of a connected region completely hounded hy one 
or more closed surfaces >8, let hS be an element of any one of these surfaces, 
and I, m, n the direction-cosines of the normals to it drawn inwards. We 
shall piove in the first place that 

JJ(lV+7,iV-i-nW)dS = -Jlf[^i-l^ + ^^')d^dyd., ( 1 ) 

where the triple-integral is taken throughout the region, and the double- 
integral over its boundary. 
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If we conceive a series of surfaces drawn so as to divide the region into 
any number of separate parts, the integral 

^nW)dS, ( 2 ) 

taken over the original boundary, is equal to the sum of the similar integrals 
each taken over the whole boundary of one of these parts For, for every 
element her of a dividing surface, we have, in the integrals corresponding to 
the parts lying on the two sides of this surface, elements (ZZ7 4- m F4- nW) So*, 
and (^'^74-m'F^-?^'TF)S(^, respectively. But the normals to which Z, m, n, 
and Z', m', n' refer being drawn inwards in each case, we have Z'= — Z, = 

“ 71 , so that, in forming the sum of the integrals spoken of, the elements 
due to the dividing surfaces disappear, and we have left only those due to 
the original boundary of the region 

Now let us suppose the dividing surfaces to consist of three systems of 
planes, drawn at infinitesimal intervals, parallel to yz, zx, xy, respectively If 
X, 7/, z be the co-ordinates of the centre of one of the rectangular spaces thus 
foimed, and Sx, Sy, Bz the lengths of its edges, the part of the integral (2) due 
to the j/^-face nearest the origin is 

and that due to the opposite face is 

-(u'+4|^&«)sys-. 

The sum of these is -—dUjdx SxBy^z Calculating m the same way the 
parts of the integral due to the remaining pairs of faces, we get for the final 
result 




dU djr dW 

dx dy dz 


SxSySz» 


Hence (1) simply expresses the fact that the surface-integral (2), taken over 
the boundary of the region, is equal to the sum of the similar integrals taken 
over the boundaries of the elementary spaces of which we have supposed it 
built up 


It is evident from (1), or it may be proved directly by transformation of 
co-ordinates, that if (U, F, W) he a polar vector, the expression 

3 ^ ^ ^ 

dy'^ dz 

IS a scalar quantity, ^ e. its value is unaffected by any such transformation. 
It IS now usually called the ^ divergence ’ of the vector-field at the point 
(^, y, z). 
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The interpretation, when ( U, V, F) is the velocity of a continuous sub- 
stance, IS obvious In the particular case of irrotational motion we obtain 

Jj^dS = —JJJv‘^^da:dyds, (S) 

where Sn. denotes an element of the inwardly-directed normal to the surface /S. 

Again, if we put U, V, W-pu, pv, pw, respectively, we reproduce in 
substance the investigation of Art. 8. 

Another useful resnlt is obtained by putting U, V, W=u<f), V(j), •w<j), 
respectively, where u, v, w satisfy the relation 

du dv _ A 

throughout the region, and make 

lu + mv +- nw = 0 


over the boundary. W e find 


+ w 

The function ^ is here merely restricted to be finite, single-valued, and con- 
tinuous, and to have its first differential coefficients finite, throughout the 
region. 


43. Now let 4>' be any two functions which, together with their first 
and second derivatives, are fi.nite and single-valued throughout the region 
considered ; and let us put 


F, V, 




^ dy’ ds - 


respectively, so that 


lU+mT+nW = <}>^-^. 


Substituting in (1) we find 

By interchanging (f> and we obtain 

— J// <j()' V2(j£) d(o dy dz. 


..( 0 ) 


.( 6 ) 


Equations (5) and (6) together constitute Green’s theorem^. 

* Gr G-reen, Essay on Eleetncity and Magnetism^ Nottingham, 1828, Art 3 IMathematical 
Papers (ed Ferrers) , Cambridge, 1871, p. 23] 
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44. If (^, <!>' be the velocity-potentials of two distinct modes of irrotational 
motion of a liquid, so that 

V^<j!) = 0, Vy=0, (1) 

we obtain Jj(f>^dS = (^) 

If we recall the physical interpretation of the velocity-potential, given in 
Art. 18, then, regarding the motion as generated m each case impulsively 
from rest, we recognize this equation as a particular case of the dynamical 
theorem that 

^!Pr^r “ ^Pr ?r) 

where and g/ are generalized components of impulse and velocity, 
in any two possible motions of a system^. 

Again, in Art. 48 (6) let <^'= and let ^ be the velocity-potential of a 
liquid We obtain 

ffJiCiJ + (|)’ + (S)] /i* a (^) 

To interpret this we mnltiply both sides by Then on the right-hand 
side —d(j>ldn denotes the normal velocity of the fluid inwards, whilst p4> is, by 
Art 18, the impulsive pressure necessary to generate the motion. It is a 
proposition in Dynamics *(* that the work done by an impulse is measured by 
the product of the impulse into half the sum of the initial and final velocities, 
resolved in the direction of the impulse, of the point to which it is applied. 
Hence the right-hand side of (3), when modified as described, expresses the 
work done by the system of impulsive pressures which, applied to the surface 
/S, would generate the actual motion; whilst the left-hand side gives the 
kinetic energy of this motion. The formula asserts that these two quantities 
are equal. Hence if T denote the total kinetic energy of the liquid, we have 
the very important result 

w 

If in (3), in place of (jf>, we write 0(^/9^, which will of course satisfy V^d<f>ldx = 0y and 
apply the resulting theorem to the region included within a spherical surface of radius f 
naving anj point (a?, y, z) as centre, then with the same notation as in Art 39, we have 

“///{(e) + + (51)} 

Thomson and Tait, Natural Philosophy, Art 313, equation (11) 
i Ibid , Art. 308 . a i j 
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Hence, writing 3^2 -= 2^2 ^ ^2 4. ^2^ 

“///{(Is) ■^(^) 

+ K|l)‘+<S)’+*(lty)}*‘'»* ® 

Since this latter expression is essentially positiye, the mean value of taken wer a 
sphere having any given point as centre, increases with the radius of the sphere Heaoe 
f cannot be a maximum at any point of the fluid, as was proved otherwise in i.rt. 37 

Moreover, recalling the formula for the pressure in any case of irrotational motion of a 
liquid, VIZ 

(6) 

p ot 

we infer that, provided the potential Q of the external forces satisfy the condition 

V2O = 0, (^) 

the mean value of p over a sphere described with any point in the interior of the fluid as 
centre will dimmish as the radius increases The place of least pressure will therefore be 
somewhere on the boundary of the fluid This has a bearmg on the point discussed in 
Art 23 


45 In this connection we may note a remarkable theorem discovered by 
Lord Kelvin*, and afterwards generalized hy him into an universal property 
of dynamical systems started impulsively from rest under prescribed velocity- 
conditions f 

The irrotational motion of a liquid occupying a simply-connected region 
has less kinetic energy than any other motion consistent with the same 
normal motion of the boundary 

Let T be the kinetic energy of the irrotational motion to which the 
velocity-potential ^ refers, and Ti that of another motion given by 


^_d± 


+ Ua, v=- 


dy 


+ Vo, w = 


dz 


+ Wo 


.( 8 ) 


where, in virtue of the eqnation of continuity, and the prescribed boundary- 
condition, we must have 

9wo 9vo , Q 

dx dy dz 

throughout the region, and Zwoft mvo-h «Wo= 0 
over the boundary Further let us write 

To = ^p + < + O dxdyiz (9) 


* (W. Thomson) “On the Via-Viva of a Liqmd in Motion,” Camh and Dub Math. Jmn., 
1849 [Mathematical and Physical JPaper.% t i. p 107]. 
t Ttoinsoii and Tait, jSfatural PMlosojpJiy, Art 312. 
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We find — ^o— /> JjJ fe) 

Since the last integral vanishes, by Art. 42 (4), we have 

T, = T^T,, ( 10 ) 

which proves the theorem 

46. We shall require to know, hereafter, the form assumed by the ex- 
pression (4) for the kinetic energy when the fluid extends to infinity and is 
at rest there, being limited internally by one or more closed surfaces 8 Let 
us suppose a large closed surface % described so as to enclose the whole of 8, 
The energy of the fluid included between S and 2 is 

( 11 ) 


where the integration in the first teim extends over 8, that m the second 
over 2 Since we have, by the equation of continuity, 

(8) may be written 

-ip ff(^-0}l^ds-ipjj(<f>- 0)gdS, (12) 

where G may be any constant, but is here supposed to be the constant value 
to which <f> was shewn m Art 39 to tend at an infinite distance fiom S 
Now the whole region occupied by the fluid may be supposed made up of 
tubes of fl.ow, each of which must pass either from one point of the internal 
boundary to another, or from that boundary to infinity. Hence the value of 
the integral 

taken over any surface, open oi closed, finite or infinite, drawn within the 
region, must be finite Hence ultimately, when 2 is taken infinitely large 
^nd infinitely distant all round from the second term of (12) vanishes, and 
we have 

^T — ,jj(^.-0)^dS. (13) 


where the integration extends over the internal boundary only 
If the total flux across the internal boundary be zero, we have 


II 


^d)S=0, 

dn ’ 


so that (13) may be written 2r== ~ 
simply 



... ( 14 ) 
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On Multiply -connected Regions. 

47 Before discussing the properties of iriotatioual motion m multiply- 
connected regions we must examine more in detail the nature and classification 
of such regions In the following synopsis of this branch of the geometry of 
position we recapitulate for the sake of completeness one or two definitions 
already given. 

We consider any connected region of space, enclosed by boundaries. 
A region is ^connected’ when it is possible to pass from any one point of 
it to any other by an infinity of paths, each of which lies wholly in the 
region. 

Any two such paths, or any two circuits, which can by continuous 
variation be made to coincide without ever passing out of the region, are said 
to he ‘mutually reconcileable ’ Any circuit which can be contracted to 
a point without passing out of the region is said to be ‘ reducible. Two 
reconcileable paths, combined, form a reducible circuit. If two paths or two 
circuits be reconcileable, it must be possible to connect them by a continuous 
surface, which lies wholly within the region, and of which they form the 
complete boundary ; and conversely. 

It IS further convenient to distinguish between 'simple’ and ' multiple ’ 
irreducible circuits A ‘multiple’ circuit is one which can by continuous 
variation be made to appear, in whole or in part, as the repetition of another 
circuit a certain number of times. A ‘ simple circuit is one with which this 
is not possible 

A ‘barrier,’ or 'diaphragm,’ is a surface drawn across the region, and 
limited by the line or lines in which it meets the boundary. Hence a barrier 
IS necessarily a connected surface, and cannot consist of two or more detached 
portions 

A ‘simply-connected’ region is one such that all paths joiuing any two 
points of it are reconcileable, or such that all circuits diawn within it are 
reducible 

A ' doubly-connected ’ region is one such that two irreconcileable paths, 
and no more, can be drawn between any two points of it , viz any other 
path joining AB is reconcileable with one of these, or with a combination of 
the two taken each a certain number of times In othei words, the region is 
such that one (simple) irreducible circuit can be drawn in it, whilst^ other 
circnits aie either reconcileable with this (repeated, if necessary),' or are 
reducible As an example of a doubly-connected region we may take that 
enclosed by the surface of an anchor-nug, or that external to such a ring and 
extending to infinity 

Generally, a region such that n irreconcileable paths, and no more, can be 
drawn between any two points of it, or such that — 1 (simple) irreducible 
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and irreconcileable circuits, and no more, can be drawn in it, is said to be 
‘ Ti-ply-connected.’ 

The shaded portion of the figure on p. 33 is a triply-connected space of 
two dinoensious. 

It may be shewn that the above definition of an n-ply- connected space 
IS self-consistent In such simple cases as ?^=2, 71 = 3, this is sufficiently 
evident without demonstration 

48 Let us suppose, now, that we have an 7z-ply-connected region, with 
n— 1 simple independent irreducible circuits drawn in it It is possible to 
draw a barrier meeting any one of these circuits in one point only, and not 
meeting any of the 71 - 2 remaining circuits. A barrier drawn in this manner 
does not destroy the continuity of the region, for the interrupted circuit 
remains as a path leading round from one side to the other The Older of 
connection of the region is however diminished by unity , for eveiy circuit 
drawn in the modified region must be reconcileable with one or more of the 
- 2 circuits not met by the barrier. 

A second barrier, drawn in the same manner, will reduce the order of 
connection again by one, and so on , so that hy drawing n — 1 barriers we can 
reduce the region to a simply-connected one 

A simply- connected region is divided by a barrier into two separate 
parts , for otherwise it would be possible to pass from a point on one side 
the barrier to an adjacent point on the other side by a path lying wholly 
within the region, which path would in the original region form an irreducible 
circuit. 

Hence in an 7i-ply-connected region it is possible to draw n — 1 barriers, 
and no more, without destroying the continuity of the region This property 
is sometimes adopted as the definition of an ri-ply- connected space. 


IrrotaUonal Motion %n Multiply-connected Spaces. 

49. The ciiculation is the same in any two reconcileable circuits ABC A, 
A'B'G'A' drawn in a region occupied by fluid moving irrotationally For the 
two circuits may be connected by a continuous surface lying wholly within 
the region ; and if we apply the theorem of Art 32 to this suiface, we have, 
remembering the rule as to the direction of integration round the boundary, 

1 {ABC A) -F I {A'G'B'A') = 0, 
or I (ABGA) = I {A'B'C'A'). 

If a circuit ABGA be reconcileable with two or more circuits A'B'G'A\ 
A''B"G^'A'\ &c , combined, we can connect all these circuits by a continuous 
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surface which lies wholly within the region, and of which they form the com- 
plete boundary Hence 

/ {ABC A) + I {A'G'BA') + I (A"C"B"A") + &c = 0, 
or / (ABC A) = I (A'B'G'A') + 1 {A"B"G"A^') + &c. , 

^.e the circulation in any circuit is equal to the sum of the circulations in the 
several members of any set of circuits with which it is reconcileable 

Let the order of connection of the region be n 4 1, so that n independent 
simple irreducible circuits a^y .. an can be drawn in it, and let the circu- 
lations in these be /cg, .. respectively The sign of any ic will of couise 
depend on the direction of integration round the corresponding circuit , let 
the direction in which k is estimated be called the positive direction in the 
circuit. The value of the circulation in any other circuit can now be found 
at once For the given circuit is necessarily reconcileable with some com- 
bination of the circuits a^y • any say with ai taken pi times, ag taken pg 
times and so on, where of course any p is negative when the correspond- 
ing circuit IS taken in the negative direction. The required circulation 
then 18 

^iA:i-}-jPa^2+ ..+Pn^n ( 1 ) 

Since any two paths joining two points Ay B oi the region together form 
a circuit, it follows that the values of the flow in the two paths differ by 
a quantity of the form (1), where, of course, in particular cases some or all of 
the jp’s may be zero 


60. Let us denote by - ^ the flow to a variable point P from a fixed 
point Ay VIZ 

rP 

<j[) == — I (udx -h vdy + wdz) (2) 

J A 

So long as the path of integration from ^ to P is not specified, is indeter- 
minate to the extent of a quantity of the form (1). 

If however 7 i bairiers be drawn in the manner explained in Art 48, so as 
to reduce the region to a simply-connected one, and if the path of integration 
in (2) be restricted to lie within the region as thus modified (^.6 it is not to 
cross any of the barriers), then </> becomes a single-valued function, as in 
Art 35 It IS continuous throughout the modified region, but its values at 
two adjacent points on opposite sides of a barrier diffei lj±fc To derive 
the value of (p when the integration is taken along any path in the unmodified 
region we must subtract the quantity (1), where any p denotes the numbei of 
times this path crosses the corresponding barrier. A crossing in the positive 
direction of the circuits interrupted by the barrier is here counted as positive, 
a crossing in the opposite direction as negative 


4 
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By displacing P through an infinitely short space parallel to each 
co-ordinate axis in succession, we find 

dcj> d(p 9<^ 

W=- ’ 

SO that 4> satisfies the definition of a velocity-potential (Art. 17) It is now 
however a many-valued or cyclic function , it is not possible to assign to 
every point of the original region a unicpie and definite value of (j>, such 
values forming a continuous system. On the contrary, whenever P describes 
an irreducible circuit, cfi will not, in general, return to its original value, but 
will diff er from it hy a quantity of the form (1). The quantities «i, /c.,, . 
which specify the amounts by which cp decreases as P describes the several 
independent circuits of the region, may he called the ' cyclic constants of (/> 

It IS an immediate consequence of the ‘ circulation- theorem of Ait. 33 
that under the conditions there presupposed the cyclic constants do not alter 
with the time The necessity for these conditions is exemplified in the 
problem of Art. 29, where the potential of the extraneous forces is itself 
a cyclic function. 

'the foregoing theory may be illustrated by the case of Art 27 (2), whore the region (as 
Emited by the exclusion of the oiigin, where the formula would give an mfinito velocity) 

IS doubly -connected , since we can connect any two points A, H of it by two irreconcileable 
paths passing on opposite sides of the axis of z, e g. 

ACB, ABB in the figure The portion of the plane 
zix for ^hiok so is positive may be taken as a barrier, 
and the region is thus made simply-connected The 
circulation in any circuit meeting this barrier once 
only, e.g in ACBDA^ is 

jijr.rdS^ or Stt/a 

That in any circuit not meeting the barrier is zjero. In the modified region (f) may bo put 
equal to a single-valued function, viz - jud, but its value on the positive side of the barrier 
IS zero, that at an adjacent point on the negative side is --27ryu 

More complex illustrations of irrotational motion in multiply-connected spaces of two 
dimensions will present themselves in the next chapter. 

51. Before proceeding further we may briefly indicate a somewhat 
different method of presenting the above theory. 

Starting from the existence of a velocity-potential as the characteristic 
of the class of motions which we propose to study, and adopting the second 
definition of an 1-ply-coimected region, indicated in Art 48, we remark 
that m a simply-connected region every equipotential surface must either be 
a closed surface, or else form a barrier dividing the region into two separate 
parts. Hence, supposing the whole system of such surfaces drawn, we see 
that if a closed curve cross any given equipotential surface once it must cross 
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it again, and in the opposite direction. Hence, corresponding to any elenaent 
of the curve, included between two consecutive equipotential surfaces, we 
have a second element such that the flow along it, being equal to the 
difference between the corresponding values of is equal and opposite to 
that along the former , so that the circulation in the whole circuit is zero. 

If however the region be multiply-connected, an equipotential surface 
may form a barrier without dividing it into two separate parts Let as 
many such surfaces be drawn as is possible without destroying the 
continuity of the region The number of these cannot, by definition, be 
greater than n Every other equipotential surface which is not closed will 
be reconcileable (m an obvious sense) with one or more of these barriers 
A curve drawn from one side of a barrier round to the other, without meeting 
any of the remaining barriers, will cross every equipotential surface recon- 
cileable with the first barrier an odd number of times, and every other 
equipotential surface an even number of times Hence the circulation in the 
circuit thus formed wall not vanish, and will be a cyclic function. 

In the method adopted above we have based the whole theory on the 
equations 

dv du 


— 0 ^ — 

dy dz * dz dx ^ dx dy 


0 , 


( 3 ) 


and have deduced the existence and properties of the velocity-potential in 
the various cases as necessary consequences of these. In fact, Arts. 34, 35, 
and 49, 50 may be regarded as a treatise on the integration of this system of 
differential equations. 

The integration of (3), when we have, on the right-hand side, instead of 
zero, known functions of y, z, will be treated in Chaptei vii 

62 Proceeding now, as in Art 36, to the particular case of an incom- 
preSvSible fluid, we remark that whether be cyclic or not, its first derivatives 
dcpidx, d4>jdy, d<l>ldz, and therefore all the higher derivatives, are essentially 
single-valued functions, so that <j> will still satisfy the equation of continuity 

V2<^ = 0, ,. (1) 


or the equivalent form 


II 


dn 


dS = 0, 


( 2 ) 


where the surface-integration extends over the whole boundary of any 
portion of the fluid. 

The theorem (a) of Ait 40, viz that must be constant throughout the 
interior of any region at every point of which (1) is satisfied, if it be constant 
over the boundary, still holds when the region is multiply-connected. For <f>, 
being constant over the boundary, is necessarily single-valued. 


4—2 
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The remaining theorems of Art. 40, Tbemg based on the assumption that 
the stream-lines cannot form closed curves, will lequire modification. We 
must introduce the additional condition that the circulation is to be zero in 
each circuit of the region 

Hemoving this lestriction, we have the theorem that the irrotational 
motion of a liquid occupying an 7 i-ply-connected region is determinate when 
the normal velocity at every point of the boundary is prescribed, as well as 
the value of the circulation in each of the n independent and irreducible 
circuits which can be drawn in the region. For if <562 be the (cyclic) 
velocity-potentials of two motions satisfying the above conditions, then 
<^ = — <^2 is a single-valued function which satisfies ( 1 ) at every point of 

the region, and makes 0<^/0n=O at every point of the boundaiy. Hence 
hy Art 40, is constant, and the motions determined by <^i and (jE >2 are 
identical 


The theory of multiple connectivity seems to have been first developed hy Eiemann* 
for spaces of two dimensions, d joropos of his researches on the theory of functions of a 
complex variable, in which connection also cyclic functions, satisfying the equation 


da^'^df 


=0 


through multiply-connected regions, present themselves. 

The bearing of the theory on Hydrodynamics, and the existence m certain cases of 
many -valued velocity-potentials were first pointed out by von Helmholtz t The subject 
of cyclic irrotational motion in multiply-connected regions was afterwards taken up and 
fully investigated by Lord Kelvin in the paper on vortex-motion already referred to. I: 


Lord Kehiris Extension of Green’s Theorem, 

53 It was assumed in the proof of Green’s Theorem that ^ and cj)' were 
both single- valued functions. If either he a cyclic function, as may be the 
case when the region to which the integrations in Art 43 refer is multiply- 
connected, the statement of the theorem must he modified Let us suppose, 
for instance, that cj) is cyclic, the surface-integral 011 the left-hand side of 
Art. 43 (5), and the second volume-integral on the right-hand side, are then 
indeterminate, on account of the ludeterminateness in the value of <p itself. 
To remove this indeterrmnateness, let the baniers necessary to reduce the 
region to a simply-connected one be drawn, as explained in Art. 48. We 
may now suppose (j> to he continuous and single-valued throughout the 


* Grundlagen fur ewe cillgemetne Theorie dei Finnctionen einer ver under lichen complexeu 
Grosse^ Gottingen, 1851 [MatheTnatibche Weikty Leipzig, 1876, p 3]. Also “ Lehrsatze aus 
der Analysis Situs,” G'lelle, t hv (1857) [PFerfce, p 84] 
f Grelle, t Iv , 1858 

t See also Uirebbof, “Ueberdie Kiafte welche zwei unendlich dunne starre Binge in einer 
Plussigbeit scheinbar anf einander ausiiten konnen,” Gielle, t Ixxi (1869) [Ges Alh , p 404]. 
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region thus modified , and the equation referred to will then hold, provided 
the two sides of each barrier be reckoned as part of the boundary of the 
region, and therefore included in the surface-integral on the left-hand side 
Let Bcti be an element of one of the barriers, the cyclic constant corre- 
sponding to that barrier, dcl)'/dn the rate of variation of in the positive 
direction of the normal to Scti Since, in the parts of the surface-integral 
due to the two sides of Serj, d^'jdn is to be taken with opposite signs, whilst 
the value of <p on the positive side exceeds that on the negative side 
by Ki, we get finally for the element of the integral due to Scti, the value 
K^d^'ldn So-i. Hence Art 43 (5) becomes, in the altered circumstances, 

“ - IIKit - ’If 

where the surface-integiations indicated on the left-hand side extend, the 
first over the original boundary of the region only, and the rest over the 
several barriers. The coefficient of any /c is evidently minw the total flux 
across the corresponding barrier, in a motion of which (f)' is the velocity- 
potential The values of 4> in the first and last terms of the equation are to 
be assigned in the manner indicated in Art 50. 

If cf)' also be a cyclic function, having the cyclic constants /c/, /c/, &c., 
then Art. 43 (6) becomes in the same way 

//■(■' I II I //I ■ 

Equations (1) and (2) together constitute Lord Kelvin’s extension of Greens 
theorem 


54 If <j>, <j>' are both velocity-potentials of a liquid, we have 

V^(f> = 0, V^f = 0, (3) 

and therefore JJ ^ ^ ‘ 


. fj f ^ dS +..• <fc. + *.' If I «<»•.+ ■■ 


■w 


To obtain a physical interpretation of this theorem it is necessary to 
explain m the first place a method, imagined by Lord Kelvin, of genera ing 
any given cyclic irrotational motion of a liquid in a multiply-connected 

space 



54 


Irrotational Motion 


[chap, hi 


suppose the fluid to be enclosed m a perfectly smooth and flexible 

one and let tbei ^ "" simply-connected 

anLe,; I / ^ membranes, infinitely thin 

L!r, P'^el'-^e^t'ened membrane be suddenly moved inwards with the ffiven 

Lres^ctol wV T ““"ItmeoMly applied to tbe negative Lee of 
by the'^followinv rhe motion generated will be charactonaed 

™«t the ! ^ Piopertiea It will be irrotational, being generated from 

Te UlbL":ir,“t? »' «>» l-a-lary will hav“ 

points on oppoeite sides irmLtat'wL iffe’ b'”,r"" “ 
coridng wdl therefore differ by the 

eontmnous with that on theTthL TrmoveTbrr 

first, that the velocities normal to tb,=^}y 4 ^ statement we remark, 

opposite sides of it firA i. ^ Earner at two adjacent points on 

the adjacent portion of theTeLh™® “AgZ'.f P ^'“■y »f 

lt: t 't'- r t oTirprs:: 

aide ■!>,. i.,. Mid on the negative side 4,',, f „ ,e have 

and therefore 4„-4,-4\-4'„ 

M , it r e ■ Ss. 3cf /a* - /Ss 

fhlTarirar:^ ”T;L‘‘ r /»““ »P »PP»a.t. sides of 

Hueffed immedmtlratte; th. '>“'™™»branes to be 

m question ^ "■* ■^•tational motion 

as in Art i4. The'v^u^tf "iL V ~P’ tiow follows 

and those of - ISdAldn dv the fl ^ components of momentum, 

region, me tbe ~ »' 

of an incompressible flLd.tve ^d ’^PPP°ss fo be the velocity-potential 


^^-p///{(S;+(l)‘+(g) 


+ \dxdydz 


d<yi-p>cjf^^da. 


( 5 ) 

Si* rhL^nimri;^ * rr »' •■‘p 

generating cyclic irrotational motion just explained The 
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first teim has already been recogaized as equal to twice the work done by 
the impulsive pressure p4> applied to every part of the original boundary of 
the fluid. Again, p/ti is the impulsive pressure applied, in the positive 
direction, to the infinitely thin massless membrane by which the place of the 
first barrier was supposed to be occupied ; so that the expression 

denotes the work done hy the impulsive forces a,pphed to tkat membrane , 
and so on. Hence (5) expresses the tact that the energ 7 of the motion is 
equal to the work done by the whole system of impulsive forces by which we 
may suppose it generated. 

In applying (5) to the case where the fluid extends to infinity and is at 
rest there, we may replace the first term of the third member hy 



where the integration extends over the internal boundary only The proof 
IS the same as in Art 46. When the total flux across this boundary is zero, 
this reduces to 

I <’> 

The minimum theorem of Lord Kelvin, given in Art. 45, may now be 
extended as follows 

The irrotational motion of a liquid in a multiply-connected region has 
less kinetic energy than any other motion consistent with the same nornaal 
motion of the boundary and the same value of the total flux through each 
of the several independent channels of the region 

The proof is left to the reader. 


Soioroes and 8^nks• 

66. The analogy with the theories of Electrostatics, the Steady Flow 
of Heat, &c., may be carried further by^' means of the conception of sources 
and sinks. 

A ‘simple source" is a point from which fluid is imagined to flow out 
uniformly in all directions If the total flux outwards across a small closed 
surface surrounding the point be m, then m is called the ‘ strength ’ of the 
source. A negative source is called a ^sinL’ The continued existence of 
a source or a sink would postulate of course a continual creation or annihi- 
lation of fluid at the point in question. 
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The velocity-potential at any point P, due to a simple source, in a liquid 
at rest at infinity, is 

<^ = m/47rr, (1) 

where r denotes the distance of P from the source. For this gives a radial 
ow from the point, and if BS,= T^hzr, he an element of a spherical surface 
having its centre at the source, vre have 


dr ~~ 


a constant, so that the equation of continuity is satisfied, and the flux 
outwards has the value appropriate to the strength of the source 

A combination of two equal and opposite sources ± m', at a distance Ss 
apart, where, in the limit, Ss is taken to be infinitely small, and m' infinitely 
great, but so that the product m'Bs is finite and equal to /j, (say), is called 
a double source’ of strength ya, and the hne Bs, considered as drawn in the 
direction from -m' to +m', is called its axis 


To find the velocity-potential at any point {cc, y, z) due to a double 
source ^ situate at {x', y\ /), and having its axis in the direction we 

remart that, /being any continuous function, 


/ {pc' -I- IBs, y' 4 - mBs, z^ + uBs) -/(«', y', /) 


ultimately 

Hence, putting /(^', /, ^0 = where 



r = {(« - soj + (y - yj + (^- 


we find 

0 9M 

+ 

(2) 


- y' fj ^ ^ 3, d\l 

~ 

• -(3) 


_ fJb COS ^ 

477 ’ 

(4) 


ZZ"", coiisidered 

as drawn from « y', /) to («i, y, makes with the axis (I, m, n) 

Af hlu m a similar manner (see Art 83), to build up sources 

purpos^^ agrees o complexity, hut the above is sufficient for our immediate 


isolated points, to be distributed continuously over lines, surfaces, or volumes, 
a homd Zl T any continuous acyclic irrotational motion of 

oTrLtdX " 
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This depends on the theorena, proved m Art 44, that if <f>, 4>' be any two 
single-valued functions which satisfy V“0=O, = 0 throughout a given 

region, then 



where the integration extends over the whole boundary. In the present 
application, we take <f) to be the velocity -potential of the motion in. question, 
and put ^'= 1/r, the reciprocal of the distance of any point of the fluid from 
a fixed point P 

We will first suppose that P is in the space occupied by the fluid Since 
then becomes infinite at P, it is necessary to exclude this point from the 
region to which the formula (6) applies ; this may be done by describing a 
small spherical surface about P as centre If we now suppose 8S to refer to 
this surface, and BS to the original boundary, the formula gives 



At the surface 2 we have d/dn (1/r) = - l/r’ , hence if we put SS = and 
finally make r = 0, the first integral on the left-hand becomes = — 4'jr(^P, 
where (j>j, denotes the value of ^ at P, whilst the first integral on the right 
vanishes. Hence 



This gives the value of <j> at any point P of the fluid in terms of the 
values of and d^/dn at the boundary Comparing with the formulae (1) and 
(2) we see that the first term is the velocity-potential due to a surface 
distiihution of simple sources, with a density —d^ijdn per unit area, whilst 
the second term is the velocity-potential of a distribution of double sources, 
with axes normal to the surface, the density being 4> It will appear from 
equation (10), helow, that this is only one out of an inflnite number of 
surface-distributions which will give the same value of cj> thxoughout the 


mterior. 

When the fluid extends to infinity and is at rest there, the surface- 
integrals m (7) may, on a certain understanding, he taken to refer to the 
internal houndaiy alone To see this, we may take as external boundary an 
infinite sphere having the point P as centre The corresponding part of the 
first integral m (7) vanishes, whilst that of the second is equal to C, the 
constant value to which, as we have seen in Art 41, <j> tends at infinity It 
IS convenient, for facility of statement, to suppose 0=0, this is legitimate 
since we may always add an arbitrary constant to 4> 

When the point P is external to the surface, (p' is finite throughout the 
original region, and the formula (5) gives at once 




dS (8) 
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where, again, in the case of a liquid extending to and at rest there 

the terms due to the infinitely distant part of the houndary may he omitted. 


58. The distribution expressed by (7) can, further, be replaced by one oi 
simple sources only, or of double sources only, over the boundary 

Let (p be the velocity-potential of the fluid occupying a certain region 
and let <j)' now denote the velocity-potential of any possible acyclic irrotational 
motion through the rest of infinite space, with the condition that cj), or (/>', as 
the case may be, vanishes at infinity Then, if the point P be internal to th( 
first region, and therefore external to the second, we have 


(f^p — 
0 = 




( 9 ) 


where Sn, hn* denote elements of the normal to d8^ drawn inwards to th( 
first and second regions respectively, so that 0/0n = — 0/071. By addition, w( 
have 


(/>p 


47rJJ r\dn ^ 


d£\ 

dn'J 




..( 10 ) 


The function (j)' will be determined by the surface- values of </>^ or d<j>'ldn^ 
which are as yet at our disposal 

Let us m the first place make (f>'= (/> The tangential velocities on th( 
two sides of the boundary are then continuous, hut the normal velocities ax( 
discontinuous. To assist the ideas, we may imagine a liquid to fill infinite 
space, and to be divided into two portions by an infinitely thin vacuous shec 
within which an impulsive pressure is applied, so as to generate the givei 
motion from rest. The last term of (10) disappears, so that 



that is, the motion (on either side) is that due to a surface-distnhution o 
simple sources, of density 

\dn dn' ) 

Secondly, we may suppose that d(}>'ldn= d(j)ldn. This gives continuou 
normal velocity, hut discontinuous tangential velocity, over the ongina 
boundary The motion may in this case be imagined to be generated b; 
giving the prescribed normal velocity — 0^/ dn to every point of an mfinitef 
thin membrane coincident m position with the boundary. The first term o 
(10) now vanishes, and we have 




...( 12 ) 


l.c 


This investigation was first given by OreeD, from the point of view of Electrostatic! 
. ante^ p 43 
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shewing that the motion on either side may he conceived as due to a sarface- 
distribution of double sources, with density 

It may he shewn that the above representations of ^ in terms of simple 
sources alone, or of double sources alone, are unique , whereas the repre- 
sentation of Art. 57 is indeterminate*. 


It IS obvious that c^chc irrotational motion of a h< 3 [uid cannot be reproduced by any 
arrangement of simple sources It is easily seen, however, that it may be represented by 
a certain distribution of double sources over the boundary, together with a nuiform distri- 
bution of double sources over each of the barriers necessary to render the region occupied 
by the fluid simply -connected In fact, with the same notation as in Art. 63, we flnd 


*’“C R 0 //s (f) If : 


m 


C?0P2"+'**9 ..(1^) 


where (f) is the smgle-valued Yelocity-potential which obtains in the modified region, and 
0' 18 the yelocity-potential of the acyclic motion which is generated in the external space 
when tho proper normal velocity —d(l>ldn is given to each, element dS of a membrane 
coincident in position with the original boundary 


Another mode of representing the irrotational motion of a liquid, whether 
cyclic or not, will present itself in the chapter on Vortex Motion. 

We here close this account of the theory of irrotational motion. The 
mathematical reader will doubtless have noticed the absence of some im- 
portant links m the chain of our propositions. Tor example, apart from 
physical considerations, no proof has been offered that a function (/> ^ exists 
•which satisfies the conditions of Art. 36 throughout any given simply- 
connectcd legion, and has arbitrarily prescribed values over the boandary. 
The formal proof of ‘existence-theorems’ of this kind is not attempted in 
the present treatise. Tor a review of the literature of this part of the 
subject the reader may consult the authors cited below “f* 


Of Larmor, “ On the Mathematical Expres8ion of thePrmciple of Hayghens,” Proc Dond. 

Math Soc,(2)t 1 p. 1(1903) ..TV . xK 

+ H Burkhardt and S’ Me^er, “ Potentialtbeorie,” and A. Sommerfeld, Eandwerth- 


anfgahen in der Theorie d. part Diff -Gleichungen,” JSncycl d 


math. 


t 11. (1900) 
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MOTION OP A LIQUID IN TWO DIMENSIONS 


59 If the velocities u, v be functions of sc, y only, whilst w is zero, the 
motion takes place in a series of planes parallel to spy, and is the same in each 
of these planes. The investigation of the motion of a liquid under these 
circumstances is characterized by certain analytical peculiarities , and the 
solutions of several problems of great interest are readily obtained. 

Since the whole motion is known when we know that in the plane z — Q, 
we may confine our attention to that plane. When we speak of points and 
ines diawn m it, we shall understand them to represent respectively the 
straight lines parallel to the axis of z, and the cylindrical surfaces having 
their generating lines parallel to the axis of z, of which they are the traces 

By the flux across any curve we shall understand the volume of fluid 
which in unit time crosses that portion of the cylindrical surface, having the 
curve as base, which is included between the planes z = 0, z=l 

Let A, P be any two points in the plane ay The flux across any two 
lines joining AP is the same, provided they can be reconciled without passing 
out of the regiou occupied hy the moving liquid, for otherwise the space 
included between these two lines would be gaiuing or losing matter Hence 
1 be fixed, and P vanable, the flux across any line AP is a function of 
the position of P Let f be this function ; more precisely, let denote the 
flux across AP from right to left, as regards an observer placed on the curve, 
and looking along it from A in the direction of P. Analytically, if I, m be 

the direction-cosmes of the normal (diawn to the left) to any element Ss of 
tne curve, we have 


= \ ds ( 1 ) 

If the region occnpied hy the liquid he aperiphractie (see p 38), ^ is 
necessari y a sing e-valued function, but iq periphractic regions the value of tlr 
may depend on the nature of the path AP. For spaces of two dimeusiouT, 
however, periphraxy and multiple-connectivity become the same thmg, so that 



Streain-FunctioTi 
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the properties of when it is a many-valued function, in relation, to the 
nature of the region occupied by the moving liquid, may be inferred from 
Art. 50, where we have discussed the same question with regard to The 
cyclic constants of when the region is periphractic, are the values of the 
flux across the closed curves forming the several parts of the internal 
boundary, 

A change, say from A to S, of the point from which is reckoned has 
mer ely the effect of adding a constant, viz the flux across a line SA, to the 
value of ^ , so that we may, if we please, regard yjr as indeterminate to the 
extent of an additive constant. 


If move about in such a manner that the value of 'yjr does not alter, it 
will trace out a curve such that no fluid anywhere crosses it, a stream-line 
Hence the curves = const, are the stream-lines^ and yfr is called the ‘stream- 
function.' 

If P receive an infinitesimal displacenaent PQ(=Sy) parallel to 3 /, the 
increment of yfr is the flux across PQ from right to left,^e 8 -^ = — if PQ, or 


-if = — 



( 2 ) 


Again, displacing P parallel to o), we find in the same w'ay 



(S) 


The existence of a function related to ti and v in this manner might also 
have been inferred from the form which the equation of continuity takes m 
this case, viz 


du dv 
dir 


= 0, 


( 4 ) 


which IS the analytical condition that zcdy — vdoc should be an exact 
diflferential^ 


The foregoing considerations apply whether the motion be rotational or 
irrotational The formulae for the component angular velocities, given in 
Art 30, become 


^= 0 , 


-7 = 0; S' = 





( 6 ) 


so that in irrotational motion we have 


32^ 32^ 


( 6 ) 


The function. \p was introduced in this way by Lagrange, J^ouv m4in ds VAoad de Bei li% 
1781 [Oeuvres, t iv p 720]. The Mnematical interpretation is due to Eanhine, “On Plane 
Water-Lines in Two Dimensions,” Phil. Ti am 1864 [MtBoelhneous Scientific Papers, London, 
1881, p 495] 
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60 In what follows we confine ourselves to the case of irrotational 
motion, which, is, as we have already seen, characterized by the existence, m 
addition, of a velocity -potential connected with %, v by the relations 


u 


d(j> d<j> 


.. .( 1 ) 


and, since we are considering the motion of incompressible fiuids only, 
satisfying the equation of continuity 


__ 

W dy^ 


( 2 ) 


The theory of the function cj), and the relation between its properties and 
the nature of the two-dimensional space through which the irrotational 
motion holds, may he readily inferred from the corresponding theorems m 
three dimensions proved in the last chapter The alterations, whether of 
enunciation or of proof, which are requisite to adapt these to the case of two 
dimensions are for the most part purely verbal. 


An exception, which we will briefly examine, occurs however in the case of the theorem 
of Art. 38 and of those which depend on it. 

If be an element of the boundary of any portion of the plane which is occupied 
wholly by moving' In^uid, and if d7i be an element of the normal to ds drawn inwards, we 
have, by Art 36, 

(3) 

the integration extending round the whole boundary. If this boundary be a circle, and if 
r, 6 be polar oo-ordinates referred to the centre P of this circle as origin, the last oquation 
may be written 

1 f 2ir 

Hence the integral — I ^cld, 

jo ’ 

t e the mean value of <j> over a circle of centre P and radius r, is independent of the value 
of r, and therefore remains unaltered when r is diminished without limit, m which case it 
becomes the value of <)!> at i* 

If the region occupied by the fluid be periphractic, and if we apply (3) to the space 
enclosed between one of the internal boundaries and a circle with centre P and radius r 
surrounding this boundary, and lying wholly in the fluid, we have 


/, 


^.rd6=-M, 


... . (4) 


where the integration in the first member extends over the circle only, and M denotes the 
flux into the region across the internal boundary. Hence 


which gives on integration 


9 1 - M 

i^fyM=^-^logr+0, 


...(5) 


i.e. the mean value of ^ over a circle with centre P and radius r is equal to . log r + G, 
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where G is independent of i but may vary with the position of P This formula holds of 
course only so far as the circle embraces the same internal boundary, and lies itself wholly 
in the fluid 

If the region be unlimited externally, and if the circle embrace the whole of the 
internal boundaries, and if further the velocity be everywhere zero at infinity, then G 
IS an absolute constant , as is seen by reasoning similar to that of Art 41 It may then 
be shewn that the value of at a very great distance r from the internal boundary tends 
to the value — Mj^ir log r+P. In the particular case of Jlf=0 the limit to which <jt> tends 
at infinity is finite, in all other cases it is infinite, and of the opposite sign to if We 
infer, as before, that there is only one single-valued function <f> which 1° satisfies the equa- 
tion (2) at every point of the plane xy external to a given system of closed curves, 
2® makes the value of dcji/dTi equal to an arbitrarily given quantity at every point of 
these curves, and 3*^ has its first differential coefficients all zero at infinity 

If we imagine point-sources, of the type explained in Art. 56, to be distributed uni- 
formly along the axis of z, it is readily found that the velocity at a distance r from this 
axis will be in the direction of r, and equal to onj'^Trr, where m is a certain constant This 
arrangement constitutes what may be called a ‘ line-source,’ and its velocity-potential may 
be taken to be 

<^>=~|^logr. (6) 

The reader who is interested in the matter will have no difficulty in working out a theory 
of two-dimensional sources and sinks, similar to that of Arts 56 — 58*. 

61 The kinetic energy P of a portion of fluid bounded by a cylindrical 
surface whose generating lines are parallel to the axis of and by two 
planes perpendicular to the axis of z at unit distance apart, is given by the 
formula 

//{(to)’ + (i)l ' I” /■'■ i*’ 

where the surface-integral is taken over the portion of the plane xy cut off 
by the cylindrical surface, and the line-integral round the boundary of this 
portion Since d<j>/dn = - d^jds, the formula (1) may he written 

2T^pf<j>d^, ( 2 ) 

the integration being carried in the positive direction round the boundary. 

If we attempt by a process similar to that of Art. 46 to calculate the energy in the case 
where the region extends to infinity, we find that its value is infinite, except when the total 
flux outwards (Jf) is zero For if we introduce a circle of great radius r as the external 
boundary of the portion of the plane xy considered, we find that the corresponding part 
of the integral on the right-hand side of (1) increases indefinitely with r The only 
exception is when i/'=0, in which case we may suppose the line-integral in (1) to extend 
over the internal boundary only 

If the cylindrical part of the boundary consist of two or more separate 
portions one of which embraces all the rest, the enclosed region is multiply- 

* This subject has been treated very fuUy by C. Neumann, Veber das loganthmische und 
Newton’ache Potential, Leipzig, 1877. 
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connected, and the equation (1) needs a correction, -which may be applied 
exactly as in Art 55. 


62. The functions and y[r are connected by the relations 
d<f> __ dyjr d(f> d'yf/' 

d(c dy' dy ~ dx 0) 

These cotiditions are fulfilled by equating wheie % stands as usual 

for -/( - 1), to any ordinary algebraic or transcendental function of a; + say 

0 + + ( 2 ) 

For then ^ (^ + ^3/) = » ^ (<#> -I- (3) 

whence, equating separately the real and the imaginary parts, we see that 
the equations (1) are satisfied. 

Hence any assumption of the form (2) gives a possible case of irrotational 
motion The curves const, are the curves of equal velocity-potential, 
and the curves yjr = const, are the stream-lines Since, by (1), 

dcf) dyfr d(j> 
dx dx dy ~dy 

we see that these two systems of curves cut one another at right angles, as 
already proved Since the relations (1) are unaltered when we write — ^ for 
if>, and (f) for -\|r, we may, if we choose, look upon the curves •\jr = const as the 
equipotential curves, and the curves <^ = const as the stream-lines, .so that 
every assumption of the kind indicated gives us two possible cases of 
irrotational motion. 

For shortness, we shall through the rest of this chapter follow the usual 
notation of the Theory of Functions, and write 


z = a;-l-zy, (4) 

w = <f>-htf ( 5 ) 

From a modern point of view, the fundamental property of a fvmtion 
of a complex variable is that it has a definite diflferential coefficient with 
respect to that variable* If f denote any functions whatever of x and y, 
then conesponding to every value of x + zy there must be one or moie 

definite values of hut the ratio of the differential of this function 

to that of x~\- ly^ viz. 


S<jf) -f- 

Bx 4- ^S2/ ^ 


or 


dx^^dx 




d(f> ^ dyjr' 


- + z 


Sx + 2Sy 




■) 


* See, for example, Porsjtli, Theory of Functions, 2nd ed , Cambridge, 1900, cc. i , li 
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depends in general on the ratio hx - By The condition that it should he the 
same for all values of the latter ratio is 


d<p 




dv \dso doo) ' 


.( 6 ) 


dy dy 

which is equivalent to (1) above This property was adopted hy Riemaan 
as the definition of a function of the complex variable x-v%y\ viz such 
a function must have, for every assigned value of the variable, not only a 
definite value or system of values, but also for each of these values a definite 
differential coefficient. The advantage of this definition is that it is quite 
independent of the existence of an analytical expression for the function 


If the complex quantities z and w be represented geometrically after 
the manner of Argand and Gauss, the differential coefficient dw/dz may be 
interpreted as the operator which transforms an infinitesimal vector Sz into 
the corresponding vector Sw It follows then, from the above property, that 
corresponding figures in the planes of 0 and w are similar m their infinitely 
small paits 


For instance, in the plane of w the straight lines <5!) = const , -i/r = const., 
where the constants have assigned to them a series of values in arithmetical 
progression, the common difference being infinitesimal and the same m each 
case, form two systems of straight lines at right angles, dividing the plane 
into infinitely small squares Hence m the plane xy the corresponding 
curves const, = const , the values of the constants being assigned as 
before, cut one another at right angles (as has already been proved otherwise) 
and divide the plane into infinitely small squares 


Conversely, if yjr be any two fimctions of y such that the curves ^|r=ne, 

where € is infinitesimal, and m, n are any integers, divide the plane xy into elementary 
squares, it is evident geometrically that 

Zx Zy Zx _^Zy 

Zip * 

If we take the upper signs, these are the conditions that x+zy should be a function of 
<p -j-zp Tlie case of the lower signs is reduced to this by reversing the sign of p Hence 
the equation (2) contains the complete solution of the problem of orthomorphic projection 
from one plane to another ^ 

The similarity of corresponding infinitely small portions of the planes w 
and ^ breaks down at points where the differential coefficient d^ujdz is zero 
or infinite. Since 

dw _ dp d'yjr 
dz Zx'^ ^ dx ^ 


the corresponding value of the velocity, in the hydrodynamical application, 
IS zero or infinite 


* Lagrange, ^‘Smr la construction des cartes g4ographiqaes,” Nouv mem. de VAcad de Berlin, 
1779 [Oeuvres, t. iv. p. 636] For the further history of the problem, see Forsyth, Theory of 
Functions, c. xix 


L 
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In all physical applications, w must be a single- valued, or at most 
a cyclic function of 5 , in the sense of Art 50, throughout the legion 
with which we are concerned Hence in the case of a ‘ multiform ’ function, 
this region must be confined to a single sheet of the corresponding Riemarm’s 
surface, and * branch-points ’ therefore must not occur in its interior. 

63. We can now proceed to some applications of the foregoing method. 

First let us assume w = 

A being real Introducing polar co-ordinates r, 6, we have 

= At'^ cos ndj ] 

= Ar'^ sinnO I 

The following cases may be noticed 

If n = l, the stieam-lines are a system of straight lines parallel to 
and the equipotential cuives are a similar system parallel to y In this case 
any corresponding figures in the planes of w and ^ are similar, whether they 
be finite or infinitesimal 

2°. If = 2, the curves ^ = const, are a system of rectangular hyperbolas 
having the axes of co-ordinates as their piincipal axes, and the curves 
'yjr = const are a similar system, having the co-ordinate axes as asymptotes. 
The lines 0=0, 0= Jtt are parts of the same stream-line ^1^ = 0, so that we 
may take the positive parts of the axes of oj, y as fixed boundaries, and thus* 
obtain the case of a fluid in motion in the angle between two perpendicular 
walls 

3°. If 7i= — 1, we get two systems of circles touching the axes of 
co-ordinates at the origin Since now ^=^Ajr cos 0, the velocity at the 
origin IS infinite , we must therefore suppose the region to which our formulae 
apply to be limited internally by a closed curve 

4 If = 2, each system of curves is composed of a double system of 

lemniscates The axes of the system ^ = const coincide with x ov y ^ those 
of the system i/r = const bisect the angles between these axes 

5°. By properly choosing the value of tz we get a case of irrotationaL 
motion in which the boundary is composed of two rigid walls inclined at any 
angle a. The equation of the stream-lines being 

r” sin ?20 = const , (^2) 

we see that the lines 0=0, 0 = 7r/'/i are parts of the same stream-line. 
Hence if we put 7i = 7r/a, we obtain the required solution in the form 


<j£> = Ar“ cos 


sin - 


(3> 
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The component velocities along and perpendicular to r, are 


. TT a ^ ird 
A — T cos — , 
a a 



and are therefore zero, finite, or infinite at the oiigin, according as a is less 
than, equal to, or greater than tt. 


64. We take next some cases of cyclic functions. 

1^. The assumption w = — fju log . , (1) 

where ft is real, gives </> = ~ /t logr, (2) 

The velocity at a distance r from the origin is jijr , this point must therefore 
he isolated by drawing a closed curve round it 

If we take the radii ^ = const, as the stream-lines we get the case of 
a (two-dimensional) source at the origin (See Art 60) 

If the circles r=: const be taken as stream-lines we have the case of 
Art 27 1 the motion is now cyclic, the circulation in any circuit embracing 
the origin being 27 r/ 4 . 


2^ Let us take w fi log (3) 

If we denote by the distances of any point in the plane xy from the 
points (±a, 0), and by 6^, 6^, the angles which these distances make with 
the positive direction of the axis of x, we have 


if — (X = Vi ^ 4- 

whence ^ ~ log n/r^, t ^ 2 ) (4) 

The curves </> = const., i/r = const, form two orthogonal systems of ‘ coaxal ’ 
circles. 


Either of these systems may he taken as the equipotential curves, and 
the other system will then form the stream-lines. In either case the velocity 
at the points (± a, 0) will he infinite. If these points be accordingly isolated 
by drawing closed curves round them, the rest of the plane xy becomes 
a triply-connected region. 

If the circles — = const he taken as the stream-lines we have the 

case of a source and a sink, of equal intensities, situate at the points (± x, 0). 
If a IS diminished indefinitely, whilst fia remains finite, we reproduce the 
assumption of Art. 63, 8® which therefore corresponds to the case of a double 
line-source at the origin (See the first diagram of Art 68 ) 

If, on the other hand, we take the circles con^ as the stieam-lines 

we get a case of cyclic motion, viz the circulation in any circuit embracing 
the first (only) of the above points is 27r/x, that in a circuit embracing the 

5-^2 
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second is - 27r/x , whilst that m a circuit emhracmg both is zero This 
example will have additional interest for us when in Chap Yii we come 
to treat of 'Eectilinear Vortices' 



65 . If -w; be a function of it follows at once from the definition of 
Art 62 that ^ is a function of w The latter form of assumption is some- 
times more convenient analytically than the former 

The relations (1) of Art 62 are then replaced by 


'bx _dy 

0^ d^Jr * d'yjr d(j> 


A 1 . dw d6 dy!r 

Also since ^ 

dz dx dx ’ 


dw u — %v q\q q) ' 


where q is the resultant velocity at {x, y). Hence if we write 


and imagine the properties of the function f to be exhibited graphically in 
the manner already explained, the vector drawn from the origin to any point 
m the plane of f will agree in direction with, and be in magnitude the 
reciprocal of, the velocity at the corresponding point of the plane of z. 
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Again, since Ijq is the modulus of dzjdv), i.e we have 



which may, by (1), be put into the equivalent forms 

\dy}r/ \d'\lrj \d(pj Kd^/rJ [8^/rJ dcp d^}r d^fr dcf) * 

... . (4) 

The last formula, viz \ = , (5) 

f 9 ((j>, f) 

expresses the fact that corresponding elementary areas in the planes of 
and w are in the ratio of the square of the modulus of dzldw to unity. 


66 The following examples of this procedure are important 

Assume = c cosh 

or ^ = c cosh (f> cos 

2 / = c sinh j> sm '\|r. 

The curves (\> = const are the ellipses 



..( 1 ) 
. .( 2 ) 




cosh^ & sinh^ <j[> 
and the curves y\r = const are the hyperbolas 


cos^ 'xjr sin^ '<!/' 

these conics having the common foci (± c, 0). 
shewn on the next page. 


= 1, (3) 

= 1, (4) 

The two systems of curves are 


Since at the foci we have (j) =0, ^fr = nir, n being some integer, we see by 
(2) of the preceding Art that the velocity there is infinite If the hyperbolas 
be taken as the stream-lines, the portions of the axis of x which he outside 
the points (+ c, 0) may be taken as rigid boundaries. We obtain in this 
manner the case of a liquid flowing from one side to the other of a thin plane 
partition, throngh an aperture of breadth 2c , the velocity at the edges is 
however infinite. 


If the ellipses he taken as the stream-lines we get the case of a liquid 
circulating round an elliptic cylinder, or, as an extreme case, round a rigid 
lamina whose section is the line joining the foci (+ c, 0). 

At an infinite distance from the origin is infinite, of the order log r, 
where r is the radius vector, and the velocity is infinitely small of the 
order 1/r 
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2° Let z='uj-\- e^, . (S') 

«> = <p + e* coa ■\jr, y = yjr + e'^ am ■f'. • ( 6 ) 

The stream-line ^ = 0 coincides with the axis of sc. Again the portion of 
the line y=nr between « = - oo and a; = - 1, considered as a line bent back 
on itself, forms the stream-line =7r, viz as (f> decreases from -f oo through 
0 to - CO , a; increases from - x to - 1 and then decreases to - co again. 
Similarly for the stieam-hne '>^ = — 7 r 

Since f = — dz/dw = — 1 — cos sm yjr, 

it appears that for large negative values of the velocity is in the direction 
of aj-negative, and eq^ual to unity, whilst for large positive values it is zero 

The above formulae therefore express the motion of a liquid flowing into 
a canal bounded by two thin parallel walls from an open space. At the ends 
of the walls we have <^ = 0, f = + ,r, and therefore ^=0,^e the velocity is 
infinite. The direction of the flow will be reversed if we change the sign of 
w in (5). The forms of the stream-lines, drawn, as in all similar cases in this 
chapter, for equidistant values of ^jr, are shewn on the opposite page*. 

example was given by Helmloltz, Berl Monatsber , April 23, 1868 [Pkzl Mag , 
Nov 1868, Ges. Abh , t i p 154] 
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General Formulae 


71 



67 . It is known that a function f{z) which is finite, continuous, and 
single- valued, and has its first derivative finite, at all points of the space 
included between two concentric circles about the origin, can be expanded 
in the form 

+ + + . . ( 1 ) 

If the above conditions be satisfied at all points within a circle having the 
origin as centre, we retain only the ascending series , if at all points without 
such a circle, the descending series, with the addition of the constant jio, is 
sufficient. If the conditions be fulfilled for all points of the plane xy without 
exception, y’(^) can he no other than a constant Aq. 

Putting f = <56 introducing polar co-ordinates, and writing the 

complex constants Any Bn, m the forms Pn'^'^Qn, Rn'^'^Bn, respectively, 
we obtain 

^ = Po + Sr {Pn cos ne - Qn sm nd) + (Rn cos nO -h sin 

^ = Qo + Sr (Q^ cos 710 -f Pn sm nO) -h 2^ r-^ {Sn eos nl9 - Rn sm n0)j ' * 

These formulae are convenient in treating problems where we have the 
value of </), or of 9<^/3?i, given over the circular boundaries This value may 
be expanded for each boundary in a series of sines and cosines of multiples 
of 0, by Fourier s theorem The series thus found must be equivalent to 
those obtained from (2), whence, equating separately coefficients of sm7i6 
and cos 710 y we obtain equations to determine P^, Qn, Rn> Bn 



^■2 Motion of a Liquid in Two Dimensions [ chap , iv 

^^finitely loo. circular 

c^mder of radius a moving with velocity ff perpendicular to its lenXm In 
infinite mass of liquid which is at rest at infinity. “ ’ 

Let the origin be taken in the axis of the cvlmder anrl ^ 

in a plane perpendicular to its length Further let the axis of m thJ 
d^ection of the velocity U The motion, having originated loi rest wfil 

takenTou^ r str^ 

(^t 59), so that the formulae (2) apply. Moreov^, since giverat 
every point of the internal boundary of the fluid, viz ^ 


^ rr . 

“ ^ ^ cos d, for r = a, 


( 3 ) 


Art “ determinate, by 

Art. 41. These conditions give P„=0, = 0, and ^ 

Cf cos d = Sr cos n9 + sin v9), 

S f ““ eoeffloiente 

zero 1 he complete solution is therefore 

Ua^ 


(p = — cos 6, 
r ' 


= (4) 

The stream-lines f = const are circles, as shewn on the opposite page 

The kinetic energy of the liquid is given by the formula (2) of Art 61, viz. 

= pj(t>df = pUwj cos^ e dO = M' U% . .. (5) 

^hf lelur^heLla™ f f 

represented by an addition if' to the inertia perCTlength of t'cyrde'; 
d 


or 


^(iifcr^+|if'tr^) = xi7, 
(if+ifO^=Z, 


...( 6 ) 


wheie M represents the mass of the cylinder itself 
Writing this in the form 

dt 

we learn that the pressure of the fluid is equivalent to a force -M'dUldt 
p r unit length in the direction of motion. This vanishes when IT is constant. 



68] Motion of a Circular Cylinder 73 

The above result must of course admit of verification by direct calculation. The 
pressure is given by the formula 

(’) 

where we have omitted the term due to the extraneous forces (if any) acting on the fluid, 
the effect of which can be found by the rules of Hydrostatics. The term 00/3^ here 
expresses the rate at which is increasing at a fixed point of space, whereas the value of 
<j& in (4) is referred to an origin which is in motion with the velocity U, In consequence 



of this the value of r for any fixed point is increasing at the late — U cos d, and that of 6 at 
the rate Ujr sin 6 Hence we must put 


__ cosd- CTcosd^H •^ = 

0^ dt r dr r oO 


dUa^ 

■ — cos d“{ s— cos 2d 

dt r 


Since, also, <^— the pressure at any pomt of the cylindrical surface {r—a) is 

p =p (a ^ cos 5 + t'’2 cos 25 - i era + (8) 

The resultant force on unit length of the cyhnder is evidently parallel to the initial line 
^=0; to find its amount we multiply by -adO cosd and integrate with respect to d 
between the limits 0 and tt. The result is -M'dUldt, as before 

If m the above example we impress on the fluid and the cyhnder a 
velocity — i7 we have the case of a current flowing with the general velocity 
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T past a fixed cylindrical obstacle 
and C/rsind, respectively, we get 


Adding to <!> and the terms Ur cos 0 


^=U 



(9) 


If no extraneous forces act, and if U be 
cylinder is zero Cf Art 92 


constant, the resultant force on the 



-<ai log z. 




If A - P + iQ, the corresponding terms in <f>, are 

-Plogr — P^ + Qlogr, ... . ^2) 

cZtant of d. I^th“T“^ VIZ 27rP, the cyclic 

stant of IS the dux across the inner (or outer) circle and 

cyclic constant of is the cu-oulation in any circuit embracing the origin’ 

cn^rton r^nnd iiTb 1 ^ “ ^dependent 

then t^eTby ' *■ •-»«n<'»ycondit.on is 
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€ 8 - 69 ] Cylinder with Circulation 

The effect of the cyclic motion, superposed on that due to the cylinder, 
will be to augment the velocity on one side, and to diminish (and, it may be, 
to reverse) it on the other Hence when the cylinder moves in a straight 
line with constant velocity, there will be a diminished pressure on one side, 
and an increased pressure on the other, so that a constraining force must be 
applied at right angles to the direction of motion 



The figure shews the lines of flow At a distance from the origin they approximate to 
the form of concentric circles, the disturbance due to the cylinder becoming small in com- 
parison with the cyclic motion. When, as m the case rex3resented, ?7>K/27ra, there is a 
point of zero velocity m the fluid The stream-line system has the same configuration in 
all cases, the only effect of a change in the value of U being to alter the scale, relative to 
the diameter of the cylinder 

To calculate the effect of the flmd pressures on the cylinder when moving in any 
manner we write 

0=_cos(^-x)-^(9, . . (4) 

where x is the angle which the direction of motion makes with the axis of w In the 
formula for the pressure [Art. 68 (7)] we must put, for r-a, 

Tt U ^ - x) If 

=“^oos((9-x)+a£^^sm(5-x)+?72cos2(^-x)-^«7sin(^-x), . (5) 


and 


(6) 
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The resultant force on the cyhnder is found to be made up of a component 


-M‘ 

m the direction of motion, and a component 


dt ’ 


dt ’ 


(7) 

( 8 ) 


at right angles, where M'^vpa^ as before Hence if P, Q denote the components of the 
extraneous forces, if any, acting on the cyhnder in the directions of the tangent and the 
normal to the path, respectively, the equations of motion of the cyhnder are 

(jf+vif-r. 

, f (9) 

{M+M') = 

If there be no extraneous forces, V is constant, and writing dxldt= UIR, where R is the 
radius of curvature of the path, we find 


R={M^M')UIkp 

The path is therefore a circle, described in the direction of the cyclic motion* 

If I, r) be the rectangular co-ordinates of the axis of the cylinder, the equations 
equivalent to 


( 10 ) 

(9) are 


kp^+YJ 

where Z, T are the components of the extraneous forces 
force, we may put 

X={M+M')g\ F=0 

The solution then is |=a+c cos (%^-be), -] 

7? ~ ^ + c sin d-f), J 
where a, ft c, c are arbitrary constants, and 


( 11 ) 

To find the effect of a constant 

( 12 ) 

. (13) 


n=Kpl{M+M') ( 14 ) 

This shews that the path is a trochoid, described with a mean velocity g’jn perpendicular 
to It IS remarkable that the cylinder has on the whole no progressive motion in the 
direction of the extraneous force In the particular case c=0 its path is a straight line 
perpendicular to the force The problem is an illustration of the theory of ‘o-yrostatic 
systems,’ to be referred to in Chap vi ^ 


70 The formula (1) of Art 67, as amended by the addition of the term 
Alog^, may readily be generalized so as to apply to any case of irrotational 
motion m a region with ciicular boundaries, one of which encloses all the 
rest In fact, for each internal boundary we have a series of the form 

where c,=^a+%b say, refers to the centre, and the coefficients A, A^, ... 

* Lord Eayleigh, “On the Irregular Fhght of a Tennis Ball,” Mess of Math , t vii (1878) 
[Sc Pajpers, 1 . 1 p 344], Greenhill, iUgss o/lfa#/i,t ix. p 113 (1880) 
t Greenhill, l.c 
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are m general complex quantities The difficulty however of determining 
these coefficients so as to satisfy given boundary conditions is now so great 
as to render this method of very limited application 

Indeed the determination of the irrotational motion of a liquid subject to 
given boundary conditions is a problem whose exact solution can be effected 
by direct processes in only a very few cases* Most of the cases for which \ye 
know the solution have been obtained by an inverse process , viz instead of 
trying to find a value of or 'v/r which satisfies = 0 or = 0 and given 
boundary conditions, we take some known solution of the differential equations 
and enquire what boundary conditions it can be made to satisfy Examples 
of this method have already been given in Arts 63, 64, and we may carry it 
further in the following two important cases of the general problem in two 
dimensions 

71 Case I The boundary of the fluid consists of a rigid cylindrical 
surface which is in motion with velocity CT in a direction perpendicular to its 
length. 

Let us take as axis of x the direction of this velocity Z7, and let be an 
element of the section of the surface by the plane xy 

Then at all points of this section the velocity of the fluid in the direction 
of the normal, which is denoted by dylrjds, must be equal to the velocity of 
the boundary normal to itself, or — Tldyjds Integrating along the section, 
we have 

^ — [Tt/q- const (1) 

If we take any admissible form of this equation defines a system of curves 
each of which would by its motion parallel to x give rise to the stream-lines 

= const f We give a few examples 

1° If we choose for yjr the form — Uy, (1) is satisfied identically for all 
forms of the boundary Hence the fluid contained within a cylinder of any 
shape which has a motion of translation only may move as a solid body. 
If, further, the cylindrical space occupied by the fluid be simply-connected, 
this IS the only kind of motion possible This is otherwise evident from 

* A very powerful method of transformation, applicable to cases where the boundaries of 
the fluid consist of fixed plane walls, has however been developed by Schwarz, “ TJebei einige 
Abbildungsaufgaben,” Crelle, t Ixx [Gesammelte Abhandlungen, Berlin, 1890, tup 65] , 
Christofiel, “ Sul problema delie temperature stazionarie e la rappresentazione di una data 
superficie,” Annali di Matematica, Sene ii t i. p 89, and Kiichhofi, “Zui Theorie des 
Condensators,” Berl Monatsber.^ March 15, 1877 [(?e?s Abh , p 101] Many of the solutions 
which can be thus obtained aie of great interest in the mathematically cognate subjects of 
Electrostatics, Heat-Conduction, &c See, for example, J J Thomson, Becent Besearches %n 
jElectricity and Magnetism, Oxford, 1893, c iii 

t Of Bankine, I c ante, p 61, where the method is applied to obtain curves resembling the 
lines of ships 
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Art 40 , for the motion of the fluid and the solid as one mass evidently 
satisfies all the conditions, and is therefore the only solution which the problem 
admits of 

2^ Let -x/r = A/r . sin ^ , then (1 ) becomes 

A 

™ sin ^ — [ 7 r sin ^ + const (2) 


In this system of curves is included a circle of radius a, provided A /a = — Wa, 
Hence the motion produced in an infinite mass of liquid by a circular cylinder 
moving through it with velocity u perpendicular to its length, is given by 

. Ua^ - ^ 

t = - — S1110, (3) 

which agrees with Art 68 


3 ^ Let us introduce the elliptic co-ordinates 77, connected with y 
by the relation 


or 


cO’\-iy — o cosh (f -f- 7,77), . . 

x^o cosh f cos 77, ] 

2/ = c sinh ^sm 77, j 


.. ( 4 ) 

...( 5 ) 


(cf Art 66), where f may be supposed to range from 0 to 00 , and 77 from 0 
to Stt If we now put 

^ -f (6) 

where 0 is some real constant, we have 


'x/r = — Ger^ sin 7;, (7 ^ 

so that (1 ) becomes Ge-^ sin 77 = CT’c sinh ^ sin 77 + const 

In this system of curves is included the ellipse whose parameter ^0 is 
determined by 

Ge~^^ = lie sinh 

If a, b be the semi-axes of this ellipse we have 


so that 


a = c cosh b = c sinh 


C = ^=Ub 
a —b 


/a + &Y 

[a-bj 


Hence the formula -«|r = — sin i; (8) 

gives the motion of an infinite mass of liquid produced by an elliptic 
cylinder of semi-axes a, b, moving parallel to the greater axis with velocity V. 

That the above formulae make the velocity zero at infinity appears from 
the consideration that, when ^ is large, bx and Sy are of the same order as 
or e^br), so that d-^frjdx, dyjr/dy are of the order qj. ultimately, 
where r denotes the distance of any point fiom the axis of the cylindei. 



7l] Translation of an Elliptic Cylinder 79 

If the motion of the cylinder were parallel to the minor axis the formula 
would be 



The stream-lines are m each case the same for all confocal elliptic forms 
of the cylinder, so that the formulae hold even when the section reduces to 
the straight line joining the foci In this case ( 9 ) becomes 

^ = Tc cos 97, (10) 

which would give the motion produced by an infinitely long lamina of 
breadth 2c moving ‘broadside on' in an infinite mass of liquid Since 



however this solution makes the velocity infinite at the edges, it is subject 
to the practical limitation already indicated m several instances* 

* This investigation was given in the Qumt Journ of Math, t xiv (1875) Eesnlts 
equivalent to (8), (9) had however been obtained, in a different manner, by Beltrami, “ Sui 
prmcipii fondamentali dell’ idrodinamica razionale,” Mem delV Accad delle Scienze d% Bologna, 
1873, p. 394. 
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The kinetic energy of the fluid is given by 

2T-pj (f)dyfr = I cos® ■>? drj 


= 7Tph^U^ ( 11 ) 

where b is the half-breadth of the cylinder perpendicular to the direction of 
motion 

If the units of length and time he properly chosen we may write 


whence 


^-fi^=cosh 




-(^ + «T}) 






These formulae are convenient for tracing the curves 0 = const , = const, which are 

figured on the preceding page 

Ey superposition of the results (8) and (9) we obtain, for the case of an elliptic cylinder 
having a velocity of translation whose components are Z7, V, 


^=-(^^K-i(Ubsmr,-Vacosr,). . (12) 

To find the motion relative to the cylinder we must add to this the expression 

Uy- VoG=c{^U sinh I sin rj—V cosh ^ cos r]) . . (13) 

Tor example, the stream-function for a current impinging at an angle of 45® on a plane 
lamina whose edges are at ±c is 

^ = ^ smh g (cos 77 - sin 77), . . (14) 

where is the velocity at infinity This immediately verifies, for it makes -\/r=0 for ^==0, 
and gives 

for ^=00 The stream-lines for this case are shewn m the annexed figure (turned through 



45® for convenience)^ This will serve to illustrate some results to be obtained later in 
Ohap VI 


^ Prof Hele Shaw has made a number of beautiful experimental delineations of the forms 
■of the stream-lines m cases of steady irrotational motion in two dimensions, including those 
figured on pp 74, 80, see Trans Inst, Nav. Arch ^ t. xl (1898). The theory of his method 
will find a place in Chap xi 
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If we trace the course of the stream-line - 1/^=0 from <^=-footo <j6== — oo,we find that it 
consists in the first place of the hyperbolic arc ?; = Jtt, meeting the lamina at right angles, 
it then divides into two portions, following the faces of the lamina, which finally re-iimte 
and are continued as the hyperbolic arc 77 — f^r The points where the hyperbolic arcs 
abut on the lamina are points of zero velocity, and therefore of maximum pressure. It is 
plain that the fluid pressures on the lamina are equivalent to a couple tending to set it 
broadside on to the stream , and it is easily found that the moment of this couple, per 
unit length, is ^Trpq^^c^ Compare Art 124 


72 Case II The boundary of the fluid consists of a rigid cylindrical 
surface rotating with angular velocity co about an axis parallel to its length 

Taking the origin in the axis of rotation, and the axes of y in a per- 
pendicular plane, then, with the same notation as before, d'\^lds will be equal 
to the normal component of the velocity of the boundary, or 

d'^Ir dr 

if r denote the radius vector from the origin Integrating xve have, at all 
points of the boundary, 

^ + const (1) 

If we assume any possible form of this will give us the equation of a 
senes of curves, each of which would, by rotation round the origin, produce 
the system of stream-lines determined by 

As examples we may take the following 

V If we assume 1 /^ = Ar^cos 2^ =• A y^), (2) 

the equation (1) becomes 

(Jft) ~ A) X- + -f A) = G, 

which, for any given value of A, represents a system of similar conics That 
this system may include the ellipse 


we must have 
or 

Hence 


(-J-o) — A)oP‘ — (|-a> -f A) If, 


A == 


a? — 


'\[r= ^O) 


+ If 


— y-) 


. .(3) 


gives the motion of a liquid contained within a hollow cylinder whose section 
is an ellipse with semi-axes a, b, produced by the rotation of the cylinder 
about its longitudinal axis with angular velocity co The arrangement of 
the stream-lines = const is shewn in the figure on p. 84 


L 


6 
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The corresponding formula for cj) is 


^ a" - 


(4) 


The kinetic energy of the fluid, per unit length of the cylinder, is given by 




(a^ — 

~aFT¥~ 


X irpab. 


(5) 


This IS less than if the 
mass, in the ratio of 


fluid were to rotate with the boundary, as one rigid 

- by 

U"- + by 


to unity. We have here an illustration of Lord Kelvin’s minimum theorem, 
proved in Art 45. 

2® Let us assume 


= Ar^ cos Sff = A — ^xy^) 

The equation (1) of the boundary then becomes 

A {a^ — Zxy^) — Jci) {x^ + 2/^) = 0 . . (6) 

We may choose the constants so that the straight line x = a shall foim part 
of the boundary The conditions foi this are 

Aa^ — = G, = 0 

Substituting the values of A, G hence derived in (6), we have 
^ q. 3(x -j- 2/2) = 0 

Dividing out by i33 — C6, we get 

(x^ + ^ax -I- 4a^ = 

or a? + 2a = ± V’L y. 

The rest of the boundary consists therefore of two straight lines passing 
through the point (— 2c&, 0), and inclined at angles of 30° to the axis of x. 

We have thus obtained the foimulae for the motion of the fluid contained 
within a vessel in the form of an equilateral prism, when the latter is rotating 
with angular velocity o) about an axis parallel to its length and passing 
through the centre of its section , viz we have 


'^ = -^“^5008 3(9, ^ = sin 3(9, (7) 

where 2 V3a is the length of a side of the prism*. 


The proWem of fluid motion in a rotating cylindrical case is to a certain extent mathe- 
matically identical with that of the torsion of a uniform rod or bar The above examples are 
mere adaptations of two of de Saint -Tenant’s solutions of the latter problem See Thomson and 
Tait, Natural Philoso;phy, Art 704, et seq 



Rotating Cylinder 

3^’ In the case of a liquid contained in a rotating cylinder whoso section 
8 a circular sector of radius a and angle 2a, the axis of rotation passing 
hrough the centre, we may assume 

^ = cos(2^+l)^, (<S) 

h(‘ middle radius being taken as initial line For this makes for 

± a, and the constants A^n-^-i can be detei mined by Fourier’s method so as 
0 make 'xjr = ^coa^ for r = a We find 

irt+i ( ) coa ^ ^ _ 4 ,^ ( 2)1 + 1) TT {2n + 1) tt + 4a| ’ ^ 

rhe conjugate expression for (j:> is 


, - . sin 2^ ^ . 


Sin (2a + 1)^ 


The kinetic energy is given by 


2T= - p j(p^ds = — 2pco j <p^rdr, ( 11 ) 

vhore <j>a denotes the value of ^ for ^ = a, the value of d<^ld7i being zoio over 
iho circular part of the boundary*. 

The case of the semicircle a = j7r will be of use to us later Wo 
hen have 


4 1 2 1 ) 
7r\^n-\ 2n+ J +2i;rf:Tit 


biid theiofore 


JL ^ 

epa'^ ar = - 


I 1 ' t 


TT 2n + 3 \2n — 1 27^+1 271 + 3 


ffoncok 2T = -^-TTpeaW “ 3106ar^ x ^irpod^cC^ .. . .(13) 

rhiB IB less than if the fluid were solidified, m the ratio of 6212 to 1 Kce 
lit 45 

4^. With the same notation of elliptic coordinates as m Art. 71, IV\ l(it 


IS assume 


+ 2 /^ = (cosh 2^ + cos 27}), 


* This problem was hist solved by Stokes, “ On the Critical Values ot the Bums of Periodic 
Senes,” Camb Tmnb , t vm (1847) [Math and JPhyb Papers, tip B05] See also Hicks, 
Mesb of Math , t. viii p 42 (1878), G-reenhill, %hid t vm p. 89, and t x. p 83 
t Greenhill, I c. 
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the equation (1) becomes 

cos ^r} — J&)C^ (cosh 2^ 4- cos 27 /) = const 
This system of curves includes the ellipse whose parameter is provided 

or, using the values of a, b already given, 

0=^cd(ai- 6 )^ 

so that ^jr = lco{a+ by cos 277, | 

<j6 = :Jci) (a + 6)2 6“^^ sin 277 J * •• • • ( '} 

At a great distance from the origin the velocity is of the order 1/r^ 

The above formulae therefore give the motion of an infinite mass of liquid, 
otherwise at rest, produced by the rotation of an elliptic cylinder about its 
axis with angular velocity The diagram shews the stream-lines both 
inside and outside a rigid elliptical cylindrical case rotating about its axis 



The kinetic energy of the external fluid is given by 

2T = ^7rpc' co^ (16) 

It IS remarkable that this is the same for all confocal elliptic forms of the 
section of the cylinder 


Quart Jouin Math , t. xiv (1875) , see also Beltrami, Z c ante p 79 
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72 - 73 ] Free Stream-Lines 

Combining these results with those of Arts 66, 71 we find that if an 
elliptic cylinder be moving with velocities XJ , parallel to the piincipal axes 
of its cross-section, and rotating with angular velocity w, and if (further) the 
fluid be circulating irrotationally round it, the cyclic constant being k, then 
the sti eam-function relative to the aforesaid axes is 

^ ^ r}—Va cos ?;) -I- J&) (a + 5)^ cos -t- ^ ^ 


• Steady Motions with a Free Surface. 

73 The first solution of a pioblem of two-dimensional motion in which 
the fluid IS bounded partly by fixed plane walls, and partly by surfaces of 
constant pressure, was given by von Helmholtz*. Kirchhofft and others 
have since elaborated a general method of dealing with such questions If 
the surfaces of constant pressure be regarded as free, we have a theory of 
jets, which furnishes some interesting results in illustration of Ait 24 
Again, since the space beyond these surfaces may be filled with liquid at 
rest, without altering the conditions of the problem, we obtain also a number 
of cases of ‘ discontinuous motion,’ which are mathematically possible with 
perfect fluids, but whose practical significance is less easily estimated We 
Qha.11 return to this point presently (Art 79), in the meantime we shall 
speak of the surfaces of constant pressure as ‘ free ’ Extraneous forces, 
such as gravity, being neglected, the velocity must be constant along any 
such surface, by Art 21 (2) 

The method in question is based on the properties of the function ? 
introduced in Art 65 The moving fluid is supposed bounded by stieam- 
lines = const , which consist partly of straight walls, and partly of lines 
along which the resultant velocity (q) is constant For convenience, we may 
in the first instance suppose the units of length and time to be so adjusted 
that this constant velocity is equal to unity Then in the plane of the 
function ^ the lines for which q = 1 are represented by arcs of a circle of unit 
radius, having the origin as centre, and the straight walls (since the direction 
of the flow along each is constant) by radial lines drawn outwards from the 
circumference The points where these lines meet the circle correspond to 
the points where the bounding stream-lines change their character. 

Consider, next, the function log f In the plane of this function the 
ciicular arcs for which q = 1 become transformed into portions of the imaginary 


* Log cit ante pp 20, 52 

t “Zur Theorie freier Flussigkeitsstiahlen,” Gielle, t Ixx 
his Mechamk, cc xxi , xxii 


(1869) [Ges, Abh p 416] 


See also 
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axis, and the radial lines into lines parallel to the real axis, since if ?= 5 ' e*"® 
we have 

log?=logi + ^^ (Ij 

It remains, then, to deteimine a relation of the form* 


logt=/(w), (2) 

where w = cj)-]- as usual, such that the rectilinear boundaries in the plane 
of log f shall correspond to straight lines ^[r = const in the plane of w. 
There are further conditions of correspondence between special points, one 
on the boundary, and one in the inteiior, of each region, which render the 
problem determinate 


When the correspondence between the planes of ^ and w has been 
established, the connection between and w is to be found, by integration, 
from the relation 


dw 




( 3 ) 


The arbitrary constant which appears in the result is due to the arbitrary 
position of the origin in the plane of z 

The problem is thus reduced to one of conformal representation between 
two areas bounded by straight linesi*. This is resolved by the method of 
Schwarz and Christofifel, already referred toj, in which each area is repre- 
sented in turn on a half-plane. Let Z(—X + iY) and t be two complex 
variables connected by the relation 

dZ 

^ ^ (a - {h - (c - tyyf '^ . , ( 4 ) 


where a, b, c, aie real quantities in ascending order of magnitude, whilst 
a, /3, 7, ... are angles (not necessarily all positive) such that 

a 4-^-1- 7 + .. = 27r, ( 5 ) 

and consider the line made up of portions of the real axis of t with small 
semi-circular indentations (on the upper side) about the points a, b, c, 

If a point describe this line from t = — oo to ^ = the modulus only 
of the expression in (4) will vary so long as a straight portion is being 
described, whilst the effect of the clock-wise description of the semi-circular 
portions IS to introduce factors e^% , m succession Hence, regarding 

dZjdt as an operator which converts U into hZ, we see that the upper half 
of the plane of t is conformably represented on the area of a closed polygon 
whose exterior angles are a, /3, 7, . , by the formula 

Z=Af (a- Q) - (c - tyy!'^ . . . cZt + jB, (6) 

The use of log m place of is due to Planck, Wied i/iTi , t xxi , 1884 
t See Porsyth, Theory of FiinUwnSj c. xx 
t See the first footnote on p 77 ante 
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provided the path of integration in the i-plane lies wholly within the region 
above delimited. When a, h, c, . , a, y, are given, the polygon is 
completely determinate as to shape , the complex constants ji., B only affect 
its scale and orientation, and its position, respectively 

As already indicated, we are specially concerned with the conformal 
representation of rectangular areas If a=/S = 7 = S = '^7r, the formula (6) 
becomes 

„ A i I » t*T\ 



It IS easily seen that the rectangle is finite m all its dimensions unless two at 
least of the points a, b, c, d are at infinity The excepted case is the one 
specially important to us , the two finite points may then conveniently be 
taken to be t = + 1, so that 


= A cosh""^ t-jrJB (^) 

In particular, the assumption 

^ = cosh^, (^) 


where k is real, transforms the space hounded by the positive halves of the 
lines F=0, Y = 7 rk, and the intervening portion of the axis of F, into the 
upper half of the plane t Of Art 66, 

Again, if the two finite points coincide, say at the origin of t, we have 

Z = Aj^ + B = Alogt + B. ... . ■ (10) 

This transforms the upper half of the t-plane into a strip bounded by two 
parallel straight lines For example, if 

^ = ( 11 ) 

where k is real, these may be the lines F= 0, F= ttIc 

74 As a first application of the method in question, we may take the 
case of a fluid escaping from a large vessel by a straight canal projecting 
inwards* This is the two-dimensional form of Borda’s mouthpiece, referred 
to m Art 24 

The boundaries of corresponding areas in the planes of ?, log and w, 
respectively, are easily traced, and are shewn in the figures f It remains to 

* This problem was first solved by Helmholtz, I c ante p 20 

t The heavy lines represent rigid boundaries, and the fine continuous lines the free surfaces 
Coiresponding points m the various figures are indicated by the same letters 
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connect the areas m the planes of log ^ and w each with the upper half- 
plane of an internaediate variable t It appears from equations (8) and (10) 
of the preceding Art. that this is accomplished by the substitutions 

log ^ = A cosh”"^ i -p jB, w=G\ogt-\-D . •• (1) 

We have here made the corners A, A' m the plane of log ^ correspond tO' 
^ = ± 1, and we have also assumed that 3 ^ = 0 corresponds to it; = — 00 , as is 
evident on inspection of the figures To specify more precisely the values of 
the cyclic functions cosh"*^ t and log t we will assume that they both vanish 
at ^ = 1, and that their values at other points in the positive half- plane are 





w 

A JB 



determined by considerations of continuity It follows that when t = — 1 the 
value of each function will be ^7^ At the points A\ A in the plane of log 
we have, on the simplest convention, log ^=0 and 2 ^ 7 ^, respectively , whence, 
towards determining the constants in (1) we have 

0 =B, 2^7^ = ITT A + B, 

so that log 2 cosh“i t (2) 

Again, in the plane of w we take the line IT as the line '^1^ = 0 , and if the 
final breadth of the issuing jet be 26, the bounding stream-lines will be 
^= + 6 We may further suppose that (/> = 0 is the equipotential curve 
passing through A and A' Hence, from (1) 

%h — ^7^(7 -f- D, — ib = D, 
w — — log t — %b 

TT ° 


so that 


(3) 
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It IS easy to eliminate t between (2) and (3), and thence to find the relation 
between z and %u by integration, but the formulae are perhaps more 
convenient in their present shape 

The course of either free stream-line, say trom its origin at A' , is now 
easily traced For points of this line t is real, and ranges from 1 to 0 , we 
have, moreover, from (2), iO = 2 cosh ^ or t = cos ^6 Hence, also, from (3), 


(jf) = — log cos (4) 

Since, along this line, we have d^lds = - g = — 1, we may put ^ = where 
the arc $ is measured from A\ The intrinsic e(juation of the curve is 
therefore 

s = — log sec ^0 (^) 

IT 


From this we deduce m the ordinary way 

x = — (sin'-* ^6 — log sec |d), y = -(9—sm6), (6) 

if the origin be at A' By giving 6 a series of values ranging from 0 to tt, 
the curve is easily plotted 



Line of Symmetry 

Since the asymptotic value of y is 6, it appears that the distance between 
the fixed walls is 46 The coefficient of contraction is therefore m accord- 
ance with Borda’s theory. 

75 The solution for the case of fluid issuing from a large vessel by an 
aperture in a plane wall is analytically very similar The chief difference is 
that the values of log at the points A, A' in the figures must now be taken 
to be 0 and - ^ 7 ^, respectively, whence, to determine the constants A, B 
in (1) we have 


so that 


0 = iwA + -S, — inr = J5, 
log ^ = cosh"“^ t — %ir . 


0 ) 
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The relation between w and t is exactly as before, viz 


^ 1 . 7 

= log ^ — ^6, . ... 


( 8 ) 


where 26 is the final bieadth of the stream, between the free boundaries 


jb' 


A' 




A 


JB' 


J 

log t 


I 

I* 


JS 

-I' 


A' 


jb' 


A I A' 


W 

A S 


A' 

For the stream-line AI, t is real, and ranges from — 1 to 0. Since, also, 
iO = cosh“^ i — -ITT we may put t = cos (0 -f tt), w’^here 6 vanes from 0 to - •Jtt. 
Hence, from (8), with ^ = — 5 , we have, for the intrinsic equation of the stream- 
line, 

s = — log(-sec0) (9) 
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75 - 76 ] 


From this we find 

a; = — sinHi9, v = — {log tan (Jw + ^0) — sin , .... (10) 

if the point A in the first diagram be taken as origin’^. The curve is shewn 
(in an altered position) at the foot of the opposite page 

The asymptotic value of x, corresponding to 0 = “--|7r, is 2&/7r, the half 
width of the aperture is therefore (tt + 2) bjir^ and the coefficient of con- 
traction 18 

7;./(7r-h2)= 611 

76 In the next example a stream of infinite breadth is supposed to 
impinge directly on a fixed plane lamina, and thence to divide into two 
portions bounded internally by free surfaces 

The middle stream-line, after meeting the lamina at right angles, branches 
off into two parts, which follow the lamina to the edges, and thence form the 
free boundaries Let this be the line f = and let us further suppose that 
at the point of divergence we have </> = 0 The forms of the boundaries in 
the various planes are shewn in the figures The region occupied by the 



moving fluid now corresponds to the whole of the plane w, which must 
however be regarded as bounded internally by the two sides of the line 
= 0, <jE> < 0 

With the same conventions as in the beginning of Ait 75, we have 

log cosh“^ ^ — ^7^, (1) 

or i = -cosh(log^) = -J^5' + ^) 

* This example was giTen by KuchhofE [I c ), and discussed more fully by Lord Eayleigh, 
“ Notes on Hydrodynamics,” P/iil Map , Dec 1876 [Sc Papeis,t i p 297] 
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The correspondence between the planes of w and t is best established by 
considering first the boundary in the plane of w~'^. The method of Schwarz 
and Christoffel is then at once applicable Putting a — tt, I3 = y= .. =0, 
in Art 73 (4), we have 

^ = M w-^ = ^At^ + B . .. . (3) 

At I we have ^ = 0, wr'^ = 0, so that jB = 0, or (say) 


To connect G (which is easily seen to be real) with the breadth (Z) of the 
lamina, we notice that along GA we have and therefore, fiom (2) 

* = q = (5) 

the sign of the radical being determined so as to make g' = 0 for Z = — oo . 
Also, dxldcp^^llq. Hence, integrating along GA in the first figure 


we have 





• -(6) 

whence 

(7= \ 

•7r + 4 

■ (7) 



Along the free boundary AI, we have log ^ = i9, and therefore, from (2) 
and (4^), 

t = -cos6, (f> = —G sec^ 6 (8) 
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The intriasic equation of the curve is therefore 


s = 


I 

TT + 4 


sec® 6 , 


,(9) 


where 6 ranges fiom 0 to — This leads to 
2l 

y = ^ ^ {sec 6 tan 9 - log (^tt + ^6)}, 

the origin IbeiBg at the centre of the lamina The curve is shewn on. the 
opposite page. 

The excess of pressure on the anterior face of the lamina is, by Art 23 
(7), equal to (1 -■ q% Hence the resultant force on the lamina is 

fiy - s) f — cu 

It IS evident from Art 23 (7), and from the obvious geometiical similarity 
of the motion in all cases, that the resultant pressure (jPq, say) will vary as 
the square of the general velocity of the stream We thus find, for an 
arbitrary velocity qo^> 

4 ^ 40 ^ 2 .® I ( 12 ) 



77 If the stream he oblique to the lamina, makmg an angle a, say, with 
its plane, the problem is modified in the manner shewn in the figures 



* Kirottoff , 1. c ante p 85 , Lord EayleigL, “ On the Kesistance of Fluids,” PM. Mag , Deo. 
1876 [Sc Papers, 1 . 1 p 287] 
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The equations (1) and (2) of the preceding Art still apply, but at the point I we now 
have and therefore ^ = cosa. Hence, in place of (4)^, 

G 


(^ — COS a)^ 

At points on the front face of the lamina, we have, since ^“-1 = | f |, 

2 


(13) 


(14) 


where the upper or the lower signs are to he taken, according as ^ 5 ^ ^ according as the 

point referred to lies to the left or right of C in the first figure Hence 

20 


doc ^1 d(l) 


j{i±v(^2_i)} 


(16) 


dt ~q dt (^—cosa)^' 

Between A' and C, t vanes from 1 to oo, whilst between A and C the range is from 
- 00 to -- 1 If we put 




1 — cos a cos a> 
cos a ~ cos 0 ) ’ 


the corresponding ranges of to will be from tt to a, and from, a to 0, respectively , and we 
find 


dt 


Hence 


(t - cos a)3 

dx 

dco 


cos a— cos 0) , . sin a sin CO 

- sin 6) aco, ± V “ 1) = 


sin^a 
20 


cos a — cos CO 
(1 ~ cos a COS CO + Sin a sin co) sm c», 


(16) 


and therefore 


0 


{2cosco-fcosasin2&>-bsinasmcocosco + (^7r-co)sina}, . ...(17) 

where the origin has been adjusted so that ^ shall have equal and opposite values when 
co=0 and <o=Tr, respectively, it has been taken at the centie of the lamina Hence, in 
terms of 0^ the whole breadth is 


, 44-7rsma ^ 
6= ;; G 


(18) 


The distance, from the centre, of the point (co=a) at which the stream divides is 

_ 2 cos a (1 + sm2 a) -1- (-^Tr ~ a) Sin a j 

— 0 ... 

4+7r COS a 

To find the total pressure on the front face, we have 


(19) 


2pC 


sin^ to dco 


(20) 


Integrated between the limits tt and 0, this gives TTpO/sm^ a Hence, in terms of I, and of 
an arbitrary velocity of the stream, we find 


TT sin a 0 7 

jrn=— ^ 


4-f7rSina 


( 21 ) 


* The solution up to this point was given by Kirchhoff {Grelle, I c ) , the subsequent discus- 
sion IS taken, with merely analytical modifications, from the paper by Lord Eayleigh 
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Oblique Lamina 
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To find the centre of pressure, we take moments about the centie of tlio lamina Thus 




(1 = 


sin-^ a Jir 


rrpO 

sin'^a 


, G cos a 


• (22) 


on substituting the value of ir fiom (17) The first factor represents the total pressure, 
the abscissa w of the centre of piessuie is therefore given by the second, or, m terms of 
the breadth 


__ . cos a , 

^==f 1 


^ 4 + 7rSma 


(23) 


In the following table, derived from Lord Rayleigh’s paper, tlio column I gives the 
excess of pressure on the anterior face, in terms of its value when a =90“ , whilst columns 
II and III give respectively the distances of the centre of piessurc, and of the point whore 
the stream divides, from the middle point of the lamina, expressed as fractions of the total 
breadth^ 


a 

I 

11 

III 

90° 

1 000 

000 

000 

70° 

965 

037 

'232 

50° 

854 

075 

402 

30° 

•641 

117 

*483 

20° 

481 

139 

496 

10° 

•273 

163 

500 


78 An interesting variation of the problem of Art 76 has been discussed 
by BobylefFf A stream is supposed to impinge symmetiically on a bent 
lamina whose section consists of two equal straight lines forming an angle 

If 2a be the angle, measured on the down-stream side, the boundaries in the piano of f 
can be transformed, so as to have the same shape as m the Art cited, by the assumption 

provided A and be determined so as to make f' = l when and when 

f = e ~ ^ xiiis gives 

n^2a/ir. 

On the right-hand half of the lamina, t will be negative as before, and, since f |, 

(24) 

Hence 

* Tor the comparison with expoiimental results see Rayleigh, I c and Nature, t. xlv (1891) 
[Sc Papers, t in p 491] 

t Journal of the Ihmmn Physico-Chemical Society j t. xm (1881) [Wiedemann’s BeiUhtter, 
t vi p 1(38] The problem appears, however, to have been previously discussod m a similar 
manner by M R6thy, Klausenhurgei Berichte, 1879 
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These can be reduced to known forms by the substitution 




wliere cb ranges from 0 to 1 We thus find 

7i - -1 “2n I = -w-wM - 

Oj-«.qdt jo{l+a,)^ Jol 




*1 

Jo 


-hn 
f-ca) 

j”’ 
(! + “)■ 




■ d(o= -l-’-n+n^ 


+ CD 

1 ,Jn-l 


da>, 


Jo 1 


+ 0 ) 


dtjo 


We have here used the formulae 


ri ^ /*1 A: — ! 

Jo (1 + 6 ))^ - jo l + co 


(25) 

(26) 


where 1>^>0 

Since, along the stream-line, dsld(j)==^ - l/q^ we have from (25), if b denote the half- 
breadth of the lamina, 

• a/iT 


t TV TT^Jol + CO 


(27) 


The definite integral which occurs m this expression can be calculated from the formula 

/o ITS (17717(2:11)+^'®' (28) 
where ^ (m), ^d/dm log n (m), is the function introduced and tabulated by Gauss 
The normal pressure on either half is, by the method of Art V6, 


The resultant pressure in the direction of the stream is tlierefore 




(y 2a^ 

i«7r 8 jT Sin a ■ 


Hence, for any arbitrary velocity of the stream, the resultant pressure is 

where L stands for the numerical factor in (27) 


(29) 


(30) 


(31) 


For a— J tt, we have Z=2+^7r, leading to the same result as in Art 76 (12). 

In the following table, taken (with a slight modification) from Bobyleff’s paper, the 
second column gives the ratio P/Pq of the resultant pressure to that experienced by a 
plane strip of the same area This ratio is a maximum when a = 100°, about, the lamina 
being then concave on the up-stream side In the third column the ratio of P to the dis- 
tance (25 sin a) between the edges of the lamina is compared with ^pqo^ For values of a 
nearly equal to 180°, this ratio tends to the value unity, as we should expect, since the fluid 
within the acute angle is then nearly at rest, and the pressure-excess therefore practically 

* “ Disqmsitiones generales circa seriem lufinitam Werke, Gottingen, 1870 , t in p 161 
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equal to The last column gives the ratio of the resultant pressure to that experi- 

enced by a plane stry) of breadth 26 sm a, as calculated fiom (12) 



■ " — — 



— 

a 

PlPo 

PlpqQ“b sin a 

P/Posma 

10“ 

039 

199 

227 

20“ 

140 

359 

409 

30“ 

278 

489 

555 

40“ 

433 

593 

674 

45“ 

512 

637 

724 

50“ 

589 

677 

769 

60“ 

733 

•745 

846 

70“ 

854 

•800 

909 

80“ 

945 

844 

959 

90“ 

1 1 000 

879 

1000 

100“ 

1016 

907 

1 031 

110“ 

995 

931 

1 059 

120“ 

935 

•950 

1079 

130“ i 

840 

964 

1 090 

135“ i 

780 

970 

1*103 

140“ 

, 71 3 

075 

1 109 

150“ 

! 559 

1 -984 

1 119 

160“ 

385 

990 

1 126 

170“ 

1 

197 

996 

1 132 


jDtscon(inuous Motions. 

79. It must suffice to have given a few of the more impoitant exaiuploH 
of steady motion with a fice surface, treated hy what is perhaps the nioHb 
systematic method. Considerable additions to the subject have been tnadti 
by Michell* Lovef, and other writers];. It remains to say something of tlus 
physical considerations which led in the first instance to the mvestigaiion of 
such problems 

We have, m the preceding pages, had several instances of the flow of 
a liquid round a sharp projecting edge, and it appeared in each case that tho 
velocity there was infinite. This is indeed a necessary consequence of tho 
assumed iriotational character of the motion, whether the fluid be incom- 
pressible or not, as may be seen by considering the configuration of t,h <5 
cquipotential surfaces (which meet the boundary at right angles) in tho 
immediate neighbouihood 

The occunence of infinite values of the velocity may be avoided by 
supposing the edge to bo slightly rounded, but even then the velocity near 
tho edge will much exceed that which obtains at a distance groat in 
comparison with the radius of curvature 

* “ On the Theory of Free Stream-lmes,” Tram,, A, t. olxxzi. (1890) ^ 

t “ On the Theory of Discontinuous Fluid Motions in Two Dimensions/’ Froc Camb, PhiL 
Soc , t Yii , 1891, 

X For references see Love, Encycl d math Wtss , t iv (2), pp 97 . . 
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In order that the motion of a fluid may conform to such conditions, it is 
necessary that the pressure at a distance should greatly exceed that at the 
edge This excess of pressure is demanded by the inertia of the fluid, which 
cannot be guided round a sharp curve, in opposition to centrifugal force, 
except by a distribution of pressure increasing with a very rapid gradient 
outwards. 

Hence, unless the pressure at a distance be very great, the maintenance of 
the motion in question would require a negative pressure at the corner, such 
as fluids under ordinary conditions are unable to sustain. 

To put the matter in as definite a form as possible, let us imagine the 
following case Let us suppose that a straight tube, whose length is large 
compared with the diameter, is fixed in the middle of a large closed vessel 
filled with frictionless liquid, and that this tube contains, at a distance from 
the ends, a sliding plug, or piston, P, which can be moved in any required 
manner by extraneous forces applied to it The thickness of the walls of the 
tube is supposed to be small in comparison with the diameter , and the edges, 
at the two ends, to be rounded off, so that there are no sharp angles Let us 
further suppose that at some point of the walls of the vessel there is a lateral 
tube, with a piston Q, by means of which the pressure m the interior can be 
adjusted at will 

Everything being at rest to begin with, let a slowly increasing velocity bo 
communicated to the plug P, so that (for simplicity) the motion at any 



instant may be regarded as approximately steady. At first, provided a 
sufficient force be applied to Q, a continuous motion of the kind indicated in 
the diagram on p 71 will be produced in the fluid, there being in fact only 
one type of motion consistent with the conditions of the question As the 
acceleration of the piston P proceeds, the pressure on Q may become 
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uormouB, even with very moderate velocities of P, and if Q be allowed to 
ield, an annular cavity will be formed at each end of the tube. 

It IS not easy to make out the further course of the motion in such a case 
■om a theoretical stand-poiut, even in the case of a ‘perfect ’ fluid In actual 
quids the problem is modified by viscosity, which prevents any slipping of 
10 fluid immediately in contact with the tube, and must further exeicise 
considerable influence on such rapid differential motions of the fluid as are 
ere in question 

As n matter of observation, the motions of fluids are often found to 
iffer widely, under the circumstances supposed lu each case, from the types 
jpiesented in such diagrams as those of pp. 70, 71, 79, 80 In such a case 
3 we have just described, the fluid issuing from the mouth of the tube docs 
ot nn mediately spread out in all directions, but forms, at all events for some 
[Stance, a more or less compact stream, bounded on all sides by fluid nearly 
j lest. A familiar instance is the smoke-laden stioam of gas issuing from a 
nmney In all such cases, however, the motion in the immediate nerghbour- 
3od of the boundary of the stream is found to be wildly irregular*. 

It was the endeavoui to construct types of steady motion of a frictionless 
quid, 111 two dimensions, which should resemble more closely what is 
Dserved in such cases as we have referred to, that led von Hclmholtzf and 
irchhoff t to investigate the theory of free stream-hnos. It is obvious that 
e may imagine the space beyond a free boundary to be occupied, if we 
loose, by liquid of the same density at rest, since the condition of constant 
•cssure along the strcam-lme is not theioby affected. In this way the 
•oblems of Arts 76, 77, fot example, give ns a theory of the pi assure 
:eitcd on <i fixed lamina by a stream flowing past it, or (what conies to the 
me thing) the resistance experienced by ix lamina when made to move with 
nstaiit velocity through a liquid which would otherwise be at rest 

As to the practical value of tins tlicory opiiuoiis have differed. One obvious onticLsm 
that the unlimited mass of ‘doad-wator’ following the disk implies an iiiflnito kinetic 
ergy, but this only means that the type of motion in question could not bo complotoly 
tablnslied m a huite time from rest, although it might (conceivably) bo approximated 
asymptotically Another objection is that, as will api)oar m (Jhap ix , suif.ioos of 
icontinuity between fluids of comparable density are as a rule highly unstable It has 
Ml urged, however, by loid Ibiyloigh that this iustal)ility may not Horiously affect the 
aracter of the motion for some distance from the place of origin of the suriaeos m question 
Lord Kelvin, on the other hand, maintains that the types of motion hoic oontoinplatcd, 
bh surfaces of disoontimuty, have no rescmblanoo to anything winch occurs in actual 
ids, and that the only legitimate application of the methods of von Holmholte and 
rchhoii’ is to the case of free surfaces, as of a jot j. 

^ Recent expeuments would indicate that jets maybe formed hefote the limiting velocity of 
Imholtij IS reached, and that viscosity plays an easential part in the process. Smoluchowslu, 
lur la formation des vcnies d’efflux clans les Iiauides,” Jhdl de VAcad de Cracovte, 1904 
I 11 c coitepp 20, lNatH)c%t 1 pp 524,549, 573,597 (1894) 


100 


Motion of a Liquid in Two Dimensions [ohap. iv 


Flow in a Curved Stratum 

80 The theory developed in Arts 59, 60, may be readily extended to 
the two-dimensional motion of a curved stratum of liquid, whose thickness is 
small compared with the radii of curvature This question has been discussed, 
from the point of view of electric conduction, by Boltzmann ^ Kiichhofff, 
ToplerJ, and others. 

As in Art 59, we take a fixed point A, and a variable point P, on the 
surface defining the form of the stratum, and denote by i/r the flux across any 
curve AP drawn on this surface Then is a function of the position of P, 
and by displacing P in any direction through a small distance we find that 
the flux across the element h is given by d^^rjds Ss, The velocity perpen- 
dicular to this element will be S^fr|hBs, where h is the thickness ot the 
stratum, not assumed as jet to be uniform. 

If, further, the motion be irrotational, we shall have in addition a velocity- 
potential and the equipotential curves ^ = const Avill cut the stream-lines 
^}r — const at right angles 

In the case of um/o? m thickness, to which we now proceed, it is convenient 
to write 'x/r for yfr/h, so that the velocity perpendicular to an element Bs is now 
given indifferently by dylr/ds and 3<^/0n, Bn being an element drawn at right 
angles to Bs in the proper direction The further lelations are then exactly as 
in the plane problem , in particulai the curves </> = const , = const , drawn 

for a series of values in arithmetic progression, the common difference being 
infinitely small and the same in each case, will divide the surface into 
elementary squares For, by the orthogonal property, the elemental y spaces 
in question aie rectangles, and if &!, Bs^ be elements of a stream -lino and 
an equipotential line, respectively, forming the sides of one of these 
rectangles, we have d^lr/ds^ — dcpldsi, whence S5i=S52, since by construction 
= B(p 

Any problem of irrotational motion in a curved stratum (of uniform 
thickness) is therefore reduced by orthomorphic projection to the corre- 
spondmg problem in piano Thus for a spherical surface we may use, among 
an infinity of other methods, that of stereographic projection As a simple 
example of this, we may take the case of a stratum of uniform depth covering 
the surface of a sphere with the exception of two circular islands (which may 
be of any size and m any relative position) It is evident that the only (two- 
dimensional) irrotational motion which can take place in the doubly-connected 
space occupied by the fluid is one in which the fluid circulates in opposite 

* Wienet Stizungslerithtef t lii. p 214 (1865) 
t Beil Monatsher.f July 19, 1875 [Ges Ahh p. 56] 
t Bogg Ann., t clx. p 375 (1877). 
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directions round the two islands, the cyclic constant "being the same in each 
case Since circles project into circles, the plane problem is that solved in 
Art. 64, 2° VIZ. the streain-lmes arc a system of coaxal circles with real 
‘ limiting points’ (A, B, say), and the equipotential lines are the orthogonal 
system passing through A, jB Eeturmng to the spheie, it follows from well- 
known. theorenas of stcreographic projection that the stream-lines (including 
the con toms of the two islands) are the circles in which the surface is cut by 
a system of planes passing through a fixed line, viz. the intersection of the 
tangent planes at the points corresponding to A and B, whilst iho equipotential 
lines are the circles in which the sphere is cut by planes passing through 
these points^ 

In any case of transforination by orthoinorphic projection, whether the 
motion be irrotational or not, the velocity (d'^frfdfi) is transformed in the 
inverse ratio of a linear element, and therefore the kinetic energies of the 
portions of the flnicl occupying corresponding areas arc equal (provided, of 
course, the density and the thickness be the same) In the same way the 
circulation {Jdyfridn .ds) in any circuit is unaltered by projection. 

^ This example is {jiven by Kirchliofif, in the electrical interpretation, tbe problem considered 
hemg the distribution of current in a unifoim spherical conducting shoot, the electrodos bein'gf 
situate at any two points A, li of the surface. 



CHAPTER V. 


IRROTATIONAL MOTION OF A LIQUID PROBLEMS IN 
THREE DIMENSIONS 


81 Of the methods available foi obtaining solutions of the equation 

^"<^ = 0 ( 1 ) 

in three dimensions, the most important is that of Spherical Harmonics 
This IS especially suitable when the boundary conditions have relation to 
spherical or nearly spherical surfaces 

For a full account of this method we must refer to the special treatises*, 
but as the subject is very extensive, and has been treated from different 
points of view, it may be worth while to give a slight sketch, without formal 
proofs, or with mere indications of proofs, of such parts of it as arc most 
important for oiii present purpose 

It IS easily seen that since the operator is homogeneous with respect 
to x,y, z, the part of ^ which is of any specified algebraic degree must satisfy 
(1) separately. Any such homogeneous solution of (1) is called a ‘ spherical 
solid harmonic’ of the algebraic degree in question If be a spherical 
solid harmonic of degree n, then if we write 

4>n = r'^Sn, ( 2 ) 

Sn Will be a function of the direction (only) in which the point (x, y, z) lies 
with respect to the origm, in other words, a function of the position” of the 
point in which the radius vector meets a unit sphere descnbed with the origin 
as centre It is therefore called a ‘ spherical surface harmonic ’ of order uf 

* TodRunter, Functions of Laplace, Lam4, and Bessel, Cambridge, 1875. Feriers, Saha ical 
Haunomcb, Cambridge, 1877 Heme, Handbuch der Kugelfunetionai, 2nd ed , Berlin, 1878, 
Thomson and Tait, Natuial Fhilosophy, 2nd ed , Cambridge, 1879, t i pp 171—218 Byeilyj 
Fomm's Senes and Spherical, Cylindrical, and Ellipsoidal Haunonws, Boston USA I893' 
Whittaker, Modei n Analysih, Cambridge, 1902 

For the histoiy ot the subject see Todhunter, Histonj of the Theones of Atti action, dc , 
Cambridge, 1873, t ii Also Wangerm, “Theoiie d. Kugeltunktionen, u s. w,” Encycl d 
math Wiss , t ii (1) (1904) 

t The symmetrical treatment of spherical sohd harmonies in terms of Cartesian eo-oidmates 
•was introduced by Clebsch, in a much neglected paper, Oielle, t Ixi p 195 (1863) It •sv-as 
adopted independently by Thomson and Tait as the basis of then exposition 
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81 - 82 ] Spherical Harmonies 

To any solid harmonic <^n of degree n corresponds another of degree 
~ “ 1, obtained by division by7'‘-^^'+i, %e <p - is also a solution of 

(1) Thus, coriesponding to any spherical surface harmonic 8n, we have the 
two spherical solid harmonies and 


82. The most impoitant case is when n is integral, and when the surface- 
harmonic Sn IS further restricted to be finite over the unit sphere In the 
form m which the theory (for this case) is presented by Thomson and Tait, 
and by Maxwell^, the primary solution of (1) is 

</)_! = ^/r ... . . (.:)) 

This represents as we have seen (Art 56) the velocity-potential due to 
a point-source at the origin Since (1) is still satisfied when </> is differ- 
entiated with lespect to x, y, or we derive a .solution 

This IS the velocity-potential of a double-source at the origin, having its axis 
in the direction {I, m, n ) , see Art 56 (3) The process can be continued, 
and the general type of spherical solid harmonic obtainable in this way is 

, _ . 1 ... 

(a) 


I 3,990 

4; being arbitrary direction-cosmcs. 


This may be legarded as the velocity-potential of a certain configuration 
of simple sources about the oiigin, the dimensions of this system being small 
compared with r. To construct this system we premise that from any given 
system of sources we may derive a system of higher otdcr by first displacing 
it through a space in the direction (4, '^h)> ^^nd then superposing the 

reversed system, supposed displaced from its original position through a space 
in the opposite direction Thus, beginning with the case of a simple 
source 0 at the origin, a first application of the above piocess gives us two 
soiircc>s 0+, 0_ equidistant from the origin, in opposite directions The same 
piocess applied to the system 0^., 0- gives us four sources 0„^-, 

0 at the corners of a parallelogiam. The next step gives us eight sources 

at the corners of a parallelepiped, and so on. The velocity-potential, at 
a distance, due to an arrangement of 2’^ sources obtained in this way, will be 
given by (5), if 4i7rA = m'hih 2 . hn,m' being the strength of the original 
source at 0 The formula becomes exact, foi all distances r, when 
hi, Aa, hii aie diminished, and rn' increased, indefinitely, but so that 
A IS finite 


Elect) tcity and Blagjiettm, o. ix. 
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The surface-harmonic corresponding to (-5) is given by 






1 

. . 9/(,i 1 ■ 


and the complenientary solid harmonic by 


.( 6 ) 


By the method of ‘inversion*/ applied to the above configuration of 
sources, it may be shewn that the solid harmonic (7) of positive degree 
n may be regarded as the velocity-potential due to a certain arrangement of 
2"' simple sources at infinity 

The lines drawn from the origin in the various directions (Zj, wig, Wg) are 
called the ‘ axes ’ of the solid harmonic (5) or (7), and the points in which 
these lines meet the unit sphere are called the ‘poles’ of the surface harmonic 
The formula (5) involves 2 ji -i- 1 arbitrary constants, viz the angular 
co-ordinates (two for each) of the n poles, and the factor A It can be 
shewn that this expression is equivalent to the most general form of 
spherical surface harmonic which is of integral order n and finite over the 
unit sphere f. 


83 In the original investigation of Laplace |, the equation = 0 is 
first expressed m terms of spherical polar co-ordinates r, Q, a, where 
ai=rcos0, y = r sin ^ cos to, ^ = rsin^sin(u 

The simplest way of effecting the transformation is to apply the theorem of 
Art 36 (2) to the surface of a volume-element rBd r sin dSto . Br. Thus the 
difference of flux across the two faces perpendicular to r is 

rsmeB<ojBr. 

Similarly for the two faces perpendicular to the meridian (a> = const ) we find 

and for the two faces perpendicular to a parallel of latitude {9 = const ) 

/-f — rBe B)]Bco 
oco \r sin ddco J 

Hence, by addition, 



+ 


1 

sin 6 


= 0 


.( 1 ) 


This might of course have been derived from Art 81 (1) by the usual method , 
of change of independent variables. 


Explained by Thomson and Tait, Natural Philosophy ^ Art 515. 
t Sylvester, Phtl Mag , Oct 1876 

t “ Throne del’attraotion des sph&oides et de la figuie des planttes,” 3Um da I’Acad roy 
das Sciences, 1782 [Oeuvus Cornpmes, Pans, 1878 ., t x. p 341], Mecamque Cdleste, Livie 2-“«, 
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If we now assume that ^ is homogeneous, of degree n, and put 
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we obtain 


^ ^ ^sin 


1 


sm^ + 1) = 0, (2) 

which IS the general differential equation of spherical surface harmonics 
Since the product n (^^ + 1) is unchanged m value when we write — n— 1 for 
n, it appears that 


4>'- 


?i-iq 


will also be a solution of (1), as already stated. 

84 In the case of symmetry about the axis of x, the term d^Sn/dco° 
disappears, and putting cos 6 =■ n yre get 


A 

dfx. 


(1 — j- + W + 1) 8n — 0, 


..( 1 ) 


the diiferential equation of spheiical ‘zonal’ harmonics* This equation, 
containing only terms of two dilfeient dimensions in fi, is adapted for in- 
tegration by series We thus obtain 


8,, = All 


n{n-¥l) ^ , {n -2)n{n-\-l){n + Z ) ^ 


1.2 




1.2 3.4 


M’- 




(n - 1) (» + 2) , (« — 3) (re- l)(n-h2)(ii-p 4) 


12 3 




1 2. 3. 4.. 5 




13 _ 


( 2 ) 


The series which here present themselves are of the kind called ' hyper- 
geometric’ , viz if we write, after Gauss-f, 

V / o \ T ^ ^ ^ aa4-l./3^ + l,, 

A % - 1 + 2 y 


+ 


1 2.^^ 'y <y-l-i.'y-f-2 


we have 



• (3) 

in, . 

. ...(4) 


The series (3) xs of course essentially convergent when lies between 0 and 1 , but 
when ^=1 it IS convergent if, and only if 

y — a — ^>0 

In this case we have 


F {a, ft y, 1) 


__n (y — i) . n (y— a — 1) 


“n(y~a-l) n(y~/3-l)’ ' 
where n (m) is in Gauss’s notation the equivalent of Euler’s r (m+l) 


(5) 


* So called by Thomson and Tait, because the nodal lines (fti=0) divide the unit sphere into 
parallel belts 

f h c ante p 96 
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Tlie degree of divergence of the series (3) when 

7 — a— i3<0, 

as a approaches the value 1, is given by the theorem* 

F{a, ft y, 4') = (1 - F(y-a,y-^,y, r) . (6) 

Since the latter series will now be convergent when .r=l, we see that /3, y, becomes 

divergent as (1 — , more precisely, for values of 'i‘ infinitely nearly equal to unity, 
we ha\ e 


ultimately 

For the critical case where 
we may ha\ e recourse to the formula 


[(a- 1 ) n(^~lj 

y-a-^ = 0, 


ft y, = F(a + 1 , ^ + 1, 7+1, .v), 


which, with (6), gives in the case supposed 


^^F(a, ft 7 ,.*) = “^(1-a)-1 F(y-a, y-ft y + l, r) 

F(a, a+fi + 1, .l) . 


(7) 


(«) 


(9) 


The last factor is now convergent when ^e=l, so that F(a, ft y, a:) is ultimately divergent 
as log (1 - ^). More precisely we have, for values of le near this limit, 




( 10 ) 


85 Of the two senes which occur m the general expression Art 84 (2) 
of a zonal harmonic, the former terminates when n is an even, and the latter 
when 71 IS an odd integer For other values of n both series are essentially 
convergent for values of /x between +1, but since in each case we have 
7 - a - = 0, they diverge at the limits yu = + 1, becoming infinite as 

log(l-ya=) 

It follows that the terminating series corresponding to integral values of 
71 are the only zonal surface harmonics which are finite over the unit sphere. 
If we reverse the senes we find that both these cases (?i even, and 7 i odd) are 
included in the formulaf 




3 5 ..(271-1) 
12 3 .71 



n- 

2(271-1)^ 


n_^i - l)(7i - 2) (n - 2) 
2.4 (2«-l)(27i-3) ^ 


( 1 ) 


Foisyth, Differential Equatto7is, 3id ed , London, 1903, c vi, 
t For n even this corresponds to .:( = (- )i« I ilL- D , = whilst for n odd we have 

j 1 = 0, i3=(-)K’»-i) See Heme, t i pp 12,147 
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where the constant factor has been, adjusted so as to make P,i(/i) = l for 
/i = 1 * The formula may also he written 


Pot (/^) — 5 




n J dix 




• • ( 2 ) 


The series (1) may otherwise be obtained by development of Art 82 (6), 
which in the case of the zonal harmonic assumes the form 




^ 1 
T 


.(3) 


As particular cases of (2) we have 

(h) = 1, Pi (//.) = fi, Pa (ii) == \ (3^2 — I), Pg (/i,) = |( 5/4 ' - 3/6) 

Expansions of P^ in terms of other functions of 9 as independent 
variables, in place of /6, have been obtained by various writers For 
example, we have 


Pot (cos ^) = 1 - ” sin“ \e + --2M’L+ 1) (? +_2) 31^4 ^0 _ . 


(4) 


This may be deduced from (2)f, or it may be obtained independently by 
putting /4 = 1 - 2^ in Art 84 (1), and integrating by a series 


The function (fj) was first introduced into analysis by Legendre f as the coefficient 
of in the expansion of 

The connection of this with our present point of view is that if (/> be the velocity-potential 
of a unit source on the axis of at a distance e from the origin, we have, on Legendre’s 
definition, for values of r less than c, 

47r(p — — 2ijLcr-{-i 




(•fi) 


Each term in this expansion must separately satisfy 7 ^ 0 = 0 , and therefore the coefficient 
iA must be a solution of Art 84 (1) Since as thus defined, is obviously finite for all 
values of and becomes equal to unity for jLt=l, it must be identical with (1) 

* The functions P^, Po, P^ were tabulated by Glaisher, foi values of ^ at inteivals of 01, 
But Ass Beimt, 1879 A table o± the same functions for every degree of the quadrant, 
calculated under the direction of Prof Perry, was published in the Phil Mag for Dec 1891 
Both tables are reproduced by Byerly, who also gives graphs of the functions The values of the 
first 20 zonal harmonics, at intervals of 5°, have lecently been published by Piof A Lodge, Phil 
Ti ans , A, t cciii (1904). 

t Murphy, Elemental y Ermciples oj the Theories of Electncity, dc , Cambridge, 1833, p 7 
[Thomson and Tait, Art 782 ] 

t “ Sui Tattraction des spluSroides homogenes,” Mem des Savans Etmngen, t x , 1785 
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For values of r greater than c, the corresponding expansion is 

47r0 = i + Pi^^+P2^+ • (6) 

We can hence deduce expressions, which will he useful to us later, Art 98, for the 
velocity-potential due to a double-source of unit strength, situate on the axis of ^ at a dis- 
tance c from the origin, and having its axis pointing fiom the origin This is evidently 
equal to 0<j!>/0c, where <j6 has either of the above forms , so that the required potential is, 
for r<c, 

). ■ (’) 


and for r>c. 




( 8 ) 


The lemammg solution of Ait. 84 (1), in the case of n integral, can be 
put into the more compact form^ 


Qn (jt-) = i if) log - Z„ 

i u 


where 




271 — 1 

i 01 


2n-5 p 


( 9 ) 


• -( 10 ) 


This function Qn(/J-)ia sometimes called the zonal harmonic ‘of the second 
kind ’ 


Thus 


Qo(M) = ilogl^ 




Qi if) - log - 1> 

I fL 


J. ~ 

Q> ii^) = i i^f - ^f) log i 

1 — fj, 


86 When we abandon the restriction as to symmetry about the axis 
of 0 ), we may suppose /S», if a finite and single-valued function of «, to be 
expanded in a series of terms varying as cos sa and sin sw respectively If 
this expansion is to apply to the whole sphere (^ e from w = 0 to w = 27 r), we 
may further (by Fourier’s theorem) suppose the values of s to be integral. 
The differential equation satisfied by any such term is 




-h 


(n -}- 1) — 


6 “ 




Sn = 0 


-■( 1 ) 


This IS equivalent to Art. 84 (4) with, for n even, ^ =0, B = (~ ^ 

4 (n - : 

3 5 n 


2 . 4 . n 


.3 {71-1) 

1 odd -we have A = {- )«»+!) ^ ^ , £ = o. See Heme, t i pp Ul, 147 . 


; whilst for 
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If we put 

this takes the form 


. d?v ^ dv 


• 5)(?^ + s + 1)?; = 0, 

which IS suitable for integration by series We thus obtain 


1 (n-s){n + s + l) , 

^ 1.2 ^ 


+ 


(w — 5 — 2) (n — ^) (?? + ^ H- 1) (?i + 5 + 3) 


1.2 3 4 




4 __ 


+ 5(1 U 


(n — s — l)(n + s+ 2) 
__ 




+ 


(ji — s — 3) (w — s — 1) ()i + s + 2) (n + s + 4) 


,P- 


1 


■( 2 ) 


1.2345 r • j. 

the factor cos sco or sin sco being for the moment omitted In the hyper- 
geometric notation this may be written 

= (1 — j -j. ^2^ 

+ BjmF (I + 1 -h + \n, . (3) 

These expressions converge when fj? < 1, but since in each case we have 

y-a-^=-s, 

the series become infinite as (1 — at the limits ya = ± 1, unless they 
terminate* The former series terminates when n — $ is an even, and the 
latter when it is an odd integer By reversing the senes we can express 
both these finite solutions by the single formula i" 


Pn^ (fl) 


(272)1 




2^(71 — 5 ) 1^1 ' 

(71 — s)(n — s-- 1 ) (71 ■ 




2 (2?1-1) 


fl” 


+ 


s- 2){n-s-S) 


2.4 (272 - 1) (272, -3) 

On comparison with Art 85 (1) we find that 

... 

That this IS a solution of (1) may of course be verified independently 
In terms of sin we have 


(4) 


(5) 




• sm^ ■ 


( 6 ) 


^ 1) (T'i — 5 ) (^^ 4 . 5 + 1) ( 9 ^ 4- 5 2) ^ 

1 2(s + l)(s+2) ‘ 

This corresponds to Art. 85 (4), from which it can easily be derived 
* Lord Eayleigh, Theory of Sound, London, 1877, Art 338 

t There are great varieties of notation in connection with these ‘associated functions,’ as 
they have been called. That chosen in the text was proposed by F. Neumann , and is adopted 
by Whittaker, p 231 
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Collecting our results we learn that a surface harmonic which is finite 
over the unit sphere is necessarily of integral order, and is fuither expressible, 
if n denote the order, in the form 

Bn = AaPn (m) + S {A^ COS SW + Bg sin sw) P,/ {fi), (7) 

«=■] ^ ' 

containing 2?i + 1 arbitrary constants The terms of this involving w are 
called ‘tesseral’ harmonics, with the exception of the last two, which are 
given by the formula 

(1 — ijff' {An cos nto + Bn sin raw), 

and are called ‘sectorial’ harmonics*, the names being suggested by the 
forms of the compartments into which the unit sphere is divided by the nodal 
lines Bn = 0. 

The foimula for the tesseral harmonic of lank s maybe obtained otherwise 
from the general expression (6) of Art. 82 by making n-s out of the n poles 
of the harmonic coincide at the point 6 = 0 oi the sphere, and distiibutiug 
the remaining 5 poles evenly round the equatorial circle 6 = Jw. 

The remaining solution of (1), m the case of ra integral, may be put in 
the form 

8n=={AsCOssay + BgSn).sa3)Q,,^{pL), . .(8) 

wheret (3,/(;a) = (l . .. (9) 

This is sometimes called a tesseral harmonic ‘of the second kind ’ 

87 Two suiface harmonics 8 , 8 ' are said to be ‘conjugate’ when 

JfS8'd^ = 0, .... • • (f) 

where Sw is an element of surface of the unit sphere, and the integration 
extends over this sphere. 

It may be shewn that any two suiface harmonics, of different orders, 
which are finite over the unit sphere, are conjugate, and also that the 2ra + 1 
harmonics of any given order ra, of the zonal, tesseral, and sectorial types 
specified in Arts 85, 86 are all mutually conjugate It will appear, later, 
that the conjugate property is of great importance in the physical application.s 
of the subject 

Since fi-or = sm 6S6Sa) = - S/j.Sco, we have, as particular cases of this 
theorem, 

l_^BmOi)dfi = 0, .. .(2) 

* The prefix ‘ spherical ’ is implied, it is often omitted lor brevity 

t A table of the functions for various values of u and is given by Bryan 

JP/oc Camb PMI Soc , t vi p 297 ^ 
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and j (fi) . P„‘ (/ju) dfi = 0, . 

provided 7n, n are unequal 

Foi m = n, it may be shewn* that 

v/‘(i>.WN,. = 2»+V 
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(3) 

(4) 


(-5) 




(ii+s)l 2 
(a — s)'27? + 1 


( 6 ) 


88 We may also quote the theorem that any arbitrary function 
f{/jb, co) of the position of a point on the unit sphere can be expanded in 
a series of surface-harmonics, obtained by giving qi all integral values from 
0 to X , m Art 86 (7) The formulae (5) and (6) are useful in determining 
the coefficients in this expansion. 

Thus, in the case of symmetiy about an axis, the theorem takes the form 

f + GiPi{fM) , * -\-GnPti{fP) + ••• ... .(7) 

If we multiply both sides by P^{fjb)dfx, and integrate between the limits ± 1, 
we find 

^ 1^3 •• • • . ( 8 ) 

and, generally, 

= . .. ..( 9 ) 

For the analytical proof of the theorem recourse must be had to the 
special treatisesf , the physical grounds for assuming the possibility of this 
and other similar expansions will appear, incidentally, in connection with 
various problems. 


89 Solutions of the equation V^cf) — 0 may also be obtained by the usual 
method of ti eating liiieai equations with constant coefficients! Thus, the 
equation is satisfied by 

(f) = 0aX+Pi/-jryZ^ 

or, more generally, by ^ + yjs:), (1) 

piovided a- + yS- + 7 ^ == 0 (2) 


Feneis, p 86, Whittakei, pp 208, 232 

t For an account of the more recent investigations of the question, see Wangeim, I c. 
J Forsyth, p 444. 
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For example, we may put 

a, 7=1, tcos^, . . . . .(3) 

or, again, a, /3, 7=1, icosh'W, smh -w (4) 

It may be shewn * that the most general solution possible can be obtained 
by superposition of solutions of the type (1) 

Using (3), and introducing the cylindrical co-ordinates a, 'ur, cd, where 

y = '57 cos 6), ^=5rsma) . (5) 

we build up a solution symmetrical about the axis of x if we take 

Jl f cos — co)} d^. 

For, since the integration extends over a whole circumference, it is immaterial 
where the origin of Sr is placed, and the formula may therefore be written f 

^ = A- r -j- i-CT cos = — [ f(x + ^' 5 ^ cos S') d^. . (6) 

2i7rJo TT J 0 

This is remarkable as giving a value of </>, symmetrical about the axis 
of X, in terms of its values f(x) at points of this axis]. It may be shewn, 
by means of the theorem of Art. 38, that the form of </> is in such a case 
completely determined by the values over any finite length of the axis§ 

As particular cases of (6) we have the functions 

if (x cos — [ (x-h ^-57 cos d% 

ttJo '^Jq 

where n will be supposed to be integral Since these are solid harmonics 
finite over the unit sphere, and since, for '57 = 0, they reduce to and 
they must be equivalent to respectively Wo 

thus obtain the forms 


Pn (y^) = ■“ f ^ \/(l — cos ^ 

TTJo 

1 d^ 

~ TT j 0 {jU. + ^ V(1 — COS ’ ’ 

due originally to Laplace || and Jacobi^, respectively 


•( 7 ) 

.( 8 ) 


* Whittaker, Month. Not B Ast Soc , t Ixii. (1902) 
t Whittaker, Modem Analysis, c xm 
J Whittaker, p 321 
§ Thomson and Tait, Art 498 
11 Mec Cel , Livre 11"^®, c ii 

IT Cielle, t XXVI (1843) IGesamvielte Werke, Berlin, 1881 , t vi. p 148] 
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90 As a first application of the foregoing theory let us suppose that an 
arbitrary distribution of impulsive pressure is applied to the surface of a 
spherical mass of fluid initially at rest. This is equivalent to prescribing an 
arbitrary value of (f> over the surface , the value of <jt> ni the interior is thence 
determinate, by Art 40 To find it, we may suppose the given surface value 
to be expanded, in accordance with the theorem quoted in Art 88, in a series 
of surface-harmonics of integral order, thus 

4> = So + Si + S 2 + ... + Sn+ ( 1 ) 

The requited value is then 




.( 2 ) 


for this satisfies V*^^ = 0, and assumes the prescribed form (1) when r = a, the 
ladius of the sphere. 


The corresponding solution for the case of a prescribed value of (/> over 
the surface of a spherical cavity in an infinite mass of liquid initially at rest 
IS evidently 






.(3) 


Combining these two results we get the case of an infinite mass of fluid 
whose continuity is interrupted by an infinitely thin vacuous stratum, of 
spherical form, within which an arbitrary impulsive piessure is applied. The 
values (2) and (3) of 0 aie of course continuous at the stratum, but the 
values of the normal velocity are discontinuous, viz. we have, for the internal 
fluid, 


or a 


and for the external fluid 


'aJ — S(»+i)A 

fhe motion, whether internal or external, is therefore that due to a 
distiibution of simple sources with surface-density 

S(2n + l)|‘ (4) 

over the sphere , see Art. 58. 


91. Let us next suppose that, instead of the impulsive pressure, it is the 
normal velocity which is prescribed over the spherical surface , thus 

= >§1 4 - >82 + • •• 4 - /8^/i + . , ( 1 ) 


L 


8 
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the term of zero order heing necessarily absent, since we must have 

. . ..( 2 ) 

on account of the constancy of volume of the included mass 
The value of ^ for the internal space is of the form 

(p=: A-jf Si A2T^S2 4- . 4 A^iT^^Sn + , * . (3) 

for this IS finite and continuous, and satisfies = 0, and the constants can 
be determined so as to make d(j)/dr assume the given surface- value (1) , viz 
we have nAnCi^'^~^ = l The required solution is therefore 


The corresponding solution for the external space is found in like manner 
to be 


(j) — - aX 


yn-hl 


n+1 


Sn 


. .0^) 


The two solutions, taken together, give the motion produced in an 
infinite mass of liquid which is divided into two portions by a thin spherical 
membrane, when a pi escribed normal velocity is given to every point of the 
membrane, subject to the condition (2) 

The value of changes from aXSnjn to — a2ASy(?? 4 1), as we cross the 
membrane, so that the tangent%al velocity is now discontinuous The motion, 
whether inside or outside, is that due to a douhle-sheet of density 

■ («) 

see Art. 58 

The kinetic energy of the internal fluid is given by the formula (4) of 
Art 44, VIZ 

2T=pjf<f,^^dS = pa^tllls„^d^, (7) 

the parts of the integral which involve products of surface-harmonics of 
diflferent orders disappearing in viitue of the conjugate property of Art. 87 

For the external fluid we have 

2T = -pfy^dS = pa^t^jfs^^d^ ... (8) 


92 A particular, but very important, case of the problem of the 
preceding Article is that of the motion of a solid sphere in an infinite 
mass of liquid which is at rest at infinity. If we take the origin at the 
centre of the sphere, and the axis of iv in the direction of motion, the 
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noimal velocity at the surface is Uwlr, =11 cos 9, where U is the velocity 
of the centre Hence the conditions to determine ^ are (1") that we must 
have = 0 everywhere, (2“) that the space-derivatives of ^ must vanish at 
infinity, and (3°) that at the surface of the sphere (r = a), we must have 

-gJ = Hcosd (1) 

The foim of this suggests at once the zonal harmonic of the first ordei , we 
therefoie assume 

, .91 . cos ^ 

ax r 

The condition (1) gives - 24/a^= U, so that the required solution is^ 


<^ = il7?;cos^ (2) 

It appears on comparison with Art. 56 (4) that the motion of the fluid is 
the same as would be produced by a double-source of strength 27rUa\ situate 
at the centre of the sphere For the forms of the stream-lines see p 121 

To find the energy of the fluid motion we have 

^^ = — pJJ<f>^^dS = ^pal7^J cos‘0 27ra sm 9 . add 

= I Trpa^ U^ = M'U^, (3) 

if M' = lirpa? It appears, exactly as in Art 68, that the effect of the fluid 
pressure is equivalent simply to an addition to the inerha of the solid, the 
increment being now half the mass of the fluid displaced f 

Thus 111 the case of rectilinear motion of the sphere, if no external foices 
act on the fluid, the resultant pressure is e(j[uivaloiit to a force 



,(4) 


in the direction of motion, vanishing when U is constant Hence if the 
spheie be set in motion and left to itself, it will continue to move in a 
straight line with constant velocity. 


The behaviour of a solid projected in an actual fluid is of course quite 
different, a continual application of foicc is necessary to maintain the 
motion, and if this be not supplied the solid is gradually brought to rest 


* Stokes, “On some eases of Plmd Motion,” Gamh Tram , t viii. (1843) [llfath. and P/m/s, 

Pciffcrs, t 1. p 17] 

Dmchlet, “XJebei die Bewegung ernes fesfcen Koipors m emem incompressibeln Uussigen 
Medium,” Berl Monatshe? , 1852 [Weike, Berlin, 1880—97, t ii p* 115] 

t Stokes, I c The lesult had been obtained otherwise, on the hypothesis of infinitely 
small motion, by Green, “ On the Vibration of Pendulums in Muid Media,” Edin Tiam 1833 
[Math Pa'pers^ p 315] ’ 


8—2 
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It must be remembered however, in making this comparison, that in a 
‘perfect’ fluid there is no dissipation of energy, and that if, further, the fluid 
be incompressible, the solid cannot lose its kinetic energy by transfer to the 
fluid, since, as we have seen in Chapter ill , the motion of the fluid is entirely 
determined by that of the solid, and therefore ceases with it 

If we wish to verify the preceding results by direct calculation from the formula 

• • ( 6 ) 

we must remember, as in Art 68, that the origin is in motion, and that the values of r 
and B for a fixed point of space are therefore increasing at the rates - U cos and 
( U sin d)j'i , respectively We thus find, for r—a^ 

+ . ( 6 ) 

p at 

The last three teims are the same for surface-elements in the positions ^ and ir-B , so 
that, when U is constant, the pressures on the various elements of the anterior half of the 
sphere are balanced by equal pressures on the corresponding elements of the posterior half. 
But when the motion of the sphere is being accelerated there is an excess of pressure on 
the anteiior, and a defect on the posterior half The reverse holds when the motion is 
being retarded The resultant effect in the direction of motion is 

- J 27 ra sm 6 add pco^B— - 

as before 


93. The same method can be applied to find the motion produced in a 
liquid contained between a solid sphere and a fixed concentric spherical 
boundary, when the sphere is moving with given velocity U, 

The centre of the sphere being taken as origin, it is evident, since the 
space occupied by the fluid is limited both externally and internally, that 
solid harmonics of both positive and negative degrees are admissible , they 
are in fact required, in order to satisfy the boundary conditions, which are 

— d<f>/dr = JJ cos 0, 

for r = (X, the radius of the sphere, and 

d<f>ldr = 0 , 


for r = 6, the radius of the external boundary, the axis of x being as before in 
the direction of motion. 

( B\ 

^r + — jeos^, . . . ■••■(1) 

and the conditions in question give 


A = 


a® 

a® 

6® — a® 


= -U, 


¥ 


= 0 , 


U, 

^ — 


whence 


( 2 > 



117 


92 - 94 ] Sphere with conicentrie Boundary 


The kinetic energy of the fluid motion is given by 


the integration extending over the inner spheiical surface, since at the outer 
we have 0<;6/3r = 0. We thus find 


27 =^ 


H- 2a/ 








It appears that the effective addition to the inertia of the sphere is now^ 




2a- 


— cv 


J 


.(4) 


As h diminishes from oo to a, this increases continually from ^irp(v^ to oo , in 
accordance with Loid Kelvin’s minimum theorem (Art 45). In other words, 
the introduction of a rigid spherical partition in the problem of Art 92 acts 
as a constraint increasing the kinetic energy for any given velocity of the 
sphere, and so virtually increasing the inertia of the system 


94 . In all cases where the motion of a liquid takes place in a series of 
planes passing through a common line, and is the same in each such plane, 
there exists a stream-function analogous in some of its properties to the two- 
dimensional stream-function of the last Chapter. If in any plane through 
the axis of symmetry we take two points A and P, of which A is arbitrary, 
but fixed, while P is variable, then considering the annular surface generated 
by any line AP, it is plain that the flux across this surface is a function of 
the position of P. Denoting this function by and taking the axis of w 
to coincide with that of symmetry, we may say that 'yjr is a function of rr and 
'ST, where x is the abscissa of P, and w, + iw its distance from the 
axis The curves = const are evidently stream-lines 

If P' be a point infinitely near to P in a meridian plane, it follows from 
the above definition that the velocity normal to PP' is ecpial to 

27rS'^ 

2^.>P'’ 


whence, taking PP' paiallel first to 'sr and then to x, 

1 dxlr 1 3'vlr 

'ST O'ST ST OX 


( 1 ) 


where u and v are the components of fluid velocity in the directions of x and 
'ST respectively, the convention as to sign being similar to that of Art 59 

These kinematical relations may also be inferred from the form which the 
equation of continuity takes under the present circumstances If we express 


Stokes, I c ante p. 115 
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that the total flux into the annulai space geiieiated by the revolution of an 
elementary rectangle is zero, we find 

“ (lO 27r'srS'Zzr) ^ (u . 2iT'aTSx) Sot = 0, 


or 


^(-«) + 9^(^v) = 0, 


( 2 ) 


which shews that 
IS an exact differential 


OTU dx — OTli ^OT 

Denoting this by d^jr we obtain the relations (1 

So far the motion has not been assumed to be irrotational , the condition 
that it should be so is 


which leads to 


dv du _ ^ 

d^'Kfr d^yjp 1 3'v/r _ 

dx- 9ot- ot Sot 




The differential equation of (}> is obtained by writing 


d(f> 
dx ’ 


dcj> 

0OT 


in (2), VIZ it IS 


dn!^ -nr Sot 


(4) 


It appears that the functions (j> and yjr are not now (as they were in Art 02) 
interchangeable They are, indeed, of different dimensions 

The kinetic energy of the liquid contained in any region hounded by 
surfaces of revolution about the axis is given by 


2T = -pff<^ 


9^ 

d7i 


dS 


f d-tlr 

= p ^ ’i.'n-srds 
J urds 


■■ 27rp I (pd-\lr, 


( 5 ) 


& denoting an element of the meridian section of the bounding surfaces, and 
the integration extending lound the various paits of this .section, in the 
proper directions. Compare Art'. 61 (2). 

n symmetry about an axis was mtioduoed m thus manner 

by Stokes, On the Steady Motion of Incompressible Fluids, ’ Cnmh Tiaiis , t vii (1812) [Math 
and Ptoys t i P 1] Its analytical theory has been tieated leiy fully by Sampson, “On 

Stokes’ Current-Function,” P/uf Tians A t nlrimi (isgi) 
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95 The velocity-poteutial due to a pomt-souice at the origin is of the 
form 

<f-; (1) 

The flux thiougli any closed curve is m tins case numciically equal to the 
solid angle winch the curve subtends at the origin Hence for a circle with 
Oou as axis, whose radius subtends an angle 6 at 0, we have, attending to the 
sign, 

27r'^ = — 27r (1 — cos 6) 

Omitting the constant term we have 


X dr 
^ r dx ‘ 


(2) 


The solutions coiiesponding to any number of simple sourocB situate at 
various points of the axis of x may evidently be superposed , thus for the 
double-source 

9 1 cos^ 

<^ = - 0 ^ 7 .= 0 ) 


we have 


r- 

_ sin*-^ d 

r* r 

And, generally, to the zonal solid harmonic of degice — 1, viz to 

9^^ 1 




corresponds'* 


^ r ’ 


(4) 

....(.5) 
, .(C5) 


A more general fonnula, applicable to harmonics of any degree, fractional 
or not, may be obtained as follows. Using spherical ])oIar co-ordiinites r, (?, 
the component velocitues along 'r, and perpendicular to r in the ])lane of the 
meridian, aio found by making tlie linear element 1^1^' of Art. 94 coincide 
successively with an<l h) , u^spectively, viz they are 

I dyf/' 1 dyjr 

r sui 6 V ’ r sin 6 dr 

Hence in the case of n rotational motion we have 


(7) 


d'^ ___ 9(^ 


a 

■’""Se- 


d\/r 

sm ^9^ ' d) ’ dr 

Thus if 

where Hn is <i zonal harmonic of order v, wc have, putting /x= cos 


.{«) 

(!)) 


* Stefan, “Hebei die Kiafthiuen ernes um emo Axe symmetiiHcben Feldes,” JFied Ann j 
t xvu (1882) 
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The latter equation gives 

which must necessarily also satisfy the former, this is readily verified by 
means of Art. 84 (1) 

Thus m the case of the zonal harmonic we have as corresponding 
values 

<j, = r^PM ^ = •• •• ( 11 ) 

1 dP 

and = r—^Pn (p), t (1 - PO (12) 


of which the latter must be equivalent to (5) and (6). The same relations 
hold of course with regard to the zonal harmonic of the second kind, 

96 . We saw m Art 92 that the motion produced by a solid sphere in 
an infinite mass of liquid may be regarded as due to a double-source at 
the centre Comparing the formulae there given with Art 95 (4), it appears 
that the stream- function due to the sphere is 

t = (1) 

The forms of the stream-lines corresponding to a number of equidistant 
values of are shewn on the opposite page. The stream-lines relative to 
the sphere are figured in a diagram near the end of Chapter vii 

Again, the stream-function due to two double-sources having their axes 
oppositely directed along the axis of cc, will be of the form 


^ n* 


. ...( 2 ) 


where ?q, rg denote the distances of any point from the positions, Pj and P^, 
say, of the two sources At the stream-surface = 0 we have 

r,/r,^(A/B)K 

le the surface is a sphere m relation to which Pi and P^ are inverse points. 
If 0 be the centre of this sphere, and a its radius, we find 

A/P = 0PiVa^ = aV0P2^ (3) 

This sphere may be taken as a fixed boundary to the fluid on either side, and 
we thus obtain the motion due to a double-source (or say to an infinitely 
small sphere moving along Ox) m presence of a fixed spherical boundary. 
The disturbance of the stream-lines by the fixed sphere is that due to a 
double-source of the opposite sign placed at the ' inverse ’ point, the ratio of 
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the strengths being given by (3)* This fictitious double-source may be 
called the ‘image’ of the original one 



97 Rankme'l' employed a method similar to that of Art 71 to discover 
foims of solids of revolution which will by motion parallel to their axes 
generate in a surrounding liquid any given type of irrotational motion 
symmetrical about an axis. 

The velocity of the solid being U, and hs denoting an element of the 
meridian, the normal velocity at any point of the surface is Udvs/ds, and that 

* This result was given by Stokes, “ On. the Resistance oi a X^luid to two Oscillating Spheres, 
Brit. Ass Bepoit, 184:7 [Math and JPhys PapeiSyt i p 230] 

+ “On the Mathematical Theory of Btream-Lmes, especially those with Pom Toci and 
upwards,” Phil Trans , 1871, p 267 
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of the fluid in contact is given by — d^^rj^urds Equating these and integrating 
along the meiidian, we have 

== — |■i7'S3•2 -j- const .... . ... (1) 

If in this we substitute any value of 'xfr satisfying Art 94 (3), we obtain the 
equation of the meridian curves of a series of solids, each of which would by 
its motion parallel to m give rise to the given system of stream-lines 


In this way we may readily verify the solution already obtained for the 
sphere , thus, assuming 

= . . .( 2 ) 

we find that (1) is satisfied for r = a, provided 

(3) 

which agrees with Art 96 (1) 


98 The motion of a liquid bounded by two spherical surfaces can be 
found by successive approximations m certain cases For two solid spheres 
moving in the line of centres the solution is greatly facilitated by the result 
given at the end of Art 96, as to the ‘image' of a double-source in a fixed 
spheie 


Let b be the radii, and c the disLiiice between the centres J, B Let C be tlie 
velocity of A towards U' that of B towaids A Also, P being any point, let AP^Vy 
BP^r\ PAB=^6y PBA=6' The velocity-potential will be of the form 

• • •• (^ ) 

where the functions 0 and <^)' are to be determined by the conditions that 

V^<j!)==0, = . . . . (2) 


p 



throughout the fluid, that their space-derivatives vanish at infinity, and that 


over the siuface of d, whilst 


00 __ 
di ~ 


- cos 6y 



00 ' 

dr 


= 0 , 


00 ' 

d? 


= - cos 6\ 


(3) 

(4) 


over the surface of B It is evident that 0 is the value of the velocity-potential when A 
moves with unit velocity towards B, while B is at rest , and similarly for 0' 
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To find we rernaik that if B were absent the motion of the fluid would be that due 
to a ceitain double-source at A having its axis in the direction AB The theorem of Art 96 
shews that we may satisfy the condition of zero normal velocity over the surface of B 
by introducing a double-source, viz the ‘ image ’ of that at A in the sphere B This imago 
IS at i/i, the inverse point of A with respect to the siihere /i, its axis coincides with AB^ 
and its strength is - where /xq is the strength of the oiiginal souice at viz 

fx^ = 

The resultant motion due to the two somces at and will however violate the condi- 
tion to be satisfied at the surhice of the sphere A, and in order to neutralize the normal 
velocity at this surface, duo to wo must supeipo^ a double-source at the imago 
of //j in the sphere A This will introduce a normal velocity at the surface of 7i, which 
may again be neutralized by adding the image of E^ m and so on If 
the stiengths of the successive images, and/^, /jji/n tlioir distances from A, we have 



c ’ 

11 

11 

1 

F'l 

7 ?’ 



62 

/ 2 ’ 

n 

1^2 («-«*’ 

Ml 

tr 

.M) 


62 

11 

H (‘-A)” 

H 

(A 

/ { 7 

h ^ 


and so on, the laws of formation being 

obvious The 

images 

continually diminish in 


intensity, and this very rapidly if the radius of either sphere is small compared with the 
shortest distance between the two surfaces 


The formula for the kinetic energy is 




piovidod 


L=-pjj<l>ll d6\, J/=-pJI<P -i> 1 1 </,' d,^,„ (7) 


where the suffixes indicate over which sphere the integration is to bo cffect(Ml The 
equality of the two forms of M follows from Green’s Thooiein (Art 44) 


The value of (p near the surface of A can be wiittoii down at once from the results (7) 
and (8) of Art 85, viz we have 

4:7rcj) = {p.t, + p.i+pi+ ..)rcoHfl + &c, ... (8) 

the lemaimng terms, nuolvmg zonal harmonies of higher orders, being omitted, as they 
will dis.ippear in the subsecpiont suifacc-intogration, m virtue of the conjugate property of 
Art 87 Fence, putting dcp/dii= -cos^, wc find with the help of (5) 

(f^o + 3A‘2 + 3/i4+ ) = -j {*>) 

It appears tlnit the inertia of the sphere A is in all cases increased by the presence of 
a hxed sphere /i Compaie Art 93 


The value of E may he written down from symmetiy, viz it is 


E= § TTpU^ 



aW (m 



.( 10 ) 
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where 


/2-yo 




Jl 

II 

- 

• (11) 


/4 

_ 

J(i / / J 
/s > 




and so on 


To calculate M we require the value of 0' near the surface of the sphere A ; this is due 
to double-sources /xg', /x/, at distances c, c-//, c-//, . fiom where 

/xq' = - and 






Mo' 


Pi 


P'2 


II 

.-^1 

/s'” 




¥ 

Pi 

~{c-fzr 

t 

Po 



( 12 ) 


and so on This gives, for points near the surface of A, 


47r(j6' == {ill + iiz + /is' + - 




F2 




^ ? cos ^4-&c 


( 13 ) 


Hence 



(ft/ + Ms + • ) 


A'^ ic-Ar ^/iVs^ {c-mc-fD 



( 14 ) 


When the ratios a jo and hje are both small we have 

i = Jrrpa3^1 + 3^^, M=2jrp^, iV'= | wpi'* 

approximately*. 




( 15 ) 


If in the preceding results we put h = a, U' =11, the plane bisecting AB at right angles 
will be a plane of symmetry, and may therefoie be taken as a fixed boundary to the fluid 
on either side Hence, putting c=2h, we find, for the kinetic energy of the liquid when a 
sphere is in motion perpendicular to a rigid plane boundary, at a distance A from it, 

. (16) 

a result due to Stokes 


99. When the spheres are moving at right angles to the line of centres 
the problem is more difficult, we shall therefore content ourselves with the 
first steps in the approximation, referring, for a more complete treatment, to 
the papers cited below 

* To this degree of approximation the results may be moie easily obtained without the use 
■of ‘images,’ the piocedure being similar to that of the next Art 
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Let the spheres be niovnig with welooities T, Y' in parallel directions at right angles to 
^l, B, and let r, d, o) and ca' be two systems of spherical polar co-ordinates having their 
origins at A and B respectively, and their polar axes in the directions of the velocities 
F, V The velocity -potential will be of the form 




Vci>+ 



with the 

surface conditions 





d(j> a 

II 

o 

for r =a, 

(1) 

and 

dr' ’ 


for r'— & 

(2) 


If the sphere B were absent the velocity -potential duo to unit velocity of A would be 


Since r cos ^==r' cos 6\ the value of this in the neighbourhood of B will be 

approximately The normal velocity at the surface of JS, due to this, will be cancelled by 
the addition of the term 

1 cos 6' 

which, in the neighbourhood of A becomes equal to 

l-j-roos9, 

ueaily. To rectify the normal velocity at the surface of J, we add the torni 

j COS0 

stopping at this point, and collecting our results, we have, over the surface of J, 

(\ + J cos 6 (3) 

and at the surface of /i, <j):=lb ^ ^cos^'. .. . (4) 
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The case of a sphere moving parallel to a fixed plane boundary, at a distance A, is 
obtained by putting 5 = a, F=F', c— and halving the consequent value of T , thus 

(7) 

This lesult, which was also given by Stokes, may be compared with that of Art 98 (16)* 


Cylindrical Harmonics. 

100 In terms of the cylindrical co-ordinates x, 'ur, co introduced in 
Art 89, the equation V^cf) = 0 takes the form 

0^ ^ . m 

dx^ -ccr 9i3i -zzr^ 0co- ^ ^ 

This may be obtained by direct transformation, oi more simply by expiessing 
that the total flux across the boundary of an element Sx Stzr 'srSco is zero, 
after the manner of Art 83 

In the case of symmetry about the axis of x, the equation reduces to the 
form (4) of Art 94 A paxticular solution is then cf) = x ('^)> pi'ovided 

x" (-sr) + i (-or) + /(;2^ (ot) = 0 (2) 

This is the differential equation of ‘Bessel’s Functions’ of zeio order Its 
complete piimitive consists, of course, of the sum of two definite functions 
of 'C7, each multiplied by an arbitrary constant That solution which is finite 
for tzr = 0 is easily found in the form of an ascending series , it is usually 
denoted by GJ(^(k'CAy), where 

‘^o(0= + .2i^- (3) 

We have thus obtained solutions of = 0 of the types f 

(4) 

It IS easily seen from Art 94 (1) that the corresponding value of the 
stream-function is 

i/r = + {k'm-) (5) 

The formula (4) may be recognized as a particular case of Art. 89 
(6), VIZ it is equivalent to 

^ = 1 (6) 

TT /o ^ ^ 

* For a fullei analytical treatment of the problem of the motion of two spheres we refer to 
the following papers W M Hicks, “On the Motion of two Spheies m a Fluid,” Phil Tmns 
1880, p 455, B A, Herman, “On the Motion of two Spheres in Fluid,” Quart Jown Math , 
t xxii (1887), Basset, “On the Motion of Two Spheres in a Liquid, &c Proc Loud Math. 
Soc,t. xviii p 369 (1887) See also C Neumann, Hydiodynamische XJnteihuclmnyen, Leipjiig 
1883, Basset, Hydi odynamics, Cambridge, 1888, t i 

t Except as to notation these solutions are to he found in Poisson, I c ante p 16. 
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since =- f cos(f cos^) = i f .. (7) 

TT Jo TT j 0 ^ ^ 

as may be verified by developing the cosine, and lutegral/ing term by term 

Again, (4) may also be identified as the limiting form assumed by a 
spherical solid zonal harmonic when the order (n) is made infinite, provided 
that at the same time the distance of the origin from the point considered be 
made infinitely great, the two infinities being subject to a certain relation* 


Thus we may take 

<^.=^>„(/^)=(]+';)”^a-) (8) 


where we have temporarily changed the meanings of « and -ar, viz 

r = a + x, w = 2a sin ^6, 


whilst Hn (w) = 1 


n (n + IJ (n— 1) n(a+ 1) (n + 2) tv' 


!)3 


;3 + 


2" 4= 


.( 9 ) 


see Art 85 (4). If we now put k=7ija, and suppose a and « to become 
infinite, whilst k remains finite, the symbols x and w will regain their former 
meanings, and we reproduce the formula (4) w'lth the upper sign in the 
exponential The lower sign is obtained if we start with 


<P 


/yU-hl 


The same procedure leads to an expression of an aibitiary function of w 
in terms of the Bessel’s Function of zero oidcrf Accoi'dmg to Art 88, an 
arbitrary function of latitude on the surface of a sphere can bo expanded in 
spherical zonal harmonics, thus 

F{ii) = 2 (n + i) P„ (ji) f^F ifi') 1\ (fi') dfjL' (10) 

If we denote by -ur the length of the choid diawn to the variable point 
fiom the pole {9 = 0) of the sphere, we have 

'cx = 2a sm 1 9^ tuS'cs = ■— 

where a is the radius, so that the formula may be written 

f (^) = "o S 4- •!■) Hn (^) f {^') Hn i'^') 'nr'd'ur' .(11) 


* This process was indicated, without the restnoljon to symmetry, hy Thomson and Tait 
Art 783 (1867) 

I The procediiie appears to be due substantially to 0 Neumann (1862), for the histoiy of the 
theorem (12) see Heme, t i p 442, and Nielson {oj> ciL p 128) p 360. 
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If we now put 


a a 


and finally make a infinite, we obtain the important theorem : 

f (kw) kdk f f ('Bj') J 3 {k'UT^) 'Bj'cZ'Sj' (12) 

J e H 

101 . If in (1) we suppose 0 to be expanded in a series of terms varying 
as cos 5 ft) or sinsca, each such term will be subject to an equation of 
the form 



This will be satisfied by 0 = (to-), provided 

%" (^) + :^ x' ('®r) + (^ - ^2) % C®") = ( 14 ) 

which is the differential equation of Bessel’s Functions of order 5 *. The 
solution which is finite for «r = 0 may be written x {'^) = wheie 

7 /vx (i r I _ __ I .... 


2 ^ 2 (254* 2) "‘" 2 . 4(25 + 27(25 + 4) "j 

The complete solution of (14) involves, in addition, a Bessel’s Function 
‘ of the second kind ’ with whose form we shall be concerned at a later period 
in our subjectf 

We have thus obtained solutions of the equation V2<^ = 0, of the types 

= 

These may also be obtained as limiting forms of the spherical solid harmonics 


P/ (//,) . \ SCO, 

vr-/ 




with the help of the expansion (6) of Art 86J. 


Foisyth, Art. 100, Whittaker, c xii 

+ For the further theory of the Bessel’s Functions of both kinds recourse may be had to 
Lommel, Studien uebei die Bessel' schen Funhtionen, Xiev^ziQ^ 1868; Gray and Mathews, Tieatise 
on Bessel Functions, hondoriy 1895, H Vlfehev, Partielle Bxferentialglexchungen d math Physik, 
Braunschweig, 1900 — 01, Nielsen, Handhuch d Theorie d Cyhndeifwiktionen, Leipzig, 1904, 
and to the treatises of Heme, Todhunter, Forsyth, Byeily, and Whittakei, already cited An 
ample account of the subject, from the physical point of view, will be found in Lord Eayleigh’s 
Theoi y of Sound, cc ix , xviii , with many important applications. 

Numerical tables of the functions have been constiucted by Bessel and Hansen, and more 
recently by Meissel (Be7 1 Abh 1888) Hansen’s tables are leproduced by Lommel, and (partially) 
by Lord Kayleigh and Byerly , whilst Meissel’s tables have been reprinted by Gray and Mathews 

$ The connection between spherical surface-harmonics and Bessel’s Functions was noticed by 
Mehler, “ XJeber die Yertheilung d statischen Elektiicitat in einem v zwei Kugelkalotten begienzten 
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102. The formula (12) of Art 100 enables us to write down expressions, 
which are sometimes convenient, for the value of on one side of an infinite 
plane (^=0) in terms of the values of <j) or d(f>ldn at points of this plane, in 
the case of symmetry about an axis (Ox) normal to the plane* Thus if 




<I)=F (•nr). 

II 

o 

• -(1) 

we have, on 

the side 

> 0 





<!>=! 

e J Q (Jc'ut) kdk 

0 

f F Qc'zjt') ‘cr'c^'nr', 

J 0 

(2) 

Again, if 


d<\> 

doo 

=/ 

o' 

II 

• -( 3 ) 

we have 

</-=J 


sr) d/c ^ 

1 f ('^’0 0 {k'ur') 'ux'd'ra-'. 

'o 

..(4) 


The exponentials have been chosen so as to vanish for a; = oo . 


Another solution of these problems has already been given in Art 58, 
from equations (12) and (11) of which we derive 



II 

'4©'“' 

. .. .(5) 

and 

II 

[fd^dS 

IJ dx r ’ 

(6) 


lespectively, where r denotes distance from the element BS of the plane to 
the point at which the value of cf> is required. 

We proceed to a few applications of the general formulae (2) and (4s). 

1° If, in (4), we assume f (w) to vanish for all but infinitesimal values 
of •nr, and to become infinite for these in such a way that 

/( -cr) 27r'rsrdl'5j = A, 

J 0 

we obtain 

47r()[) = J Jq {k'ur) dk, • . (7 ) 

Korper,” Cielle, t Ixviii. (1868) It was investigated mdopendently by Lord Bayleigh, “On the 
Belation between the Functions oi Laplace and Bessel,” Proc Lond Math Soc , t ix. p 61 
,(1878) Papers, t i. p 338], me &Ibo Theory of Sound, Arts 336,338 

There are also methods of deducing Bessel’s Functions ' of the second kind ’ as limiting 

forms of the spherical harmonics (^), (p) | for these see Heme, t. i pp. 184, 232 

The method may be extended so as to be free from this restriction 


L 


9 
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and therefore, since Jq = 

4<7^^1r = — tar /* * * § JiQc'us) dk^ (8) 

> 0 

Art 100 (5) 

By comparison with the primitive expressions for a point-source at the 
origin (Art. 95), we infer that 

e-** Jo Ji dJc = > • -(9) 

where r = + these are in fact known results* 

2°. Let ns next suppose that sources are distributed with uniform 
density over the plane area contained by the circl^^ tar= a, 0 Using the 
series for Jq, Ji^ or otherwise, we find 

j Jo (^'^) '^d'ST = ^*^1 (]^^) (T-0) 

Hence f 

^ = .. ( 11 ) 

where the constant factor has been chosen so as to make the total flux 
through the ciicle equal to unity 

3°. Again, if the density of the sources, within the same ciicle, vary 
as — we have to deal with the integral! 

Jo (fc'sr) a Jo (ka sin S-) sin , (12) 

'where the evaluation is effected by substituting the senes form of f, and 
treating each term separately. Hence 

(*») •"> V‘~) f . 

.. .(13) 

if the constant factor be determined by the same condition as before § 

It IS a known theorem of Electrostatics that the assumed law of density 
makes ^ constant over the circular area. It may be shewn independently 

* The former is due to Lipschitz, Gielle, t Ivi p 189 (1859) , see Gray and Mathews, p 72 
The latter follows by differentiation with lespect to zer and mtegiation with respect to n 

d Of H Weber, GrelUy t. Ixxv p 88 , Heine, tup 180 

X The formula (12) has been given by various writers, see Bayleigh, Sc Pajpe^s, t iii p 98, 
Hobson, P? 06 Land Math Soc , t xxv p 71 (1893) 

§ Cf H. Weber, Cielle, t Ixxv (1873), Heme, tup 192 
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that 


/() {k'ur) sin ha ™ = -i-Tr, or ™ , 

0 tir 


f /i(/w) 

1 0 


sin ha 


dk a—\J(a^ — tzr^) 
k CT 


, or 
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(14) 


according as zc Ja* The formulae (13) therefore express the flow of a liquid 
through a circular aperture in a thin plane rigid wall Another solution will 
he obtained m Art 108. The coriesponding problem in two dimensions was 
solved m Art 66, 1° 


4i^ Let us next suppose that when .r = 0, we have <I) = C 
fortiKa, and (j^ = 0 for Z7>a We find 

ra r^n 

(^w) VCw'* - w=) ■srd-a- = | <^o Sill Sr) Sin ^ cos“ = Ct8 -(/tj (/,u), 

■ -(15) 

provided (f) = 4 f 1 — + s — ^ = — 

r yivb; 2.5^2.41 6 7 J ^ 


( 10 ) 


Hence, by (2), = e"**- J, (k^a) dk ( 17 ) 

This gives, for x = 0, 

dk 


/B(b\ dk r®® 


(18) 


aftei a partial integration. The value of the former integral is given in (14), 
and that of the latter can be deduced from it by differentiation with respect 
to w Hence 


a 


I -1 

[ sin ^ ‘ — 1 . .. 

'UT {vT^ — a]^) ! ^ 


.( 1 !)) 


according as w J a. It follows that if C = 2j'ir.U, the formula (17) will 
relate to the motion of a thin circular disk with velocity TJ normal to its 
plane, in an infinite mass of liquid. The cxpros.sion for the kinetic energy w 

2T = — p U'?’ V (a“ — IV^) 27rvrd'ns’ = ^TT^pfr'O, 

2T=f^pa'‘U'‘ (20) 

The effective addition to the inertia of the disk is theiefore 2 / 7 r (= -6.366) 
times the mass of a spherical poition of the fluid, of the same radius. For 
another investigation of this ((uestion, see Art 108. 

* H. Weber, Crelle, t. Ixxv , i>a>t Diff -Ql, t. i. p 189 , Gray and Mathews, p 126. See 

also Pwc, Lond Math Poc , t xxxiv p. 2B2. 


9—2 
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Elhpsoxdal Harmonics 

103 The method of Spherical Harmonics can also be adapted to the 
solution of the equation 

V^,^ = 0, • ■ (1) 

under boundary-conditions having relation to ellipsoids of revolution*. 

Beginning with the case where the ellipsoids are prolate, we write 
x = kQ,osd = y=wcos(i), = w sin 

where ■sr = & sin ^ sinh = & (1 — fj?)^ — 1)* 


• ( 2 ) 


The surfaces ?■= const., p. = const, aie confocal ellipsoids, and hyperboloids 
of two sheets, respectively, the common foci being the points (± k, 0, 0). The 
value of ^ may range from 1 to oo , whilst lies between i 1 The coordinates 
H, f, a) lorm an orthogonal system, and the values of the linear elements 
hsjhsi, described by the point («, y, z) when y, w separately vary, are 

^ /r»\ 


To expiess (1) m terms of our new variables we equate to zero the total 
flux across the walls of a volume element and obtain 

or, on substitution from (3), 


d_ 

dfjb 





+ I-,!(£«-1)?4 








This may also be written 



+ 


1 d'4>_d 
1-fji.^dco^ 9 ? 






(4) 


104 If ^ be a finite function of and o), from fi = — l to = + l and 
from 6) = 0 to ft) = 27 r, it may be expanded in a series of surface harmonics of 
integral orders, of the types given by Art. 86 (7), where the coefficients are 
functions of and it appears on substitution in (4) that each term of the 
expansion must satisfy the equation separately. Taking first the case of the 
zonal harmonic, we write 

<l> = Pn{fM) Z, .(5) 


* Heme, “Ueber emige Aufgaben, welcbe auf partielle Differentialgleiohungen fuhren,’^ 
Crelle, t xxvi. p 185 (1843), and Kugelfunktionen, t n. Art. 38 See also Ferrers, c 7i 
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and on substitution we find, in virtue of Art 84 (1), 


• 1)-^= 0, 


whicli IS of the same form as the equation referred to Ve thus obtain the 
solutions 

= JPniX), ( 7 ) 

and <f>=^T,,{iJ,).Qn<ia - - -(8) 

where Qn (0 = Pn ( ^)j ^ (01^ (5*^ ~ 1-) ’ 

-it. (0 i.g p^(.t) - , 


f (n + 1) (n. 

1 3 (2n 4- 1 ) 2(2w+3) ^ 

(w+1) (n + 2) {n 4- 3) ( « + 4-) * 

2.4(2n+^3)(2»i+-5) ^ - -W 

The solution (7”) is finite when ^=1, and is therefore adapted to the 
space within an ellipsoid of revolution, whilst (8) is infinite for £'= 1 , but 
vanishes for ^=: oo, and is therefore appropriate to the external reg-ion. As 
paiticular cases of the formula (9) wo note 


Qo(5') = ilog^ 


<3i(0 = i? log 1^-1. 


<3.(?)=i-(3?^-l) log|^-K 


The definite-integral form of Qn shews that 


1 

fT„i- 


The corresponding expiessions for the stream- function are readily found , 
thus, from the definition of Ait. 94^, 

00^ 1 d'y^r ^ Q|\ 

ds^ dSf^ 'urds^^ 

whence = — 




00 _ 

1 dyfr 

d<f) 

_ ] 

0'0' 




ds^ 

OT 0AV ’ 

dSfi, 

'UT 

05^’ 


whence 


CJfl 


d'xfr 

dr 

= /<l 


0^ 

^0/i. 

Thus, m 

the case of (7), wc 

have 






dyfr _ 
d/UL 







= 

- ^ (f! 

n(n4- 1) 

> “f \ ^P n (?) 


(1- 



* 

Feirers, c. v ; 

; Todhunter, c. vi 

, Foisyth, 

A-xts, 

96—99. 
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whence 


= 


k . dPn(l^) ^.dPn(X) 


The same result will follow of course ftom the second of equations (12) 

In the same way, the stream-function corresponding to (8) is 
k 


[chap. V 
.. .(13) 




(14) 


105 We can apply this to the case of an ovary ellipsoid moving parallel 
to its axis in an infinite mass of liquid The elliptic co-ordmatcs must be 
chosen so that the ellipsoid m question is a member of the confocal family, 
say that for which f Comparing with Ait 103 (2) we see that if a, c 

be the polar and equatorial radii, and e the eccentricity of the meridian 
section, we must have 

k = ae, ^0 = — 1)^ == c 

The surface condition is given by Art 97 (1), viz we must have 

(1 — ^2^ (^2 _ 2) + const , (1) 

for f== fo Hence putting 1 in Art 104 (14), and intioducing an arbitrary 
multiplier A, we have 


^=p/.(i-^^)(r^~i)Uiog 




with the condition 




The corresponding formula for the velocity-potential is 


= iiUog 



.(2) 

„ 1 4- e' 

= ■ • 

••(3) 


(4) 


^+1 

The kinetic energy, and thence the ineitia-coefficient due to the fluid, 
may be readily calculated, if required, by the foimula (5) of Art 94. 


106 Leaving the case of symmetry, the solutions of = 0 when 
^ IS a tesseral or sectorial harmonic in fi and cd are found by a similai 
method to be of the types 


<^, = P„«(^.).P/(^)3s“. • • • 

Sill] 

(1) 

(//,) . (^) 1 s(o, . . 

sin j 

(2) 

where, as m Art 86, (//-) — (1 ^ 

djjL^ 

(3) 
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whilst (to avoid maginaries) we write 


and 


It may be shewn that 






dC‘ ’ 
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(4) 

.( 6 ) 


I p f / dQn p / Y+i “h s) - ^ /it\ 

whence P,H^) - «»*(n = f^l' ' 


di; 


(» — «)' 


As examples wo may take the case of an ovary ellipsoid moving parallel 
to an eqmtonal axis, say that oiy, or lotating about this axis 

1°. Ill the former case, the surface-condition is 

a? a^' 

for where V is the velocity of translation, or 

This is satisfied by putting ?i = 1, s = I, in (2), viz 

<^.= A (1 -fMf -If. log ^ 


COS 0). 


•(«) 


(y) 


the constant A being given by 


A Ulog 


•(H)) 


^ l= — feF 

?«-i wro^-i)) 

2". In the case of rotation about Oij, if 11,/ be the angular velocity, we 
must have 


for ^ or 


a<^_ 






I 


Putting n = 2, s = 1, in the formula (2) we find 


jx (I — fj?f sm. CO (11) 

I 1 

sin ft), ..(12) 


.3_ 1 


A being determined by comparison with (11). 
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107 When the ellipsoid is of the oblate or ' planetary ’ form, the 

appropriate co-ordinates are given by 

k cos d sinh tj = k/x^, 3 / == cos co, ^ = tzr sin co, 

wheie zT = k sin 6 cosh 7 ) = k(l — fi^)^ ^ 

Here f may range from 0 to 00 (or, in some applications from ~ 00 through 
0 to -i - 00 ), whilst lies between + 1 The quadrics const, const 
are planetary ellipsoids, and hyperboloids of revolution of one sheet, all 
having the common focal circle x = Oy 'ur = L As limiting forms we have the 
ellipsoid f = 0 , which coincides with the portion of the plane a? = 0 for which 
< k, and the hyperboloid yu- = 0 coinciding with the remaining portion of 
this plane 

With the same notation as before we find 




1 + 

) 


SC 

Ss.= A(l- 

+ 1)^ S(i> ; 







(2) 

and the equation 

of continuity becomes 




1 :] 

(1- 

< 

[+|{a“+i)^ 

h 

(i 

— ^-^ = 0 
■H 1 ) 3®“ ’ 

” h- 



1 — yL6^ 9(0^ 

all 

[(£• + 1 )11} 

+ ^ (3) 


This is of the same form as Art 103 (4), with in place of and the like 
correspondence will run through the subsequent formulae 


and 

where 

and 


In the case of symmetry about the axis we have the solutions 

^=Pn{fJ.).pn{0> 






yn I ^(>^- 1 ) W.-. 


qn 


(0=^pn(0f 


n(n- 1 ) (n - 2)(n- 3) 

2 4(2ji-l)(2?i-3) ^ 




=(-r (t» + p„_3 (0 


7? > 


'1 3 5 .. (2re + l) 


( >^+ l)( 7t+ 2) _3 

^ 2(271 + 3) ^ 


(«. + 1 ) (w + 2) ( 7 ^ + 3) {n + 4) 

2 4(27i + 3)(2?i + 5) ^ 


(4) 

.(5) 


.( 6 ) 


•}. ( 7 ) 
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the latter expansion being however convergent only when f > 1*. As before, 
the solution (4) is appropiiate to the region included within an ellipsoid of 
the family const , and (5) to the external space. 


We note that 


dqniK) dpniO 


d^ 


d^ 




.. ( 8 ) 


As particular cases of the formula (7) we have 

So (?) = cot-' ?, g-i (?) = 1 - ? cot-' ?, 

S=(?)==i(3?= + l)cot-'?-f?. 

The foimulae for the stream-function corresponding to (4) and (5) are 

(») 




and 


‘xjr = 


k 


dqn (?) 


-7 (?'+l) 

7^(7^+l)^ ^ djjb 


.( 10 ) 


108 1° The simplest case of Art 107 (5) m when n = 0, viz. 

(^ = Acot~'f, .. (1) 

where ^ is supposed to range from — oo to + oo * The formula (10) of the 
last Art then assumes an indeterminate form, but we find by the method 
of Art 104, 

'sfr = AkfJb (^) 

This solution represents the flow of a liquid through a circular aperture in 
an infinite plane wall, viz the apertine is the portion of the plane yz for 
which 'UT < h The velocity at any point of the aperture (? = 0) is 

__ 1 A 

^ tir (fc^ — ’ 

Since, when = 0, hfi — (k^ — The velocity is therefore infinite at the 

edge. Compaie Art 102, 3°. 

2° Again, the motion due to a planetary ellipsoid (?=?()) moving with 
velocity U parallel to its axis in an infinite mass of liquid is given by 

.^ = Am (1 - ? cot-' ?), t J AA; (1 - M“) (?“ + 1) 1^, 4 ’ ■ ■ 

where A = — kU — ][ “ cot-' ?o|- . 

Denoting the polar and equatorial radii by a and c, and the eccentricity 
of the meridian section by e, we have 

a = c = k {U ^1)K 6 = (?o‘^ + 1)““^ 


* The readei may easily adapt the demonstrations referred to m Art. 104 to the present case 
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In terms of these quantities 

AL = — [70 — - (1 — ^ 8111“’^ ej .... (4) 

The forms of the lines of motion, for equidistant values of 'yjr, are shewn 
below Cf Art 71, 3° 



The most interesting case is that of the circular disk, for which e = l, 
and A = ^Ucjir The value of (j> given in (3) becomes equal to ± A fi, or 
± A (1 - for the two sides of the disk, and the noimal velocity 

to + U, Hence the formula (4) of Art 44 gives 

( 5 ) 

as in Art. 102 (20). 
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109 The solutions of the equation Art. 107 (3) in tesseral harmonics 


are 

(/) = P„«(/i) Pn^{^) • •• • 

(1) 

and 

(f> (/J.) • • • 

■ -(2) 

where 


• (3) 

and 




_/_y0^ + «)' r d^ 

( > p- w {p/(r)}=(f^+l)- •• 

.. (4) 


These functions possess the property 


Pr. 


’«)* 


'(D 


dK 


dPn^iO. 




(n + s) I 1 


.(5) 


We may apply these results as m Art 108 


1 *^ For the motion of a planetaiy ellipsoid (f= ^o) paiallel to the axis 
of y we have ?? = 1 , 5 = 1 , and thence 

(^ = A (1 - 4- 1)^ - cot“*i f I cos CO, (6) 

with the condition ~ , 

a? 0 ^ 

for f ^ denoting the velocity of the solid This gives 



In the case of the disk (fo = 0), we have A = 0, as we should expect 

2® Again, for a planetary ellipsoid rotating about the axis of y with 
angular velocity fl,,, we have, putting 7i = 2,s = l, 

cl> = AfM(l- (f^H- 1)^ js^cot-^ f - 3 + ^4 1 } 

With the surface condition 

dcj) _ ^ / do) dz\ 

--(fo'-H-i)! 


....(9) 
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For the circular disk (fo= 0) this gives 

— ( 10 ) 

At the two surfaces of the disk we have 

(/) = T 2A/C6 (1 — fjFf siu ft), ^ ~ ^ 
and substituting in the formula 

2T = — p Jj 'srdiJjdco, 

we obtain 2T = ^§pc^ . fl^y (11) 


110 In questions relating to ellipsoids with three unequal axes we may 
employ the more general type of Ellipsoidal Harmonics, usually known by the 
name of ‘Lame’s Functions* ’ Without attempting a formal account of these 
functions, we will investigate some solutions of the equation 

V^</> = 0, (1) 

in ellipsoidal co-ordinates, which are analogous to spherical harmonics of the 
first and second orders, with a view to their hydrodynamical applications. 

It IS convenient to prefix an investigation of the motion of a liquid 
contained in an ellipsoidal envelope, which can be treated at once by 
Cartesian methods 


Thus, when the envelope is in motion parallel to the axis of /xt with 
velocity U, the enclosed fluid moves as a solid, and the velocity-potential is 
simply 


Next let us suppose that the envelope is rotating about a principal axis 
(say that of x) with angular velocity Oa,. The equation of the surface being 


the surface condition is 


^2 ^2 

— + T7, + — , 
& 


1 , 


..( 2 ) 


xd(^ y d<l> z 
dx dy dz 




We therefore assume (j> = Ayz, which is evidently a solution of (1), and 
obtain, on determining the constant by the condition just written, 


% 




}f — d‘ 
+ 


li* . ys. 


Hence, if the centie he moving with a velocity whose components arc 


See, for example, Ferrers, S^hencal Raimonics^ o vi , W D Niven, “On Ellipsoidal 
Harmonics,” Tiaiis , A. t clxxxii (1891); Pomcard, Figme^ d’J^quiUhre d^wie Masse Fluide, 
Pans, 1902, c vi An outline of the theory is given by Wangenn, I c ante, p 102 
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U, V, W and if Xla-, be the angular velocities about the principal axes, 

we have by superposition* 


= — iJx — Vy— - 


b^ — c- 
¥ + & 


, ^ 0^- 0? a} — 


ilzO)i/. . .(3) 


We may also include the case where the envelope is changing its form 
as well as position, but so as to remain ellipsoidal. If the axes are changing 
at the rates a, b, c, respectively, the general boundary condition, Art 10 (3), 
becomes 


¥ c® 


4. ^ ^ 4- f = 0 
dx b^ dy 9^ 


(4) 


which IS satisfied f by 



. . (5) 


The equation (1) requires that 


a 

a 


b c ^ 

+ T + ■" — 0, 

b c 


. ( 6 ) 


which IS in fact the condition which must be satisfied by the changing 
ellipsoidal surface in order that the enclosed volume (^jrabc) may be constant. 


Ill The solutions of the coiresponding problems for an infinite mass 
of fluid bounded internally by an ellipsoid involve the use of a special system 
of orthogonal curvilinear co-ordinates 

If X, y, 2 be functions of three parameters X, fx, v, such that the surfaces 

X. = const, /!. = const, = const (1) 

are mutually orthogonal at their intersections, and if we write 



* This result appeals to have been published independently by Beltrami, Bjerknes, and 
Maxwell, m 1873 See Hicks, “ Eeport on Eecent Progress in Hydrodynamics,” Bnt Ahs, Eep , 
1882 

t Bjerknes, “ Verallgememerung des Problems von den Bewegungen, welche in emer 
ruhenden unelastischen Flussigkeit die Bewegung eines Ellipsoids hervorbringt, ” GbtUnger 
Nachrichten, 1873 
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the direction-cosines of the normals to the three surfaces which pass through 
(«, y z) will be 



h ^ A - 


A - A^ 

OlJj OfJb 






( 3 ) 


respectively It follows that the lengths of linear elements diawn lu the 
directions of these normals will be 


hxjh,, Sfiih,. hv/h,. 


Hence if ^ be the velocity-potential of any fluid motion, the total flux 
into the lectangular space included between the six surfaces X ± |gX, //,+ ig//,, 
V ± will be 


8 A 8<jf> 8//, hv 



7^2 


0 <jE) h\\ ^ 0 

dfi ho hi) ^ dv 




Sv 


It appears from Art 42 (3) that the same flux is expressed by multiplied 
by the volume of the space, t.e by Sx^/iSv/AiA^A, Hence* 



Equating this to zero, we obtain the general equation of continuity in 
orthogonal co-ordinates, of which particular cases have already been investi- 
gated in Arts 83, 103, 108 


The theory of triple orthogonal systems of surfaces is very attractive 
mathematically, and abounds in interesting and elegant formulae We may 
note that if X, /i, v be regarded as functions of x, y, z, the direction-cosines of 
the thiee line-elements above considered can also be expressed in tlie forms 


/I 3X 

10X 

1 dX\ 

(1 ^ 

1 dfjL 1 0yU.'\ 

fi dv 

1 dv 1 dv\ 

VAj dx ‘ 

h^dy’ 

K dz) ’ 

\h^ dx ' 

^2 dy ' h^ dz ) ' 

[ihdx’ 

Ihdy’ h.iWz) 


from which, and from (3), various inteiestmg relations can be inferred The 
formulae already given aie, however, sutflcient for our present purpose 

112. In the applications to which we now proceed the triple orthogonal 
system consists of the confocal quadrics 


-f- d 1^+ d'^ + • • (U 

» The above method was given m a paper by W Thomson, » On the Equations of Motion of 
Heat referred to Curvilinear Co-ordinates,” Caml Math Journ , t iv (1843) [Math and Phy, 
Pap„t, t 1 p 25] Seferenoe may also be made to Jacobi. “ Ueber eiiie particulaie Losung der 
paitiellen Differentialgleiohung ,"CieUe,t xxxvi [im)[Wf>ke, t n p 198] 

The transformation of to general oithogonal co-ordinates was first efteoted by LamS “Sui 
les lois de I’dquihbre du flmde dth&d,” Joxmi de V^lcoh Polyt . t xiv (1834) See also Leeom 
bW kb Gooulonneeb Cmvilignes, Pans, 1859, p. 22. ^ 
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whose properties are explained in books on Solid Geometry. Through any 
given point {x, //, z) there pass three surfaces of the system, corresponding 
to the three roots of (1), considered as a cubic in 6. If (as we shall for the 
most part suppose) a>b>c, one of these roots (X, say) will lie between oo 
and — anothei (/i) between - and - and the tliird (v) between - ¥ 
and — a® The sui faces X, /m, v are therefore ellipsoids, hyperboloids of one 
sheet, and hypeiboloids of two sheets, respectively 


It follows immediately from this definition of X, /i, v, that 


, Jl' , {X-9){fi- d){v- 6) 

a:^ + 6'^ + &+'e {a^+e)Q}‘ + e){d‘ + e)’ " ' ^ ’ 

identically, for all values of 6 Hence multiplying by + 6, and afterwards 
putting 6 = — a^, we obtain the first of the following equations . 


These give 


+ X ) {a^ + fi) (a? + v) 
(a^->)(a=-cO ’ 

+ n) + v) 

(i'-C=)(6'>-«^) 

+ X) + /A.) (<f + v) 

(c^ — a-*) (c“ — 6“) 

= ^_i 

dX '^a=‘ + X’ 0X 3^ ^c^'+X’ 


... . (3) 


...(4) 


and thence, in the notation of Art 111 (2), 

V ~ * + X)'- (b^ + xf (^i:)4 • • - • (s) 

If we diffeieiitiate (2) with lespect to 6 and afterwards put 6 - X, w& deduce 
the first of the following three relations 


12 . (ct- + X)(l)^ + X) (o^ + X) ) 

’ (X-ya)(X-i.) 

‘ ■ W 

2 = 4 + y) + v) 

{v-X)iv-i.) 

The remaining lelations of the sets (3) and (6) have been written down from 
symmetry* 


* It Will be noticed that hj are double the perpendiculars from the origin on the 

tangent planes to the three quadrics \ fx, y. 
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Substituting in Art. Ill (4), we find* 
4 


V"<^ = - 


(jh — v)(y- \) (A - f) 


{(x.-vy {a? + (6= + X)i (c= + X)i 


+ {v-X)\ {a? + ijf if + + fjf 


+ (X— /a) -j(a^ + 1^)^ (&“ 4- vy {(f + vy 


d 

sx 

d 

0/A 

dv 


<f> 


(y) 


113 The particular solutions of the transformed equation V-^<^ = 0 which 
first present themselves are those in which ^ is a, function of one (only) of 
the variables X,, ya, v Thus ^ may be a function of \ alone, provided 

(a^ + X)^ (6^ + X)^ (o^ + X)^ “ = const., 

whence ‘ 

if A = ((a^ + X)(6^ + X)(c^ + X)}^, ... . (2) 

the additive constant which attaches to being chosen so as to make (}> 
vanish for X = oo 


In this solution, which corresponds to (f>==A/r m spherical harmonics, 
the equipotential surfaces are the confocal ellipsoids, and the motion in the 
space external to any one of these (say that for which X = 0) is that due to a 
certain arrangement of simple sources over it. The velocity at any point is 
given by the formula 




. . ( 8 ) 


At a great distance from the origin the ellipsoids X become spheres of 
radius X^, and the velocity is therefore ultimately equal to 2Glr'\ where 9- 
denotes the distance from the origin Over any paiticular equipotential 
surface X, the velocity varies as the perpendicular from the centre on the 
tangent plane 

To find the distribution of sources over the surface X = 0 which would 
produce the actual motion in the external space, we substitute for <j> the 
value (1), in the formula (11) of Art 58, and for <^' (which refers to the 
internal space) the constant value 



* Of Lam4, “Sur les surfaces isothermes dans les corps sohdes homog^nes en 4q.iulibre de 
temperature,’’ Liouville^ t ii (1837). 
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The formula referred to then gives, for the surface-density of the required 
distribution, 



(5) 


The solution (1) may also be interpreted as representing the motion due 
to a change in the dimensions of the ellipsoid, such that the surface remains 
similar to itself, and retains the directions of its principal axes unchanged 
If we put 

a/a = Ijh = c/c, = h, say, 
the surface-condition Art 110 (4) becomes 

— 3</)/9n = 

which IS identical with (3), if we put G = \kahc 


A particular case of (5) is where the sources are distributed over the 
elhjptic ihsJc for which X = ~ and therefore 2 :^ — 0 This is important in 
Electrostatics, but a more interesting application from the present point of 
view is to the flow through an elliptic aperture^ viz if the plane xy be 
occupied by a thin rigid partition with the exception of the part included by 
the ellipse 


we have, putting c = 0 in the previous formulae, 

, d\ 

where the upper limit is the positive root of 

Hh X 6'^ “h X X 


..( 6 ) 

0 ) 


and the negative or the positive sign is to be taken according as the point 
for which <jE) is required lies on the positive or the negative side of the plane 
xy The two values of </> arc continuous at the aperture, where X = 0 As 
befoie, the velocity at a great distance is equal to 2AIt\ nearly For points 
in the aperture the velocity may be found immediately from (6) and (7), thus 
we may put 







2AX^ 
ah ’ 


approximately, since X is small, whence 

fi 

d7i ah V 


y^\-^ 

6v 


( 8 ) 


This becomes infinite, as we should expect, at the edge. The particular case 
of a circular aperture has already been solved otherwise in Arts. 102, 108 
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114. We proceed to investigate the solution of V^<^=:0, finite at infinity, 
which corresponds, for the space external to the ellipsoid, to the solution 
for the internal space Following the analogy of spherical harmonics 
we may assume for trial 


which gives 




( 1 ) 

•( 2 ) 


and inquire whether this can be satisfied by making equal to some function 
of X only On this supposition we shall have, by Art 111, 

dx ^dx'^dx’ 


and therefore, by Art 112 (4), (6), 


xdx (X, — fj,) (X — v)dX' 


On substituting the value of in terms of the equation (2) becomes 
|(a^ + X)i (6^ + X)i (c» + Xf - (h- + X) (c= + X) g , 

which may be written 

(o"^ + X)*r6* + X)i(c^+X)4’ 

the arbitrary constant which presents itself in the second integration being 
chosen as before so as to make y vanish at infinity. 


The solution contained in (1) and (3) enables us to find the motion of a 
liquid, at rest at infinity, produced by the translation of a solid ellipsoid 
through it, parallel to a principal axis. The notation being as before, and 
the ellipsoid 


ocF z- 

1 -^ 4 - - = 1 


.(4) 


being supposed in motion parallel to m with velocity i7, the surface- 
condition IS 


^ _ r 7 

0X"“ 


for X = 0 


.(5) 


Let us write, for shortness, 
dX 


tto = obc 




dX 


(b^ + X) A’ 


7o 


= abcf° 
J 0 


dX 


(c^ + X) A ’ 


( 6 ) 
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where A = {(a= + X) (6^ + x) (c^ + A,)^ , (7) 

it -will be noticed that these quantities a,, A; 7o are purely numerical The 
conditions of our problem are satisfied by 

(») 

provided 0 =--^ U. . .(9) 

The coriesponding solution when the ellipsoid moves parallel to 3/ or ^ 
can be written down from symmetry, and by superposition we derive the 
case where the ellipsoid has any motion of translation whatever*. 

At a great distance from the origin, the formula (8) becomes equivalent to 

= ( 10 ) 

which IS the velocity-potential of a double source at the origin, of strength 
fTrC*, or 

Z — OCo 

corapare Art 92 

The kinetic energy of the fluid is given by 

where I is the cosine of the angle which the normal to the surface makes 
with the axis of w. Since the latter integral is equal to the volume of the 
ellipsoid, we have 



The mertia-coefficient is therefoie equal to the fraction ao/(2 — Uq) of the 
mass displaced by the solid For the case of the sphere (a = & = c) we find 
tto = I , this makes the fiaction equal to ^ , in agreement with Art. 92 If 
we put 6 = c, wc get the case of an ellipsoid of revolution, including (for a = 0) 
that of a circular disk The identification with the results obtained by the 
methods of Arts 105, 106, 108, 109 for these cases may be left to the reader 

* This problem was first solved by Green, “Hesearches on the Vibration of Pendulums in 
Fluid Media,” Tram 11 S Mdiii , 1833 [Math PapeUf p 315] The investigation is much 
shortened if we assume at once from the Theory of Attractions that (8) is a solution of = 
being in fact (except for a constant factor) the a;-componont of the attraction of a homogeneous 
ellipsoid at an external point. 
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115 We next inquire whether the equation = 0 can he satisfied by 

4> = y^X’ •• • • • ( 1 ) 

where % is a function of \ only. This requires 

+ ...< 2 ) 

^ y dy dz 

Now, from Art. 112 (4), (6), 


ydy z dz 


~ [ydX^zdxJdX 


= 4 


(a" + X) Qf + X)(d‘ + x) ( 1 


(X — /a) (X — v) 

On substitution in (2) we find, by Art. 112 (7), 


Kh'^+x^ - 


0^ + \) d\ 


whence 


i log {(«. + X). (6. + X). («■ + X). - -4-^ , 

dX 


% 


r 00 

= c 

J A 


(62+X)(c^ + X)A’ ■ ■■ 
the second constant of integration being chosen as before 


( 3 ) 


For a rigid ellipsoid rotating about the axis of x with angular velocity 


Ha-, the surface-condition is 


0(^ __ 


0X 




dy 


dz' 


for \ = 0 Assuming * 


<\> = Cyz 


dx ^ ax. 


dX 


I \ + X) (c^ + X) A ’ 

we find that the surface-condition (4) is satisfied, provided 


(4) 


(• 5 ) 


0 


or 


ah^(? 

G = 




' 1 , j[\ 7o- A ^ 

c^J abc (6“ — c®) 

- d^y 


, ahcD^x> 


( 6 ) 


The formulae for the cases of rotation about y ox z can be written down from 
symmetry f 

The expression (5) differs only by a factor from 

yrr^Ty’ 

where # is the gravitation-potential of a uniform solid ellipsoid at an external point (a?, y, z) 
Since V^4> = 0 it easily follows that the above is also a solution of the equation V2</> = 0 

t The solution contained in (5) and (6) is due to Clebscb, “XJeber die Bewegung eines 
Ellipsoides in emer tropfbaren Flussigkeit,” Grellej tt In , liii (1856—7) 
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The formula for the kinetic energy is 

r d\ f f 

(F+T)f(i. + xK(>T>Oi 

if (I, m, n) denote the direction-cosines of the normal to the ellipsoid The 
latter integral 

= /// (y^ — z^) d'xdydz = — c^) ^Trabc 


Hence we find 

977^1 ffl-c 0 “( 7 o-/ 3 o) 

^ 2(6‘^--c‘H(6‘-^ + c^)(/8o~7o) 


^Trabcp . 


.(7) 


The two remaining types of ellipsoidal harmonic of the second order, finite at the origin, 
are given by the expression 


0!^ 


y'L. -1 
+ ^ + + ^ 


. ( 8 ) 


where 5 IS either root of + =0 .(9) 

this being the condition that (8) should satisfy v^< 3 t )=0 

The method of obtaining the corresponding solutions for the external space is explained 
in the treatise of Ferrers These solutions would enable us to express the motion produced 
in a surrounding liquid by variations in the lengths of the axes of an ellipsoid, subject to 
the condition of no variation of volume . 


ala-\-hlhdfclc=0 . (30) 

We have already found, in Art 113, the solution for the case where the ellipsoid expands 
(or contracts) remaining similar to itself , so that by superposition we could obtain the 
case of an inteinal boundary changing its ]ioaition and dimensions in any manner what- 
ever, subject only to the condition of remaining ellipsoidal This extension of the results 
arrived at by Green and Clebsch was fiist treated, though in a diflcrent manner from 
that here indicated, by Bjerknes* 

116 The investigations of this chapter have related almost entirely 
to the case of spherical or ellipsoidal boundaries It will bo understood 
that solutions of the equation V2<jE) = 0 can be earned out, on lines more 
or less similar, which are appropiiatc to other forms of boundary The 
surface which comes next in interest, from the point of view of the present 
subject, is that of the anchoi-rmg, or 'torus', this case has been very ably 
treated, by distinct methods, by Hicks, and Dyson f We may also refer to 
the analytically remarkable problem of the spherical bowl, which has been 
investigated by Bassotj. 


^ l c ante p. 141 

t Hicks, “On Toroidal Functions,” Tiam^^ 1881, Dyson, “On the Potential of an 
Anchor-Bing,” P/iiZ Tians,, 1893, see also 0. Neumann, I c ante^ 126. 

t “On the Potential of an Electrified Bphcrical Bowl, &;o.,” Froc. Land Math. Soc,, t. xvi 
(1885), ITydwdyuamics, i i p 149. 



CHAPl’EE YI. 


ON THE MOTION OP SOLIDS THEOUGH A LIQUID 
DYNAMICAL TIIEOEY. 


117 In this Chapter it is proposed to study the very interesting 
dynamical problem fiiimshed by the motion of one or more solids in a 
frictionless liquid The development of this subject is due mainly to 
Thomson and Tait* and to Kirchhofiff. The cardinal feature of the methods 
followed by these writers consists m this, that the solids and the fluid 
are treated as forming one dynamical system, and thus the troublesome 
calculation of the effect of the fluid pressures on the surfaces of the solids 
is avoided 

To begin with the case of a single solid moving through an infinite mass 
of liquid, we will suppose in the first instance that the motion of the fluid is 
entirely due to that of the solid, and is therefore irrotational and acyclic 
Some special cases of this problem have been treated incidentally in the 
foiegoing pages, and it appeared that the whole effect of the fluid might be 
represented by an addition to the %nema of the solid The same result will 
be found to hold in general, provided we use the term ‘ inertia ’ in a somewhat 
extended sense. 

Under the circumstances supposed, the motion of the fluid is characterized 
by the existence of a single-valued velocity-potential which, besides 
satisfying the equation of continuity 

. ( 1 ) 

fulfils the following conditions (P) the value of -00/an, where denotes 
as usual an element of the normal at any point of the surface of the solid, 
di-awn on the side of the fluid, must be equal to the velocity of the surface 
at that point normal to itself, and (2“) the differential coefficients 00/0^;, 

to P’nlosophy, Art 320 Subsequent inyest.gations by Lord Kelvin will be referred 
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d<^ldy^ d(j>ldz must vanish at an infinite distance, in every direction, from the 
solid The latter condition is rendered necessary by the consideration that 
a finite velocity at infinity would imply an infinite kinetic energy, which 
could not he generated by finite forces acting for a finite time on the solid 
It IS also the condition to which we are led by supposing the fluid to be 
enclosed within a fixed vessel infinitely large and infinitely distant, all round, 
from the moving body For on this supposition the space occupied by the 
fluid may be conceived as made up of tubes of flow which begin and end on 
the surface of the solid, so that the total flux across any area, finite or 
infinite, diawn in the fluid must be finite, and therefore the velocity at 
infinity zero 

It has been shewn in Art 41 that under the above conditions the motion 
of the fluid IS determinate. 


118 In the fuither study of the problem it is convenient to follow the 
method introduced by Euler in the dynamics of rigid bodies, and to adopt a 
system of rectangular axes Oy, Oz fixed in the body, and moving with it. 
If the motion of the body at any instant be defined by the angular velocities 
p, g, r about, and the translational velocities u, v, w of the origin parallel 
to, the instantaneous positions of these axes^, we may write, after Kirchhoff, 

(j> = u<pi + vcl>2 + + pxi + ?%2 + (^) 

w^here, as will appear immediately, <563, %i, %2> %3 certain functions 

of X, y, ^ determined solely by the configuration of the surface of the solid, 
relative to the co-ordinate axes In fact, if I, m, n denote the direction-cosines 
of the normal, drawn towards the fluid, at any point of this surface, the 
kmematical surface- condition is 


a</)_ 
0?? * 


qz -vij) + m(v + rx - + 7i (w +py - qx), 


whence, substituting the value (2) of <^, we find 

dcl>^2 __ 


=7 

d7i ' d7i 

■ ^-ny mz, - 


m, 

=^lz — nXy 


=«■- 

071 


”dn 


= 7nx — ly 


..(3) 


Since these functions must also satisfy (1), and have their derivatives zero at 
infinity, they are completely determinate, by Art. 41 f. 


* The Byuibols u, -u, iv, j), q, t aie not at present required in their former meanings 
t Toi the particular case of an ellipsoidal surface, their values may be written down from 
the results of Arts 114, 115. 
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119 Now whatever the motion of the solid and fluid at any instant, it 
might have been generated instantaneously from rest by a properly adjusted 
impulsive ‘wrench' applied to the solid This wrench is in fact that which 
would be required to counteract the impulsive pressures on the suiface, 
and, in addition, to generate the actual momentum of the solid It is called 
by Lord Kelvin the ‘ impulse ’ of the system at the moment under con- 
sideration It IS to he noted that the impulse, as thus defined, cannot be 
asserted to be equivalent to the total momentum of the system, which is 
indeed in the present problem indeterminate^ We proceed to shew 
however that the impulse varies, in consequence of extraneous forces acting 
on the solid, m exactly the same way as the momentum of a finite dynamical 
system. 

Let us in the first instance consider any actual motion of a solid, from 
time to to time under any given forces applied to it, in a fimte mass 
of liquid enclosed by a fixed envelope of any form. Let us imagine the 
motion to have been generated from rest, previously to the time to, by forces 
(whether continuous or impulsive) applied to the solid, and to be arrested, m 
like manner, by forces applied to the solid after the time t^. Since the 
momentum of the system is null both at the beginning and at the end of this 
process, the time-integrals of the forces applied to the solid, together with 
the time-integral of the pressures exerted on the fluid by the envelope, must 
form an equilibrating system The effect of these latter piessures may bo 
calculated, by Art. 22, fiom the formula 

( 1 ) 

A pressure uniform over the envelope has no resultant effect , hence, since (f, 
as constant at the beginning and end, the only effective part of the integral 
pressure Jpdt is given by the term 

( 2 ) 

Let us now revert to the original form of our problem, and suppose the 
containing envelope to be infinitely large, and infinitely distant in every 
direction from the moving solid. It is easily seen by considering the 
arrangement of the tubes of flow (Art 36) that the fluid velocity g at a great 
distance r from an origin in the neighbourhood of the solid will ultimately 
be at rnostf, of the order 1/r^, and the integral pressure (2) therefore of the 
order 1/r^. Since the surface-elements of the envelope are of the order r-'Sw 
where Sw is an elementary solid angle, the force- and couple-resultants of 
the integral pressure (2) will now both be null The same statement 


I calculate it leads to ‘improper’ or ‘indeterminate’ integrals 

t It IS really of tlie order l/r» when, as in the case considered, the total flux outwards is zero 
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therefore holds with regard to the time-integral of the forces applied to’ 
the solid 

If we imagine the motion to have been started instantaneously at time 
4, and to be arrested instantaneously at time the result at which we have 
arrived may be stated as follows * 

The ' impulse ' of the motion (m Lord Kelvin’s sense) at time t^ differs 
from the ‘ impulse ’ at time to by the time-integral of the extraneous forces 
acting on the solid during the interval ti — 

It will be noticed that the above reasoning is substantially unaltered 
when the single solid is replaced by a group of solids, which may moreover 
be flexible instead of rigid, and even when these solids are replaced by 
masses of liquid which are moving rotationally 


120 To express the above result analytically, let rj, f, X, fju, v be the 
components of the force- and couple-constituents of the impulse, and let 
X, r, Z, L, M, N designate m the same manner the system of extraneous 
forces The whole variation of rj, X, fji, v, due partly to the motion of the 
axes to which these quantities are referred, and partly to the action of the 
extraneous forces, is then given by the formulae f 


f=5f-i„ + Z, 


— = 

^ H- jiz/ - rX -1- ilf, 

dv ^ ^ 


...( 1 ) 


For at time the moving axes make with their positions at time t 

angles whose cosines are 

( 1 , rht, - (fit), (- rht, 1 , pU), (qSt, -pSt, 1 ), 
lespectively Hence, resolving parallel to the new position of the axis of oo, 

= rBt— ^ .qSt + XSt 

Again, taking moments about the new position of Osc, and remembering 
that 0 has been displaced through spaces uBt, vBt, wBt parallel to the 
axes, we find 

X -f SX = X -1- ?; wBt — f vBt + fju rBt -v.qBt-^- LBi 

These, with the similar results which can be written down from symmetry, 
give the equations (1) 


* Sir W Thomson, I c ante p 30 The form ol the argument given above was kindly 
suggested to the author by Prof Larmor 

t Of Hayward, “On a Diiect Method of Estimating Velocities, Acoeleiations, and all 
similar Quantities, with respect to Axes moveable in any manner m space” Camh Turns, 
t X (1856) 
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When no extraneous forces act, we verify at once that these equations 
have the integrals 

^^4- f^ = const., + //.97 + = const , .. ..(2) 

which express that the magnitudes of the force- and couple-resultants of the 
impulse are constant 


121 It remains to express 97, X, /x, v in terms of %i, v, w, py q, r. In 
the first place let T denote the kinetic energy of the flmd, so that 

« 

■where the integration extends ovei the surface of the moving solid. 
Substituting the value of cf) from Art. 118 (2), we get 

2T = Ait^ + Bi;2 + Ow^ + 2A'vw + 2B'wu + 2C'uv 


+ Pp^ + + Rr^ + 2P' qr + 2q'rp + 2R'pq 


+ 2p (Fit + G« + Hiy) + 2g (F'lt + G'l; + H'w) + 2r (F"it + G''v + H"w;), 

•• • .(2) 

■where the 21 coeflacients A, B, C, &:c. are certain constants determined by 
the form and position of the surface relative to the co-ordinate axes Thus, 
for example, 


A = -pll<f„^^dS = p jjcjHldS, 




( 3 ) 


= P 






the transformations depending on Art 118 (3) and on a particular case of 
Green s Theorem (Art 44 (2)) These expressions for the coefficients were 
given by Kirchhoff. 


The actual values of the coefficients in the expression for 2T have been found in the 
j)receding chapter for the case of the ellipsoid, viz we have from Arts 114, 115 


A= 


2-oq 


^Trpabc, 


p_l (6^ — (yo — /3o) 

^>2(52-c2)+(5Ho2)(^;-yo) 


^TTpahcy 


. (4) 
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155 


with similar expressions for B, 0, Q, E The remaining coefficients, as will appear pre- 
sently, m this case all vanish We note that 


A _ -D 

(2-ao)(2--^o) 


TTpahc, 


so that if then A<B<Cj as might have been anticipated 


(5) 


The formulae for an ellipsoid of revolution may be deduced by putting h-c, they may 
also be obtained independently by the method of Arts 104—109 Thus for a circular disk 
(a = 0, h=c) we have 

A, B, 0, 0, P, Q, lt=:0, (6) 


The kinetic energy, Tj say, of the solid alone is given by an expression of 
the form 


2Ti = m(u^ + v‘^ + vf) 


+ Pi]P^ 4- Qiq^ + 4- 2'Piqr 4- 2Q^'rp 4- 2R/j)g 

+ 2m {a (vr — wq) 4- /3 (wp — ur) + y (uq — (7) 

Hence the total energy T + Tj, of the system, which we shall denote by T, is 
given by an expression of the same geneial form as (2), say 

2T = Au^ 4* 4- 4- 2A'vw + 2B'wu 4- 2C'uv 


4- Pp^ 4- Qq^ 4- Rf^ 4- 2P'qr 4- 2Q'rp 4- 2R'pq 
+ 2p {Fu +G'v + Hw)+2q {F'u 4 - &v 4 - H'w) 4 - 2r {F''u + 0"v +• H'^w), 

( 8 ) 

where the coefficients are printed in uniform type, although six of them have 
of course the same values as in (2) 


122 The values of the several components of the impulse in terms of 
the velocities 'll, v, 'w, p, q, r can now be found by a well-known dynamical 
method* Let a system of indefinitely great forces (X, F, Z, L, ilf, F) act 
for an indefinitely short time r on the solid, so as to change the impulse from 
(E 'n> \ fJ'y v) to (1^4-8^, 7} 4- ?4- Sf, A4- SX, Sfi, The work 

done by the force X, viz 

I Xudt, 

J 0 

lies between uj Xdt and u^\ Xdt, 

Jo Jo 

where and are the greatest and least values of tc during the time t, 
^ ^ it lies between and If we now introduce the supposition that 

Btj, SX, g/x, Sv are infinitely small, Ui and aie each equal to u, and 
the work done is In the same way we may calculate the work done by 

the remaining foices and couples The total result must be equal to the 

* See Thomson and Tait, Natural JPhilosophy, Att 313, or Maxwell, Electncity and 
Magnetihm, Part iv , c v 
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increment of the kinetic energy, whence 
uh^ -f vh'j + + qhfji, + rhv 

dT 


dT. ^ dT. dT. , dT . , dT. 


du 


dv 


dw 


dr 


[chap. VI 


Sr, 


(1) 


Now if the velocities be all altered in any given ratio, the impulses will 
he altered in the same ratio. If then we take 


u V w p q r ' 


It will follow that f = ^ = = ^ = ^ = ^ 

^ r] ^ X IM V 

Substituting in (1), we find 
+ vr) + w^+p\ + q/ji, + rv 


= u 


sr , dT , dT dT 

5 h ^ — h W K h p :: — h 

au dv dw ^ op 


dT dT 
^ dq'^^ dr 


= 22 ’, 


.... ( 2 ) 


since T IS a homogeneous quadratic function Now performing the arbitrary 
variation S on the first and last members of (2), and omitting terms which 
cancel by (1), we find 


^du + TjBv + ^Bw + XBp + pBq + vSr = BT 

Since the variations Bu, Bv, Bw, Bp, Bq, Br are all independent, this gives the 
lequired formulae 


V, ? = 


dj^ 

du’ 


dT 

dv’ 


dT 

dw’ 


X, /i, 


dT 
dp ’ 


dT 

dq’ 


d^ 

dr 


( 3 ) 


It may be noted that since t), .. are lineai functions of u,, v, w, ..., 

the latter quantities may also be expressed as linear functions of the former, 
and thence T may be regarded as a homogeneous quadratic function of 
P, \ /I, V. When expressed in this manner we may denote it by T\ 
The equation (1) then gives at once 

uB^ + vBt) + wB^ + pBX + qBfji + rBv 


_dr dT dT\^dT\ ^dT\ 


whence u, v,w = 


dT dT dT 


dT dT dT 


d^’ dv’ d^’ dx’ dj^ ’ Jv 


(4) 


These formulae are m a sense reciprocal to (3). 


We can utilize this last result to obtain, when no extraneous forces act, 
another integral of the equations of motion, in addition to those found in 
Art 120 Thus 
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dt 


' dt^" dx dt^-'^" 


di 

= 11 -^ 


dX 




which vanishes identically, by Ai't. 120 (1) Hence we have the equation 
of energy 

T = const (5) 


123 If in the formulae (3) we put, in the notation of Art 121, 

r’=T+Ti, 

it IS known from the dynamics of rigid bodies that the terms m Ti lepresent 
the linear and angular momentum of the solid by itself. Hence the remaining 
terms, involving T, must represent the system of impulsive pressures exerted 
by the surface of the solid on the fluid, in the supposed instantaneous 
generation of the motion from lest 

This IS easily vended For example, the a;-component of the above 
system of impulsive pressures is 

= Am + C'v + B'w + Pjp + F'q + F"r = , (6) 

by the formulae of Arts 118, 121. In the same way, the moment of the 
impulsive pressures about Ox is 


jp(f>(ny — mz)dS = - p dS 


■■Fu+Gv + Hw + Pjo + R'q + QV = 


dj) 


G) 


124 


The equations of motion may now be wntteii * 




d dT 

dT 

dT 




dtdit ~ 

''^dv 

^dw 

+ X, 



ddT 

dT 

dT 




dt dv ” 

■■^dw 

'^du 

+ Y, 



ddT 

dT 

dT 

■f z, 



dtdw 

^ du 

-PTv 

d 

dT 

dT 

dT 

dT 

dT 

di 

dp 

= W r- - 

dv 

'^0w 

+ r -5- 

dq 


d 

dT 

dT 

dT 

, dT 

dT 

di 

dq 

“aw 

w,- 

du 

+Pd7- 

^ dp 

d 

dT 

dT 

dT 

dT 

dT 

di 

dr 

'^du 

dv 

^^dp' 

I 

1 


\ 




/ 

/ 


( 1 ) 


* See Kirchhoft, Ic ajitep 160, also Sir W Thomson, “ Hydrokmetic Solutions and Obser 
nations,” Fhil Mag , Nov. 1871 [reprinted in Baltimore Lectures, Cambridge, 1904, p 684] 
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If in these we wnte r=T4-Ti, and isolate the terms due to T, 
we obtain expressions for the forces exerted on the moving solid by the 
pressure of the surrounding fluid , thus the total component (X, say) of the 
fluid pressure parallel to x is 


^0T aT_ aT 

dt du"^ dv ^ dw ’ 


( 2 ) 


and the moment (L) of the same pressures about « is* 


L = - 


d 0T . 0T 0T 


0T 

dq ^ 0r 


( 3 ) 


Foi example, if the solid be constrained to move with a constant velocity 
(«, V, w), without rotation, we have 


L, M, N = w; 


0T 


X, Y, 2 = 0, 

0T 0T 


0T 


dv dw ’ 


“aw “'0(1 


0T 0T 

“ du “ dv ’ 


(4) 


where 2T = Aii^ + + Cw“ + 2A'w + 2B'wm + 2CW 

The fluid pressuies thus reduce to a couple, which moreover vanishes if 


0T 0T 0T 

du “~au 


i.e provided the velocity («, r, w) be in the direction of one of the princinal 
axes of the ellipsoid ^ ^ 

Aa)^ + By= + Cz^ + 2A'y^ + 2B'^a; + 20% = const .... (. 5 ) 

Hence, as was first pointed out by Kirchhoff, there are, for any solid, 
three mutually perpendicular directions of permanent translation , that is 
to sa,y, if the solid be set in motion parallel to one of these, without 
rotation, and left to itself, it will contmue to move in this manner It 
is evident that these directions are determined solely by the configuration 
of the surface of the body It must be observed however that the impulse 
necessary to produce one of these permanent translations does not in general 
reduce to a smgle force , thus if the axes of co-ordinates be chosen, for 
simplicity, parallel to the three directions in question, so that A', B', G' = 0, 
we have, corresponding to the motion x alone, 

f, 1/, r = 0, 0, X, ya, v^Fu, F'u, F"u, 

so that the impulse consists of a wrench of pitch F/A 

With the same choice of axes, the components of the couple which is the 


* The forms of these expressions being known, it is not difficult to verify them by direct 
calculation from the pressure-equation, Art 20 ( 4 ) See a paper “ On the Forces experienced by 

a Solid moving through a liquid,” (guart. .1011) n Uath.,i mx (1883). 



159 


124-125] Steady Motions 

equivalent of the fluid pressures on the solid, in the case of any uniform 
translation (it, v, w), are 


L, M, N=(B-0) (C-A) (A-B) uv. 

Hence if in' the ellipsoid 


( 6 ) 


H- By-^ + Oz^ = const , 


(d) 


we draw a ladius-vector r in the direction of the velocity (u, v, w) and erect 
the perpendicular h from the centre on the tangent plane at the extremity 
of r, the plane of the couple is that of h and r, its magnitude is proportional 
to sm (h, r)jh, and its tendency is to turn the solid in the direction from h to 
T Thus if the direction of (-it, v, w) diffeis but slightly from that of the 
of X, the tendency of the couple is to diminish the deviation when A is the 


greatest, and to increase it when A is the least, of the three quantities A, B, C, 
whilst if A is intermediate to B and C the tendency depends on the position 
of r relative to the circular sections of the above ellipsoid It appears then 
that of the three permanent translations one only is thoroughly stable, viz. 
that corresponding to the greatest of the three coefficients A, B, C For 
example, the only stable direction of translation of an ellipsoid is that of its 
least axis ; see Art. 121 *. 


125. The above, although the simplest, are not the only steady motions 
of which the body is capable, under the action of no extraneous forces. The 
instantaneous motion of the body at any instant consists, by a well-known 
theorem of Kinematics, of a twist about a certain screw; and the condition 
that this motion should be permanent is that it should not affect the 
configuration of the impulse (which is fixed in space) relatively to the body. 
J.his requires that the axes of the sciew and of the corresponding impulsive 
wrench should coincide. Since the general equations of a straight line 
involve four independent constants, this gives four linear relations to be 
satisfied by the five ratios u i v w p q t. Theie exists then for every 
body, under the circumstances here considered, a singly-infinito system of 
possible steady motions 


The steady motions next in importance to the three permanent translations ai-e those 
in which the impulse reduces to a coivple The cq[uations (] ) of Art. 120 .show that wo 
may have f, rj, (=0, and X, fi, v constant, provided 


X/p=fi/ 2 ' = »/?-, =1, say (]) 

If the axes of co-or dinatos have the special directions referred to m the proooding Art , the 
conditions f, ,, give us at once it, v, w in terms of^, q, r, viz 


Fp-^F'g+P"r 
- - - 2 = 


a"r 


Bpj-ff'q+ll",- 

a 


* The physical cause of this tendency of a flat shaped body to set itself broadside-on to the 
relative motion is clearly indicated in the diagram on p 80 A number of interesting practical 
illustrations are given by Thomson and Tait, Ait 325. 
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Substituting these values in the expressions for X, /x, v obtained from Art 122 (3), we find 


provided 

the coefficients in 


Jde de de 

’ dq ’ ar ’ 

20 {f), q, = 

this expression being determined by formulae of the tyi)es 

O'O^' H'H” 
O' 


A B 


■ 0 ’ ^ - A 


(3) 

( 4 ) 


(5) 


These formulae hold for any case in which the force-constituent of the impulse is zero 
Introducing the conditions (1) of steady motion, the ratios p q r are to be determined 
from the three equations 

1^'p + % -f W^=Jcq, I . ..(6) 

^'P -h Wq + ] 

The form of these shews that the line whose direction-ratios are p q r must be parallel 
to one of the principal axes of the ellipsoid 

e(^, y, 2)=const . (7) 

There are therefore three permanent screw-motions such that the corresponding impulsive 
wrench in each case reduces to a couple only. The axes of these three screws are mutually 
at right angles, but do not in general intersect 

It may now be shewn that in all cases where the impulse reduces to a couple only, the 
motion can be completely determined It is convenient, letaining the same directions of 
the axes, to change the origin Now the oiigin may be transferred to any point {x, y, z) 
by writing 

uA-Ty — qz^ v+pz-rx}^ w^-qx-py^ 

for -y, w respectively The coefficient of 2vr m the expression for the kinetic energy, Art. 
121 (8), becomes -Bx+0*\ that of ^wq becomes Cx-^E\ and so on Hence if wo take 



the coefficients in the transformed expression for 2 T will satisfy the relations 

~B'~' G’~ A ^ A~ B 


If we denote the values of these 
formulae (2) may be written 

u= - 


pairs of equal quantities by a, y respectively, the 

( 10 ) 


0^ 
dp ’ 


0^ 0^ 


where 


F 




2«'(i), q,r) = ^p^ + ^q^+ 


E" 


^ + 2 a 2 'r A 2^fp + 2ypq 


( 11 ) 


The motion of the body at any instant may be conceived as made up of two parts ; viz a 
motion of translation equal to that of the origin, and one of rotation about an instantane- 
ous axis passing through the origin Since r], the latter pait is to be determined 
by the equations 

dX. d\L ^ dv 
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■whick express that the vector (X, fi, v) is constant m magnitude and has a fixed direction 
111 space Substituting from (3), 

dt dp ^ dq ^ 9r ’ 

0? 00_^ 0© 0© 
dt dq ^ dr ^ dp ’ 

d 0©_ 0© 0© 

dt dr^^ dp ^ dq 

These are identical in foim with the equations of motion of a rigid body about a fixed 
point, so that we may m<xke use of Poinsot’s well-known solution of the latter problem 
The angular motion of the body is obtained by making the ellipsoid ^^7), which is fixed m 
the body, roll on a plane 

\x-{-fxy’\-vz=^ const , 

which IS fixed m space, with an angular velocity proportional to the length 01 of the 
radius vector drawn from the origin to the point of contact I The representation of the 
actual motion is then completed by impressing on the whole system of rolling ellipsoid 
and plane a velocity of translation whoso components are given by (10) This velocity is 
in the direction of the normal Oil/ to the tangent plane of the quadric 

y, 2:)=-^^, ... . . (13) 

at the point P whore 01 moots it, and is equal to 

€3 

OYUm'^ angular velocity of body . ... (14) 

When 0/does not meet the quadric (13), but the conjugate quadric obtained by changing 
the sign of e, the sense of the velocity (14) is reversed^ 

126. The pioblem of the intcgiation of the equations of motion of a solid 
m the general case has engaged the attention of several mathematicians, but, 
as might be anticipated from the complexity of the question, the physical 
meaning of the lesults is not easily graspedf 

In what follows we shall in the first place inquire what simplifications 
occur in the foimula for the kinetic energy, for special classes of solids, and 
then proceed to investigate one or two particular problems of considerable 
inteiest which can be treated without difiScult mathematics 

The general expiession for the kinetic energy contains, as wo have scon, 
twenty-one coefficients, but by the choice of special directions for the 
eo-ordinate axes, and a special oiigin, these can be reduced to fifteen J 

* The substance of this Ait is taken from a paper, “On the JFioe Motion of a Solid through 
an Infinite Mass of Liquid,’’ Pioc Loncl Math Soc., t vm (1877) Similar results were 
obtained independently by Craig, “The Motion of a Solid m a Muid,” Amei Journ of Math. 
t n (1879), 

For refeiences see Wien, Lehrbuch d IXydiodynamik, Leipzig, 1900, p 1G4 

X Of Clebsch, “Ueber die Bewegung ernes Korpeis m emer Flussigkeit,” Math Ann , t iii 
p 238 (1870) This paper deals with the ‘reoipiocal’ form ot the dynamical equations, obtained by 
.substituting from Art 122 (4) m Art 120 (1) 
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The most symmetrical way of writing the general expression is 

2r + Gw^ -I- 2A'vw + 2B'wu + 2G'u v 
-f + Qq^ -h 4- 2P gr -f 2QVp + ^R'pq 
4- 2Lcp H- 2ilP;g -h 2Ifwr 
-f 2F (vr 4 wq) 4 2G {wp 4 ur) 4 2H {'tiq -h vp) 

-\-2F' {y7''--wq) + 2G' {wp — icr)-{’21I' (uq — vp) (1) 

It has been seen that we may choose the directions of the axes so that 
A\ B', G' = 0, and it may easily he verified that by displacing the origin Ave 
can further make F\ G\ = 0 We shall hencefoiward suppose these 
simplifications to have been made 

1° If the solid has a plane of symmetry, it is evident from the con- 
figuration of the relative stieam-lmes that a translation normal to this plane 
must be one of the permanent translations of Art 124 If we take this 
plane as that of wy, it is further evident that the energy of the motion must 
be unaltered if we le verse the signs of w, p, q This requires that F', Q\ 
L M, iV, H should vanish The three screws of Art 125 are now puie 
rotations, but their axes do not in general intersect 

2° If the body has a second plane of symmetry, at right angles to the 
foimer one, we may take this as the plane coz We find that in this case 
F' and G must also vanish, so that 

2T = A 4 Bv^ 4 Gw^^ 4 Ff 4- Qg' + 4 2F (v7^ + wq) ... (2) 

The axis of x is the axis of one of the permanent rotations, and those of the 
other two intersect it at right angles, though not necessarily in the same point 

3 ° If the body has a third plane of symmetry, say that of yz, at right 
angles to the two former ones, we have 

2T Au^ + Bv^ -V Gid- Fp^ + Qf + Rr^ ( 3 ) 

4° Eeturning to (2°), we note that in the case of a solid of revolution 
about Ox, the expiession for 2T must be unaltered when we wiite v, q, — tv, — r 
for w, r, V, q, respectively, since this is equivalent to rotating the axes of y, ^ 
through a right angle Hence B = G, Q = R, F=0 , and therefoie 

2T = AF ^ B(v^ + w^) 4 Fp^ 4 Q {q^ 4 (4) 

The same reduction obtains in some other cases, for example when the 
solid is a right prism whose section is any regular polygon^ This is seen at 
once from the consideiation that, the axis of x coinciding with the axis of the 
prism, it IS impossible to assign any uniquely symmetrical directions to the 
axes of y and z 


See Larmoi, “ On Hydrokmetic Symmetry,” Quajt Jown xx ( 1885 ) 
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o® If, in the last case, the form of the solid be similarly related to each 
of the co-ordinate planes (for example a sphere, or a cube), the expression (3) 
takes the form 

. . (5) 

This again may he extended, for a like reason, to other cases, for example 
any regular polyhedron Such a body is practically for the present purpose 
‘isotropic,’ and its motion will be exactly that of a sphere under similar- 
conditions 

G” We may next consider another class of cases. Let us suppose that 
the body has a soit of skew symmetiy about a certain axis (say that of x), 
VIZ that it IS identical with itself turned through two right angles about this 
axis, but has not necessarily a plane of symmetry*. The expression for 2 IP 
must be unaltered when we change the signs of v, w, q, r, so that the 
coefficients Q', R', G, H must all vanish. Wc have then 

22'= -f Bv^ + (7(0* + Pp^ -p Qq^ -p Rr'^ -|- 2P'qr 

4- 2Lup -p 2Mvq -P 2Nwr -p 2F (vr + wq) (6) 

The axis of x is one of the directions of permanent translation ; and is also 
the axis of one of the three screws of Art 125, the pitch being -Z/A. The 
axes of the two remaining screws intersect it at right angles, but not in 
general in the same point. 

7° If, fuither, the body be identical with itself turned through one 
right angle about the above axis, the expression (G) must be unaltered when 
V, q, -w, -r are written for w, r, v, q, respectively This requires that 
B = C, Q = R, P' = 0, M=M, F=Q Hencef 

2T = Au^+B{v'^ + w^) + + Q (r/ -p 7“) + 2Bup -p 2M (vq -p wr). . .(7) 

The form of this expression is unaltered when the axes of y, 2 are turned 
in their own plane through any angle 'J’he body is therefore said to possess 
helicoidal symmetry about the axis of x 

8°. If the body possess the same properties of skew symmetry about an 
axis intersecting the former one at right angles, we must evidently have 

2T = A (w'-i -p -P w“) -p P {p^ -P 2“ -p /•“) + 2Z (pu + qv + rw) . . ,(8) 

Any direction is now one of permanent translation, and any line drawn 
through the origin is the axis of a sciew of the kind considered in Art 125, 
of pitch —LjA The form of (8) is unaltered by any change m the directions 
of the axes of co-ordinates The solid is theicfore in this case said to be 
‘ hehcoidally isotropic ’ 

A two-bladed sorew-propellei of a ship is an examplo of a body of this kind 

1 This result admits of the same kind of generalization as (4) , eg. it applies to a body 
shaped like a screw-propeller with time symiiietncally-disposed blades. 


11—2 
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127 For the case of a solid of revolution, or of any other foim to which 
the formula 

2T = Au^ ■\-B P'p^ Q . . (1) 

applies, the complete integration of the equations of motion was effected by 
Kirchhoff ^ in terms of elliptic functions 

The particular case where the solid moves without rotation about its axis, 
and with this axis always in one plane, admits of very simple treat ment-f, 
and the results are very interesting 

If the fixed plane in question be that of xy we have p, q,w = 0, so that 
the equations of motion, Art 124 (1), reduce to 

Bf~-rAu.] 

at at 

dr r • 

Qf^=(A-B)uv j 

Let X, y be the co-ordinates of the moving origin relative to fixed axes in 
the plane (xy) in which the axis of the solid moves, the axis of x coinciding 
with the line of the lesultant impulse (J, say) of the motion, and let 9 be the 
angle which the line Ox (fixed in the solid) makes with x We have then 

A.^=/cos^, Bv = —lQm6, r = 0 

The first two of equations (2) merely express the fixity of the direction of the 
impulse in space , the third gives 

J. — 

Qd + sin 0 cos 0 = 0 . . . (3) 


We may suppose, without loss of generality, that A >B If we write 
2^ = ^, (3) becomes 

^0, . (4) 


which IS the equation of motion of the common pendulum Hence the 
angular motion of the body is that of a ' quadrantal pendulum,' tea body 
whose motion follows the same law in legard to a quadrant as the ordinary 
pendulum does in regard to a half-circumference When 6 has been 
determined fiom (3) and the initial conditions, x, y are to be found from 
the equations 


J 


X = u cos ^ sin 0 = “ cos^ ^ ^ sm‘-^ 6, 


J =^usmd + vcos6=(^^- sm 6 cos 6 = j 6, 


(5) 


* l c ante p 150 

t See Thomson and Tait, Natvml Philosophy, Art S22; Greenhill, “On the Motion of a 
Cylinder through a Fnctionless Liquid under no Forces,” Mess of Math, t ix (1880) 
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165 


the latter of which gives 


7 = 2 ^, 


■ ( 6 ) 


as IS otherwise obvious, the additive constant being zero since the axis of x 
IS taken to be coincident with, and not merely parallel to, the line of the 
impulse / 

Let us first suppose that the body makes complete revolutions, m which 
case the first integial of (3) is of the form 

( 7 ) 

where = • • • (^) 

ABQ ^ ^ 

Hence, reckoning t from the position ^ = 0, we have 

dd 


(ot 




i=F(k,d), 


.( 9 ) 


0 (1 — sin^ 0 )^ 

in the usual notation of elliptic integrals. If we eliminate t between (5) and 
(7), and then integrate with respect to 0j we find 




y = p: 


■■ (1 “ ^ siii“ 6 )^, 


( 10 ) 


the origin of x being taken to correspond to the position ^ = 0. The path 
can then be traced, m any particular case, by means of Legendre’s Tables 
See the curve marked I on the next page 

If, on the other hand, the solid docs not make a complete revolution, but 
oscillates through an angle a on each side of the position ^ = 0, the proper 
form of the first integral of (3) is 



V sm^a/ 

(11) 

where 

ABQ (0^ 

sm 

(12) 

If wo put 

sin ^ = sin a sin 'yjr, 


this gives 

yhii = — ^ (1 — sin^ a sin^ 

^ sin^ a ^ ^ 


whence 

” — = jF (sin a, 'ylr) . . . . 
sin a ^ 

. .(13) 


Transforming to 'v/r as independent variable, in (5), and integrating, we find 

... .(14) 


X = ^ sin a . F (sin a, ^Jr) — ^ cosec a . F (sin a, yfr), ^ 


Qco 
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The path of the point 0 is now a sinuous curve crossing the line of the 
impulse at intervals of time equal to a half-period of the angular motion. 
This IS illustrated by the curves III and IV of the figure 



There remains a critical case between the two preceding, where the solid 
just makes a half-revolution, 6 having as asymptotic limits the two values 
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± J-jT. This case may be obtained by putting Jc = 1 in (I), or 

a = ^TT m (11) , 

and we find 



6 = cocos By 


■ (15) 

cot = log tan (Itt H- ^6), 


■ (16) 

X = ^ log tan (^TT + ^(9) - ^ sin 6 , 1 
Qco ^ 

y = _ cos <9 ^ 


..(IV) 


Soo the curve II of the figuie^ 

It IS to be observed that the above investigation is not restricted to 
the case of a solid of revolution , it applies ecjually well to a body with 
two perpendicular planes of symmetry, moving paiallel to one of these 
planes, provided the origin be properly chosen If the plane in question be 
that of xy, then on transferring the origin to the point (FjB, 0, 0) the last 
term in the formula (2) of Art 126 disappears, and the equations of motion 
take the form (2) above On the other hand, if the motion be parallel to zx 
we must transfer the origin to the point (— jF/C^, 0, 0) 

Tlie results of this Article, with the accompanying diagrams, serve to 
exemplify the statements made near the end of Art. 124. Thus the curve IV 
illustrates, with exaggerated amplitude, the case of a slightly disturbed stable 
steady motion parallel to an axis of permanent translation. The case of 
a slightly disturbed imstahle steady motion would be represented by a curve 
contiguous to II, on one side or the other, according to the nature of the 
distuibanco 

128. The mere question of the stability of the motion of a body paiallel 
to an axis of symmetry may of course be more simply treated by approximate 
methods Thus, in the case of a body with three planes of symmetry, as in 
Art 126, 3^^, slightly disturbed from a state of steady motion parallel to x, we 
find, writing 11 = 1 x 0 + 10 , and assuming u\ v, iv, p, q, r to be all small, 

, d'U/ dv i ^ dw . 



lu order to bring out tho peculiar features ol the motion, tiro curves Jiavo been drawn for 
the somewhat extreme case of A =5 If. In the case of an inhnitely thin disk, without inertia of 
its own, we should have AIB = (d, the cuivea would then have cusps where they meet the 
axis of y It appears from (5) that x has always the same sign, so that loops cannot occur in 
any case 

In the vaiious cases figured the body is piojected always with the same impulse, but with 
different degrees of rotation In the curve I, the maximum angular velocity is times what 
it IS in the critical case II, whilst the curves III and IV lepresent oscillations of amplitude 45° 
and 18° respectively. 
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Hence 


B 


AH A{A-B) 
dP E 




with a similar equation for r, and 


G 


(Pw 

df 


A (A --G) 

Q 


u^w = 0 , 


..( 2 ) 


with a similar equation for q. The motion is therefore stable only when A 
IS the greatest of the three quantities A^ By 0. 


It IS evident from ordinary Dynamics that the stability of a body moving parallel to an 
axis of symmetry will be increased, or its instability (as the case may be) will be dmiinishod, 
by communicating to it a rotation about this axis This question has been examined by 
Greenhill* 


Thus, m the case of a solid of revolution slightly disturbed from a state of motion in 
which u and yi are constant and the remaining velocities aie zero, if we neglect squares 
and products of small quantities the first and fourth of equations (1) of Art 124 give 

dujdt = 0 , dp jdt = 0 , 

whence u^u^y • .... *(3) 

say, where Uq, pQ are constants. The remaining equations then take, on substitution from 
Art 126 (3), the forms 

If we assume that v, w, qy r vary as d^^y and eliminate their ratios, we find 

«<r2±(P-2«)?)o<r-{(P-«)i>oHj(A-i?)v}=0 . (()) 

The condition that the roots of this should bo real is that 


should be positive. This is always satisfied when and can be tsatisfied in any ease 

by giving a sufficiently great value to p^ 

This example illustrates the steadiness of flight which is given to an elongated proioctilo 
by rifling. 


129 In the investigation of Art 125 the term ‘steady’ Avas used to 
characterize modes of motion in which the ‘ instantaneous screw ’ preserved 
a constant relation to the moving solid In the case of a solid of revolution, 
however, we may conveniently use the teim in a somewhat wider sense, 
extending it to motions in which the vectors representing the velocities 
of translation and rotation are of constant magnitude, and make constant 
angles with the axis of symmetry and with each other, although their relation 
to points of the solid not on the axis may continually vary 

Pluid Motion between Confocal Elliptic Cylindeis, <&c ” Quart Jown. Math , t xvi (1879) 
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The conditions to be satisfied in this case are most easily obtained from the equations 
of motion of Art 124, which become, on substitution from Art 126 (4), 

A'^=B{rv-q^v), Pf=0, 

B^-=^Aqu- Bpv^ Q^= (A-B) %v+{P—Q) pq j 

It appears thaty? is in any case constant, and that q^-i-r^ will also be constant provided 

vjq—iolr^ say . , . (2) 

This makes and i;2 4.^2:^const It follows that I will also be constant; and it 

only remains to satisfy the equations 

hB = (JcBp -Au)i, <2 M - -S) hu+{P-Q)p] r 


These will be consistent provided 

kB {{A-B)huA-{P-Q)p]-\‘Q (JcBp -Au)=0, 

. u hBP /o\ 

whence - == -7 7 : — frwn — W\ • 

p AQ-kW{A-‘B) 

Hence by variation of k we obtain an infinite number of possible modes of steady motion, 
of the kind above defined In each of these the instantaneous axis of rotation and the 
direction of translation of the origin are in one plane with the axis of the solid. It is 
easily seen that the origin describes a helix about the line of the impulse 


These results are duo to KirchhofiP 


130 The only case of a body possessing hehcoidal propei'ty, whore 
simple results can be obtained, is that of the ' isotropic helicoid ' defined by 
Art 126 (8) Let 0 be the centre of the body, and let us take as axes of 
co-ordinates at any instant a line Ox parallel to the axis of the impulse, 
a line Oy drawn outwards fiom this axis, and a line Oz perpendicular to the 
plane of the two foimer If I and K denote the force- and couple-constituents 
of the impulse, we have 

Atb + Lp=^=^I, Av — Aw + Lr=!^=0, ] . 

Pp + Lii — X = Ky Pq -hLv = p = 0y Pr -h Lw = v — /'o-, J 

where ixr denotes the distance of 0 from the axis of the impulse. 


Since AP — =1= 0, the second and fifth of these equations shew that = 0, 

g=0. Hence 'ur is constant throughout the motion, and the remaining 
quantities are also constant; in particular 


P I-LK 

AP-P^’ 


Llzr 

AP-P' 


w — 


( 2 ) 
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The origin 0 therefore describes a helix about the axis of the impulse, 
of pitch 

K_P 
I i* 

This example is due to Lord Kelvin^. 


131 Before leaving this part of the subject we remaik that the 
preceding theory applies, with obvious modifications, to the acyclic motion 
of a liquid occupying a cavity in a moving solid If the origin be taken at 
the centre of inertia of the liquid, the formula for the kinetic energy of the 
fluid motion is of the type 

2T = m ('id + -I- W-) + -P Er^ -h 2P + 2R'^2 (1) 

For the kinetic energy is equal to that of the whole fluid mass (m), supposed 
concentrated at its centre of inertia and moving with this point, together with 
the kinetic energy of the motion relative to the centre of inertia The latter 
part of the energy is easily proved by the method of Arts. 118, 121 to be 
a homogeneous quadratic function of _p, q, r 

Hence the fluid may be replaced by a solid of the same mass, having the 
same centie of inertia, piovicled the pimcipal axes and moments of inertia be 
properly assigned 


The values of the coefficients in (1), for the case of an ellipsoidal cavity, may be calcu- 
lated fioin Art 110 Thus, if the axes of y, s coincide with the principal axes of the 
ellipsoid, we find 


P, 


Q, R=^m 




-Jm 


(c2-a2)2 




F, Q', R'=0 


Case of a Perforated Solid 

132 If the moving solid have one or more apertures or pei foliations, so 
that the space external to it is multiply-connected, the fluid may have 
a motion independent of that of the solid, viz a cyclic motion in which the 
circulations in the several irreducible circuits which can be drawn through 
the apertures may have any given constant values. We will briefly indicate 
how the foregoing methods may be adapted to this case 

^ l G ante p 157 It is there pointed out that a solid of the kind here in question may be 
constructed by attaching vanes to a spheie, at the middle points of twelve qiiadrantal arcs drawn 
so as to divide the suiface into octants The vanes aie to be perpendicular to the surface, and 
are to be inclined at angles of 45° to the lespective arcs Prof. Larmor [I c ante p 162) gives 
another example “ If we take a regular tetrahedron (or othei regular solid), and replace the 
edges by skew bevel faces placed m such wise that when looked at from any corner they all slope 
the same way, we have an example of an isotropic helicoid ” 

Por some furthei investigations in the present connection see a papei by Miss Fawcett, “ On 
the Motion of Solids in a Liquid,” Quait, Jown Math , t xxvi (1893) 
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Let K, K, K, ... be the circulations in the various circuits, and let So-, So-', 
S(j", . be elements of the corresponding barriers, drawn as in Ait 48 
Further, let I, m, n denote the direction-cosines of the normal, drawn towards 
the fluid at any point of the surface of the solid, or drawn on the positive 
■side at any point of a barrier The velocity-potential is then of the form 

4^0} 

where 4 “ + ^42 + '^4^ + PX^ + + ^X^’ 

(pQ = /C(0 + /c'ci)' ■+ + . 

The functions 4 ^, </> 3 , %i, % 2 > %3 arc determined by the same conditions as 
in Alt 118 To determine we have the conditions (1*^) that it must 
satisfy = 0 at all points of the fluid , (2'') that its derivatives must vanish 
at infinity, (3®) that dcojdn must = 0 at the suiface of the solid , and (4‘^) that 
<0 must be a cyclic function, diminishing by unity whenever the point to which 
it refers completes a circuit cutting the first barrier once (only) in the positive 
direction, and recovering its original value whenever the point completes a 
circuit not cutting this barrier It appears from Art 52 that these conditions 
determine co save as to an additive constant In like manner the remaining 
functions co', 6)", ... are determined 

By the formula (5) of Art 55, twice the kinetic energy of the fluid is 
equal to 

~ P jj(^ + 4d ^ + ^ 0 ) dS 

j 1^(4 4o) d(T - pK j^f4 + 4o) da --- (2) 

Since the cyclic constants of 4 zero, and since 0(^o/9'^^ vanishes at the 
surface of the solid, we have, by Art 54 (4), 

Hence (2) reduces to 

Substituting the values of </>, 4o (1-) we find that the kinetic energy 
of the fluid IS equal to 

T + if, (4) 

where T is a homogeneous quadratic function of v, w, p, q, r, of the form 
defined by Ait 121 (2) (3), and 

2if = (/c, k) /c^ + {fc', fc) -f 2 (/c, fc') fcic' 4- . . . , ... . (5) 




1'72 Motion of Solids through a Liquid [chap, vi 

where, for example, 



The identity of the diffeient forms of (a;, k) follows from Art. 54 (4). 

Hence the total energy of fluid and solid is given by 

T = ® + ir, (7) 

where ® is a homogeneous quadratic function of v, w, p, q, r of the same 
form as Art 121 (8), and K is defined by (5) and (6) above. 


133 The Tmpulse’ of the motion now consists partly of impulsive forces 
applied to the solid, and partly of impulsive pressures p/c, pK , pic' , . applied 
uniformly (as explained in Art. 54) over the several membranes which are 
supposed for a moment to occupy the positions of the barriers Let us 
denote by fi, ? 7 i, Xi, the components of the extraneous impulse 

applied to the solid. Expressing that the ^r-component of the momentum of 
the solid is equal to the similar component of the total impulse acting on it, 
we have 

~ P Jj'(^ + <^o) 


= ^i+p fj(ui>,+ ..+PXj+... + ^cco+.. )^^d8 

= S + dS+p>c'jja>'^-hdS+.. , 


( 1 ) 


where, as before, Ti denotes the kinetic energy of the solid, and T that part 
of the energy of the fluid which is independent of the cyclic motion Again, 
considering the angular momentum of the solid about the axis of x, 
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Hence, smoe ® = T + Tj , we have 


X,= -^-pK IIO> 


dll 


dS 




dll 


«■ -^dS- 
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( 3 ) 


By virtue of Lord Kelvin’s extension of Green’s theorem, already referred 
to, these may be written m the alternative forms 

a® 




dp 


....(4) 


Adding to these the terms due to the impulsive pressures applied to the 
harriers, we have, finally, for the components of the total impulse of the 
motion^, 

t y _i_ t _L -L y ' 


dv 


dw 


^ a® , ^ a® . a® , 


( 5 ) 


wheie, for example. 


^ 0 = pic 




ny — mz + da P^' JJ + 


071 


(la 4“ , 


(<0 


It IS evident that the constants Vo> ^o, ^o, P'o, Vi) arc the components 
of the impulse ot the cyclic fluid motion which would icmain if the solid 
were, by forces applied to it alone, biought to rest 

By the argument of Ait 119, the total impulse is subject to the same 
laws as the momentum of a finite dynamical system. Hei ce the equations 
of motion of the solid are obtained by substituting from (5) m the equations 
(1) of Alt 120t 


134 : As a simple example we may take the case of an annular solid of 
revolution If the axis of x coincide with that of the iing, wo see by 
reasoning of the same kind as in Art. 126, 4'" that if the situation of the 
origin on this axis be properly chosen wo may write 

2T = AiP + B{v^ + w^) -f iy + Q (q^ + r'^) 4- (/c, k) (1) 

Hence 77, ^=Atc + ^o^ Bv, Bw, X, /^, v^Pp, Qq, Qr ... .(2) 

Of Sir W Thomson, Z 6 ante^ 157 

t This conclusion may be verified by direct calculation fiom the pressure-formula of Art 20 , 
see Bryan, “ Hydrodynamical Proof of the Equations of Motion of a Perforated Solid, 

Fhil Mag , May, 1893 



174 


Motion of Solids through a Liquid [ chap , vi 

Substituting in the equations of Art 120, we find dpjdt = 0, or = const , 
as is otherwise obvious Let us suppose that the ring is slightly disturbed 
from a state of motion in which v, w, p, q, r. are zero, z e a steady 
motion parallel to the axis In the beginning of the disturbed motion 
V, w, p, q, r will be small quantities whose products we may neglect The 
first of the equations referred to then gives duldt = 0, or m = const, and the 
remaining equations become 

■6 ^ = - + fo) »•= Q^ = -[(A -B)u+^,}w, ' 

, , [ (3) 

(Au+^,)q, {^A-B)u+^,]v ] 

Eliminating r, we find 

{(il - 5) u + ^o} (4) 

Exactly the same equation is satisfied by lu. It is therefore necessary and 
sufficient for stability that the coefficient of v on the right-hand side of (4) 
should be negative ^ and the time of a small oscillation, when this condition 
IS satisfied, is* 

(5) 

We may also notice another case of steady motion of the ring, viz where the impulse 
reduces to a couple about a diametei It is easily seen that the equations of motion aie 
satisfied by r}, X, fi=0, and v constant, in which case 

“ foM) 7’=const 

The ring then rotates about an axis m the plane yz parallel to that of at a distance ulr 
from itt 

Equation of Motion in Generalized Co-ordinates 

135 When we have more than one moving solid, or when the fluid is 
bounded, wholly or m part, by fixed walls, we may have recourse to Lagrange’s 
method of ‘generalized co-ordinates ’ This was first applied to hydrodynamical 
problems by Thomson and Tait| 

In any dynamical system whatever, if p, ^ aie the Cartesian co-ordinates 
at time t of any particle m, and X, Y, Z the components of the total force 
acting on it, we have of course 

m^ = X, mrj = Y, vi'^^Z (1) 

* Sir W Thomson, Z c ante p. 157. 

+ For farther investigations on this subject we lefer to papers by Basset, “ On the Motion 
of a Eing m an Infinite Liquid,” Proc Gamt, Phil Soc vi (1887), and Miss Fawcett Ic ante 
p 170 

X Natural Philosophy (1st ed ), Oxford, 1867, Ait 331 


BQ 

{Al(j + ^o) {(-4 — B) U + I’d 
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Now let 14- o'j + Lr], be the co-ordinates of the same particle, at 

time t, in any arbitrary motion of the system differing infinitely little fiom 
the actual motion, and let us form the equation 

4 77A7? 4 t’AO = 2 (XA | 4 FA77 4 Z^O, . ( 2 ) 

where the summation S embraces all the particles of the system This 
follows at once from the equations (1), and includes these, on account of the 
arbitraiy character of the vanations A^, At;, A^ Its chief advantages, how- 
evei, consist in the extensive elimination of internal forces which, by imposing 
suitable restrictions on the values of A^, At;, Af wo are able to effect, and in 
the facilities which it afloids for transformation of co-ordinates. It is to be 
noticed that 


so that the symbols d and A aie commutative 

The systems ordinarily contemplated m Analytical Dynamies are of 
finite freedom, le the position of every particle is completely detei mined 
when ive know the values of a finite number of independent variables or 
‘generalized co-ordinates’ qi, q^, ... q^, so that, for example, 


dq,' 


Lt 

% 








OT 


The kinetic energy can then bo expressed as a homogeneous quadiatic 
function of the * generalized velocity-components^ • - 2^5 thus 


22’= J.n2i“4 ^222*/+ •• +2J.i22i2a+- • •• -(4^) 

where 





\dq, d(j, 


+pji^^ + 

Sf/j dq„ 


af an 

dq,.dqs_ 

• -(5) 


The quantities A,,, arc called the ‘ inertia-coefficiculs’ of tlio system, 
they arc in general functions of the co-ordiiiatcs </i, q.^, . 


Again, wc have 


where 


2(A^Af-i-FA97 4-^rAf) = CAAg, - 1 - QAq-i + ■■■ + Q,Aq>i , 



.( 6 ) 

■(0 


The quantities Q, ate called the ‘generalized components of force’ 
case of a conservative system we have 


Q>=- 


dq. 


In the 


( 8 ) 
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Also, from (3) and (5), 


or 


= (An^i +^12^2 + • 

+ ^m<ln) Agi 


+ (A2igi •+• -^-22^2 4- 

-f A27^g7^) Ag2 


+ 

+ (AjuS'i + + 

+ ■A.qiqiq^i^ 


dT ^ dT ^ 

— 5 — Ag'i H- » — Aga H" 

951 ^ 9?2 ^ 

dT ^ 

(9) 


+p,Aqn, 

(10) 

dT 

Sqr 

... 

• (11) 


where 


The quantities pr called the 'generalized components of momentum’ of 
the system When T is expressed as m (4) as a homogeneous quadiatic 
function of g'l, ^ 2 , we have 

( 12 ) 

Since + ^ Sm (|A|^ + - AT, ..(13) 

the transformation of (2) to generalized co-oidinates is easily completed by 
substitution from (9) and (6) The variations of the velocities cancel , 
and, equating coefficients of the independent variations Ag, of the co-oidinates, 
we obtain n equations of the typo^ 


ddT _dT_^ 

dt dqi dqr 

Fiom (12) and (14) we derive 
dT 

2 = Piffi + Ml + |>2g2 + 
fdT 


(14) 






"h Pn^n 4“ Pn^n 

+ Q‘2)q‘z+- +(|^+Q«)9'« 


?qn 


, dT dT dT 

_ 4. _j_ _ _j_ 


whence 


dT 


Q 222 + 

or, in the case of a conservative system 

d 


Qn^n 


(r+F) = o, 


(15) 

(16) 


dt 

which IS the equation of energy 

^ This summary of Lagrange's proof is introduced merely to facilitate refeience to the 
■various steps, in the hydrodynamical investigation of the next Art A proof by direct transforma- 
tion of co-ordinates, not involving the method of ‘ vaiiations,’ has been given by Hamilton {JPhil 
Tians , 1835, p 96), Jacobi, Beitrand, and Thomson and Tait, see also Whittaker, Analytical 
JOynamics, Cambridge, 1904, p 33 
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If we multiply (2) by ht, and integiate between the limits to and t^, we 
find, having regard to (13), 


["' {AT+ 2 (ZAf + YAv + YA^)} 

^ fa 


dt = 


2m + v^v + 


(17) 


If we now introduce the additional condition that in the varied motion 
the initial and final positions shall be respectively the same for each particle 
as in the actual motion, the quantities A^, Arj, Af will vanish at both limits, 
and the equation reduces to 

r {AT + 2 (ZA^ + YAv + ZA^)} dt = 0, (18) 

or, for a conservative system 


A r(T-V)dt = 0 (19) 

Jt, 

In words, if the actual motion of the system between any two configura- 
tions through which it passes be compared with any slightly varied motion, 
between the same configurations, which the system is (by the application of 
suitable forces) made to execute m the same time, the time-integral of the 
‘ kinetic potential’ t F — y is stationary 

In terms of generalized co-oidmates, the equation (18) takes the form 

f (AT + QiAqi -H Q2A(ji^ + . -1- QnA(2n) dt — 0 ... (20) 

to 


This embraces the whole dynamics of the system in a mathematically 
compact form From it Lagrange’s e(iuationR can immediately be deduced ; 
cf. Art 139. 


136 Proceeding now to the hydrodynamical problem, let qi, ... q^ 
bo a system of generalized co-ordmates which serve to specify the configuration 
of the solids We will suppose, for the pioscnt, that the motion of the fluid 
IS entirely due to that of the solids, and is therefore irrotational and acyclic 

In this case the velocity-potential at any instant will bo of the form 

^ -f . . ‘ .. • (1) 

where . . are determined m a manner analogous to that of Ait 118, 

The formula for the kinetic oncigy of the fluid is then 

2T = - p jj(/) cW = + 4- 2Ai,j'ig'.j + . . , . . .(2) 

Su W B Hamilton, “ On a Gcnoial Metliod m Dynamics,’* Phil. Tunis., 1834, 1835 
i Tho name was introduced by v Helmliolte, ^‘Die physikalische Bedeutung dos Brinoips dei 
Moinsten ’Wiikung,” t c, p 137 (18B6) [Oes AhJi t m. p. 203] Whittaker, Analytical 

dynamics, p 38, reverses the sign 


L 


12 
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the integrations extending over the instantaneous positions of the bounding 
surfaces of the fluid. The identity of the two forms of follows from 
Green’s Theorem The coefficients Kr, A,* will in general be functions of 
the co-ordinates g'l, 52, ... q^n- 

If we add to (2) twice the kinetic energy, Tj, of the solids themselves, we 
get an expression of the same form, with altered coefficients, say 

2T= Aiig-x® + + + 2-4x22x32 -f (4) 

It remains to shew that, although our system is one of infinite freedom, 
the equations of motion of the solids can, under the circumstances pre- 
supposed, be obtained by substituting this value of T in the Lagrangian 
equations. Art 135 (14) We are not at liberty to assume this without 
further examination, for the positions of the vatious particles of the fluid arc 
not determined by the instantaneous values 2i> co-ordinates 

of the solids For instance, if the solids, after performing various evolutions, 
return each to its original position, the individual particles of the fluid will 
in general be found to be finitely displaced* 

Going back to the general formula (2) of Art 135, lot us suppose that in 
the vaiied motion, to which the symbol A refers, the solids undergo no 
change of size or shape, and that the fluid remains incompressible, and has, 
at the boundaries, the same displacement in the direction of the normal as 
the solids with which it is in contact It is known that under these 
conditions the terms due to the internal reactions of the solids will disappear 
from the sum 

2(XAf+ FAi/ + ilA0 


The terms due to the mutual pressures of the fluid elements are equivalent to 

- /// (I +1 *0 

or J + mAv + dm dydz, 

where the former integral extends over the bounding surfaces, and Z, m, n 
denote the direction-cosines of the normal, drawn towards the fluid. The 
volume-integral vanishes by the condition of incompressibility 


dx dy dz 


( 5 ) 


* As a simple example, take the ease of a circular disk which is made to move, without 
rotation, so that its centre describes a lectangle two of whose sidcH aio noimal to its plane, and 
examine the displacements of a particle initially in contact with the disk at its centre 
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The surface-integral vanishes at a fixed boundary, where 

-f mAt/ + ^lAf = 0 , 

and in the case of a moving solid it is cancelled by the terms due to the 
piessure exerted by the fluid on the solid Hence the symbols X, F, Z may 
be taken to refer only to the extraneous forces acting on the system, and we 
may write 

% (XA^ -f FAr) + ZA^) = Q^Aq^ + Q.Aq-i + • . . -I- QnXqn, . . . (6) 
where Qi, Q.^, . denote the generalized components of extraneous force 

The varied motion of the fluid has still a high degree of generality. We 
will now fuither limit it by supposing that while the solids are, by suitable 
foiccs applied to them, made to execute an arbitraiy motion, the fluid is left 
to take its own course in consequence of this. The varied motion of the 
fluid may accordingly bo taken to be irrotational, in which case the varied 
kinetic energy T+AT of the system will be the same function of the 
varied co-ordinates g,.-!- Ag,, and the varied velocities qr + Aqr, that the actual 
energy T is of qr and q, . 

Again, considering the particles of the fluid alone, we shall have, on the 
same supposition, 

%m. 4- ijAi) 4- ^Af) = — p jjj' Ax 4- Ay -|- A;^ dxdydz 

= p l'j<p(lA^ + mAy H- iiAf) dS, 

whore use has again been made of the condition (5) of incompressibility. By 
the kinomatical condition to he satisfied at the boundaries, we have 

lAi + mAv 4 «A?= - Ag, - ^ A?, - ^ Aep, 

and therefore 

tm{lA^+vAr, + tAO = -pjl<t> Aq,+ Aq, + ...+^^ Ag„) d^ 

= (Anji 4- 4- . 4- Ai^tg'w) Ar/i 4* (Aaig^^ 4- 4- . . . + Agg 4- . . . 

4- (A,,ngi 4- 4 . 4 Annqn) 

0T 0T 0T 

w 

(1). (2), (3) above If we add the terms duo to the solids, we find that 
the relation (9) of Art 1-15 still holds, and the deduction of Lagrange’s 
equations 

ddT _dT _ 

dtdq, dq,~^' 

then proceeds exactly as before* 

* This investigation was biictly indicated m the last edition 


12-^2 
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As m Art 135, these equations lead to 

^ = Qi2i + + • • • + Qn<ln, 

or, m the case of a conservative system, 

y+F= const (9) 


137 As a first application of the foregoing theory we may take an 
example given by Thomson and Tait*, where a sphere is supposed to move 
in a liquid which is limited only by an infinite plane wall 

Taking, for simphcity, the case where the centre moves in a piano 
perpendicular to that of the wall, let us specify its position at time t by 
rectangular co-ordinates x, y in this plane, of which y denotes distance from 
the wall. We have 

where A and B are functions of y only, it being plain that the term xy 
cannot occur, since the energy must remain unaltered when the sign of x is 
reversed The values oi A, B can he written down fiom the results of 
Arts 98, 99, viz if m denote the mass of the sphere, and a its radius, 
we have 

I 

approximately, if y he great in comparison with a. j 


The equations of motion give 


[dA dB . 


• ■ (3) 


where X, T are the components of extraneous force, supposed to act on tluj 
sphere in a line through the centre 


If theie he no extraneous force, and if the sphere be projected in a 
direction normal to the wall, we have i 0, and 


By^ = const , (4) 

Since JB diminishes as y increases, the sphere experiences an acceleration 
from the wall. 

Again, if the spheie be constrained to move in a line parallel to the wall, 
we have y = 0, and the necessary constraining force is 

W 


* ?. c ante p. 174 
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Since dAjdy is negative, the sphere appears to be atti acted by the wall. The 
reason of this is easily seen by reducing the problem to one of steady motion. 
The fluid velocity will evidently be greater, and the pressure therefore less, 
on the side of the sphere next the wall than on the further side, see 
Art 23 

The above investigation will also apply to the case of two spheres 
projected in an unlimited mass of fluid, m such a way that the plane y = 0 
IS a plane of symmetry in all respects 


138. Let us next take the case of two spheres moving in the line 
of centies 


The kmomatical part of this problem has been treated m Art 98 If wo now denote 
by X, y the distances of the centres of the spheres /I, B fiom some hxod origin 0 in the line 
joining them, wo have 

%T— Lap" - 2 Mxy + (1) 

where the coefficients X, M, N are functions of y-x\ or o, the distance between the 
centres Hence the equations of motion are 

d fT -xr \ ^ ^ (dL c. cs dM , , dl^ A \ 

- 2 = 1 , 

- •(^) 

d / n f , AT \ X f dL a r, d/]^ • dN A 

5-^ (- -H* ^ ^ J 

where X, Y are the forces acting on the spheres along the line of centres If the radii a, h 
are both small compared with c, wo have, by Art 98 (15), keeping only the most important 
terms, 

aPir 

X=m+|7rpa'^, i/=27r/) — j- , TT/X'^) .(3) 


approximately, whore m, are the masses of the two sxiheres. 
approximation 


dL ^ dM 



Hence to this order of 


If each sphere be constrained to move with constant velocity, the force which must be 
applied to A to maintain its motion is 


X = 


dlf , , dM ^ aW , 

i,, y (y - *) - = ^vrp 


do 


■ (4) 


This tends towards X, and depends only on the velocity of B The spheres therefore 
appear to repel one another , and it is to bo noticed that the apparent forces are not equal 
and opposite unless x= ±y 

Again, if each sphere make small pei iodic oscillations about a mean position, the period 
being the same for each, the moan values of the first terms in (2) will be zero, and the 
spheres therefore will appear to act on one another with forces equal to 

(5) 


where [%] denotes the mean value of xy. If x, y differ in phase by loss than a quarter- 
period, this force IS one of repulsion, if by more than a quarter-period it is one of attraction 
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Next, let B perform small periodic osciUations, while A is held at rest The mean force 
hich must be applied to A to prevent it from moving is 




dc 


[fl 


(6) 


here [y2] denotes the mean square of the velocity of B To the above order of approxi- 
ation dSr/dc IS zero , on reference to Art. 98 we find that the most important term m it 
- l^TTpa^h^jo’, so that the force exerted on A is attractive, and equal to 

(tf AG 

(7) 


This result comes under a general principle enunciated by Lord Kelvin If we have 
VO bodies immersed in a fluid, one of which (A) performs small vibrations while the other 
?) IS held at rest, the fluid velocity at the surface of B wiU on the whole be greater on the 
de nearer A than on that which is more remote Hence the average pressure on the 
mer side will be less than that on the latter, so that B will experience on the whole an 
traction towards A As practical illustrations of this principle we may cite the apparent 
traction of a delicately-suspended card by a vibrating tuning-fork, and other 

lenomena studied expenmentally by Guthrie* and explained in the above manner bv 
ord Kpilvin+ 


Modification of Lagtange's Equations in the case of Cyclic Motion 

139 We return to the investigations of Art 135, with the view of 
Japting them to the case where the fluid has cyclic irrotational motion 
irough channels in the moving solids, or (it may be) in an enclosing 
Jssel, independently of the motion due to the solids themselves 

Let us imagine barrier-surfaces to be drawn across the several apertures 
1 the case of channels in a containing vessel we shall suppose these ideal 
irfaces to be fixed in space, and in the case of channels in a moving solid 
e shall suppose them to be fixed relatively to the solid Let 
3 the fluxes at time t across, and relative to, the several barriers, Lnd’let 

X> X > he the time-integrals of these fluxes, reckoned from some 
bitrary epoch, these quantities determining (therefore) the volumes of 
lid which have up to the time t crossed the respective bariiers It will 
ipear that the analogy with a dynamical system of finite freedom is still 
nserved, provided the quantities .. be reckoned as generalized 

-ordinates of the system, in addition to those {q,, q,, .. g„) which specify 
e positions of the moving sohds It is obvious already that the absolute 
•lues of X, p/", . . will not enter into the expression for the kinetic 
.ergy, but only their rates of variation. 


I ‘‘O^^pioach caused by Vibration,” i>roo Boy Soc , t xni (1869) . Nov 1870] 

+ Rep, int of Pape, s on Electrostatics, dc , Art 741 For references to further investigations, 
b experimental and theoretical, by Bjerknes and others, on the mutual influence of oscillating 
leres m a fluid, see Hicks, “Eeport on Becent Eesearohes in Hydrodynamics,” Bnt. Ass Rep 
PP , Love, Bncycl d. math. Wzss , t. iv. (2) pp 111^ 112 ^ 
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Cyclic Motion 


In the first place, we may shew that the motion of the fluid, in any given 
configuration of the solids, is completely determined by the instantaneous 
values of gi, ... q^, %, • .* Foi if there were two modes of 

irrotational motion consistent with these values, then, in the motion which 
IS the d%ffeTence of these, the boundaries of the fluid would be at rest, and 
the flux across each barrier would be zero The formula (5) of Art 55 shews 
that under these conditions the kinetic energy must vanish 

It follows that the velocity-potential can be expressed in the form 

= qi^i + 2*2^2 + • • + q^i^n + + (1) 

Here is the velocity-potential of a motion in which q^ alone varies and 
the flux across each bariiei is accordingly zero. Again 11 is the velocity- 
potential of a motion in which the solids are all at rest, whilst the flux 
through the fiist aperture is unity, and that through every other aperture is 
zero It IS to be observed that ... in general all of 

them cyclic functions, -which may however be treated as single-valued, on the 
conventions of Art 50 


The kinetic energy of the fluid is given by the expression 


2T = 


r r r 

) 

J J J 


daij 


+ 


0<]f) 


(9^) I 


(2) 


where the integral is taken over the region occupied by the fluid at the 
instant under consideration If wo substitute from (1) we obtain T as a 
homogeneous quadratic function of ^i, • q^u X> ••• with coefficients 

which depend on the instantaneous configuration of the solids, and are there- 
fore functions of 52 j • 2n only Moreover, we find, by Art 53 (1), 

0 T fffm dfi d</> 00 d<f> dfi) 

UJid^vd^) hj dy dz dz\ ^ 


8% 


= -- p 0 ao — p/c ^ aa — pic - -cter - 

^JJ^dn ^ JJ dn ^ JJ d7i 


where /c, /c', ... aie the cyclic constants of 0, and the first surface-integral is 
to be taken over the surfaces of the solids, and the remaining ones over the 
several barriers By the conditions which determine this gives the first 
equation of the system 


0T 9T 


(3) 


These show that pK, pK\ . . are to be regarded as the generalized components 
of momentum corresponding to the velocity-components respectively. 

We have recourse to the general Hamiltonian formula^ (17) of Art 135, 


* It IS possible to arrange an investigation on the Lagiangian plan, parallel to that of 
Art 136, but the proof of the formulae corresponding to (5) below involves some rather delicate 
considerations. 
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We will suppose that the varied motion of the solids is subject only to the 
condition that the initial and final configurations are to be the same as in 
the actual motion , also that the position of each particle of the fluid 

IS the same in the two motions. The expression 

2^/1 -h ^A^) 

will accordingly vanish at time hut not in general at time m the 
absence of further restrictions 

We will now suppose that the varied motion of the fluid is irrotational, 
and accordingly determined by the instantaneous values of the varied 
generalized co-ordinates and velocities Considering the particles of the 
fluid alone, we have 

2m (^A^ -h 7)^7] + ^A^) = — p JJJ A|^ + At; + A^j dxdydz 

~ mAi; + TiAf) dS + p/cJJ (lA^ -h mAy + 7iA^) da 

+ pfc'jj(lA^-+7}tAy + nA^)da+ , . ...(4) 

where Z, m, are the direction-cosines of the normal to an element of the 
bounding surface, drawn towaids the fluid, or (as the case may be) of the 
normal to an element of a barrier, drawn m the direction in which the 
corresponding circulation is estimated 

At time ti we shall have 

lA^ 4- mAr) + nA^ = 0, 

at the surfaces of the solids, as well as at the fixed boundaries. Again, 
it AB represent one of the barriers in its position 
at time and if A'B' represent the locus at the 
same instant, in the varied motion, of those particles 
which in the actual motion occupy the position AB, 
the volume included between AB and A'B' will be 
equal to the corresponding Ap^, whence 

J I + mAy 4- nA^) da = A;)^, 

J'j’ilA^ 4- mATf + 7iA^) da = Ax, 

The varied circulations are, from instant to instant, still at our disposal 
We may suppose them to be so adjusted as to make A%, Ax^, . vanish at 
tame t,. The right-hand member of Art 135 (17) will accordingly vanish, 
and if we further suppose that the extraneous forces do on the whole no 
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work when the boundary of the fluid is at rest, whatever relative displace- 
ments be given to the parts of the fluid, the formula reduces to 


ftl 

{AT -h Ag'i + + . . + QnAg«] dt = 0 

f n 


- (6) 


From this Lagrange’s equations follow by a known process We have 

dT ^ dT ^ dT ^ 

dqi dq^ ^ dq^ ^ 


dT ^ dT . , 

, 92" . dT ^ , dT . 


•(7) 


Hence, by a partial integration, and remembering that by hypothesis 
Agi, Aq^, . Ag„, A-y,, Af, ... vanish at the limits to, ti, we find 


n\ A /^9r 

(UiSg'i dqi ^7 ^^'^ydtdqz 


dT 

fig's 


QqJ 


, , fddT dT . \ . . ddT . ddT . . , ,, ^ 


\dtdq„ dqn 


( 8 ) 

Since the values of A^i, Ag'a, .. Ag^j A%, A%', ... within the range of 
integration are still arbitrary, their coeflScients must separately vanish. 
We thus obtain n equations of the type 



ddT 
dt dq,' 

^-0 
dqr~^'’ • 

(9) 

together with 

dtdx 

dtdx' ’ ■ 

(10) 


140 Equations of the types (9) and (10) present themselves in various 
problems of ordinary Dynamics, e ^ in questions relating to gyrostats, where 
the co-ordinates . , whose absolute values do not affect the kinetic or 

the potential energy of the system, are the angular co-ordinates of the 
gyrostats relative to their frames. The general theory of such systems has 
been treated by South*, Thomson and Taitf, and other writers 


* On the Stability of a Given State of Motion (Adams Prize Essay), London, 1877, Advanced 
Eigul Dynamics, 5tli ed , London, 1892 

t Natural Philosophy, 2nd ed , Art 319 (1879). See also von Helmholtz, “Prmoipien der 
Statik monocyclischer System©,” Gielle, t xcvu (1884) [Ges Abh , t m. p 179], Larmor, 
“ On the Direct Application of the Principle of Least Action to the Dynamics of Solid and Fluid 
Systems,” Pioc. Lond Math. Soc , t xv (1884), Lamb, Ait. “Dynamics, Analytical,” ii7nc?/c. 
Brit , t xxvii p 566 (1902) , Whittaker, Analytical Dynamics, c. m 
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We have seen that 


■bT dT 

^.p^. 


(11) 


and the integration of (10) shews that the quantities k, k, . are constants 
with regard to the time, as is otherwise known (Art. .50). Let us write 


B = T-pkx~pk'x'- ( 12 ) 

The equations (11), when written in full, determine x> x', linear functions 
of K, K, ... and g-i, q^, ... q„, and by substitution in (12) we can express R as 
a homogeneous quadratic function of the same quantities, with coefficients 
which of course in general involve the co-ordinates qi, q^, . . qn On this 
supposition we have, performing the arbitrary variation A on both sides of 
(12), and omitting terms which cancel by (11), 




Agi + 



, 9-^^ A 

o/c 




= .-Hg— Agi-l- .-pxA/c- , ..(13) 

where, for brevity, only one teim of each kind is exhibited Hence we obtain 
2n equations of the types 



dR_dT 
dqr ~ dqr 

dJR_dT 
’ dqr 0g, ’ 

(14) 

together with 

dR 

dR 

(15) 

Hence the equations (9) 

may be written 



d dR 
dt dqr 

dqr~^” • 

■(16) 


where the velocities x, • corresponding to the ‘ignored’ co-ordinates 
%, X, •• have now been elimmated* 


141. In order to shew more explicitly the nature of the modification 
introduced by the cyclic motions into the dynamical equations, we proceed as 
follows 


If we substitute in (12) from (15), we obtain 


T P I ' 9^ 


.(17) 


Now, remembering the composition of R, we may write for a moment 

+ .^1,1 + J2o, 2, . . .. '(Id) 

where R,^, is a homogeneous quadratic function of q^, q^, ^ is a 


* This mvestigation is due to Booth, te , of Whittaker, Analytical Dytmmics, Alt 38 
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homogeneous quadratic function of «, , and is bilinear in these two 

sets of variables. Hence (17) takes the form 

. . (19) 

or, as we shall henceforth write it, 

T = ^-rK, (20) 

where ® and K are homogeneous quadratic functions of q^, and of 

K, k', , respectively. It follows also from (18) that 

= ( 21 ) 

where A, • • are linear functions of k, k, , say 

y3j = aqV + , 

= 0£2 ^ "h ^2 ^ “H • • ? 

/C -h IC + ... 

The meaning of the coefficients a (m the hydrodynamical problem) appears 
from (15) and (21) We find 

dK . N 

P9i: =^-l-«Wi + a2g2 + ...+«n?.i, ) 

, dK , 

P%= 0^ + ai?i + a232+ + 




which shew that a,, is the contribution to the flux of matter across the first 
barrier due to unit rate of variation of the co-ordinate and so on 

If we now substitute from (21) in the equations (16) we obtain the general 
equations of motion of a ^gyrostatic system/ m the form^ 


d 0® 0® 

dt dqi dqi 

d 

dt 0^2 0^2 


+ (Ij 2) ga -h (1, 3) ^3 H- . . . + (1, n) + -^ = Qi, 

+ (2, 1) qj - 1 - (2, 3) + • +* (2, n) g^ + ^ = (Jg, 


d 0® 0® / tn / 


where 


(r, s) = 


9/38 _ ^ 
dq, dqg 


(24) 

(25) 


It is important to notice that (r, s) — — {s, r), and (r, r) = 0. 


* These equations were first given m a paper by Sii W Thomson, “On the Motion of Rigid 
Solids in a Liquid circulating irrotationally through perforations in them or m a Fixed Solid, 
Fhil Mag,, May 1873. See also 0. Neumann, Rydrodynamsche XJutersuchungen (1883). 
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If in the equations of motion of a fully-specified system of finite freedom 
(Art 135 (14-)) we reverse the sign of the time-element U, the equations are 
unaltered The motion is therefore reversible , that is to say, if as the system 
is passing through any assigned configuration the velocities q^, ... be 
all reversed, it will (if the forces be always the same in the same configuration) 
retrace its former path It is important to observe that this statement does 
not in general hold of a gyrostatic system, thus, the teims in (24) which are 
linear in gi, ^ 2 , . g„ change sign with whilst the others do not. Hence, 

in the present application, the motion of the solids is not reversible, unless 
indeed we imagine the circulations k, k', . to be reversed simultaneously 
with the velocities q^, . g„* 

If we multiply the equations (24) by gi, g^, g„ in order, and add, we 
find, by an obvious adaptation of the method of Art 135, 

^ C® 4- JT) = Qigi -[- Qagj + +Qnqn, (2fi) 

or, if the system be conservative, 

'^ + K+ V= const . .(27) 


142 The results of Art 141 may be applied to find the conditions of 
equilibrium of a system of solids surrounded by a liquid in cyclic motion 
This problem of ‘ Kineto-Statics,’ as it may be termed, is however more 
naturally treated by a simpler process. 

The value of <j) under the present cmcumstances can be e.Kpressed in the 
alternative forms 

^ = X^ + X^' + --> • •• • . .( 1 ) 

<f) = KO) + KCO' + , . ( 2 ) 

and the kinetic energy can accordingly be obtained as a homogeneous quad- 
ratic function either of x, x', ■, or of at, with coefficients which are m 

each case functions of the co-ordinates q„ q„ . g„ which specify the con- 
figuration of the solids These two expressions for the energy may be 
distinguished by the symbols To and K, respectively Again, by Art 55 (5) 
we have a third formula 


2T = pKx + p/c'x'+ . (3) 

The investigation at the beginning of Art 139, shortened by the omission 
of the terms involving q^, q,_, . g„, shews that 




(4) 


Just as the motion of the axis of a top cannot be reversed unless 


we le verse the spin 
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Again, the explicit formula for K is 

= (a:, fc) fc^ “H (k'j /c') /c'^ + . . . + 2 (fc, fc) fCK + . . , 


where 


{K,K') = -pjj^^da = -pjP£da\ . 


and so on Hence 

dK 

d/c 

We thus obtain 


= («, «) « + (k, k) k' + ~ jj 


dcfi 

dn 


d(T. 


PX = 


dK 

die ’ 


PX 


,_djc 

'd/c'’ 


.. (5) 
. ...( 6 ) 


..( 7 ) 


Again, writing To + iT for 2T in (3), and performing a variation A on both 
sides of the lesulting identity, we find, on omitting terms which cancel in 
virtue of (4) and (7)*, 


dT,.dK 

dq, ‘^dq, 


( 8 ) 


This completes the requisite analytical formulaef. 

If we now imagine the solids to be guided from rest in the configuration 
(?ij ? 2 ) • • ^n) to rest in an adjacent configuration 


(qj + A(ji , ^2 + Aq,, q,, + Aq,,), 
the work required is Q^^Aq^ + + . + QuAq^, 

where Qi, Q^, . Qn are the components of extraneous force which have to be 
applied to neutralize the pressures of the fluid on the solids This must 
be equal to the inciement AK of the kinetic energy, calculated on the 
supposition that the circulations /c, /c', . are constant Hence 


0-^ 


( 9 ) 


The forces representing the pressures of the fluid on the solids (when these 
arc held at rest) arc obtained by rei'ersing the signs, viz. they are given by 

dK 


y/=- 


d^r 


( 10 ) 


the solids therefore tend to move so that the kinetic energy of the cyclic 
motion diminishes. 


* It would be sufficient to assume eithei (4) or (7), the process then loads to an independent 
proof of the other set of formulae 

t It may be noted that the function B of Art. 140 now reduces to - Z 
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( 11 ) 

143 A simple application of the equations (24) of Ait 141 is to the case 
of a sphere moving in a liquid which circulates inotationally in a cyclic space 
with fixed boundaries 
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In virtue of (8) we have, also, 


q:- 


dq, 


If the radius a, say, of the sphere be small compai’ed with its least distance from the 
fixed boundary, the formula (20) of Art 141 becomes 

2r=m(*‘‘‘+y2+22)+/i, (1) 

where x, y, z are the co-ordinates of the centre, and m denotes the mass of the sphere to- 
gether with half that of the fluid displaced by it , see Art 92 To find K, the energy of 
the cyclic motion when the sphere is held at rest m its actual position, we note that if we 
equate a,, z to the ooniponeiits w, % w, respectively, of the fluid velocity which would 
obtain at the point (.*, y, z) if the sphere were absent, and at the same time put 
m=2ffpa3, the resulting energy will be piactically the same as that of the fluid when 
filling the region, whence 


2 Trpa-* -p 1)2 jy = const , 

A’'= const — W, ^2) 

where W=2rpa'‘ (3) 

Again the coefficients a^, cj, oj of Ait 141 (22) denote the fluxes across the first barrier 
when the sphere moves with unit velocity parallel to is, y, z, respectively If we denote by 
a the flux across this harrier duo to a unit simple-souroe at (ir, y, z), then remembering the 
equivalence of a moving sphere to a double-source (Art 92), we have 


1 ,011 , 

«1) °2, = i 


, 012 , , 012 


■ (4) 


so that the quantities denoted by (2, 3), (3, 1), (1, 2) m Art 141 (24) vanish identicaUy 
The equations therefore reduce m the jiresent case to 




dw 




dW 


.. (5) 


where -rl, Z are the components of extraneous force applied to the sjihore 

When JT, Z=Q^ the sphere tends to move towards places where the undisturbed 
velocity of the fluid is greatest 


Tor example, in the case of cyclic motion round a fixed circular cylinder (Arts 27, 64) 
the fluid velocity vanes inversely as the distance from the axis. The sphere will therefore 
move as if under the action of a force towards this axis varying inversely as the cube of 
the distance The projection of its path on a plane perpendicular to the axis will therefore 
be a Cotes’ spiral^ 


144. We may also notice one or two problems of Kmeto-Statics, m 
illustration of the theory of Art 142. 


* Of Sir W. Thomson, I c ante p 187 
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Examples 


It will be ^sllewn m Art 153 that the energy K of the cyclic fluid motion is propor- 
tional to the energy of a system of electric current-sheets coincident with the fixed 
boundaries, the current-lines being orthogonal to the stream-lines of the fluid. 

The electromagnetic forces between conductors carrying these currents are proportional^ 
to the expressions on the right-hand of Art 142 (10) with the signs reversed Hence in 
the hydrodynamical problem the forces on the solids aie opposite to those which obtain in 
the electrical analogue In the particular case where the fixed solids reduce to infinitely 
thin cores, round which the fluid circulates, the current-sheets in question are practically 
equivalent to a system of electiic currents flowing in the cores, regarded as wires, with 
strengths k, k', respectively For example, two thin circular rings, having a common 
axis, will repel or attract one another according as the fluid circulates in the same or in 
opposite directions through themt. This might have been foreseen of course from the 
jirinciple of Art 23 


Another intciostmg case is that of a number of open tubes, so narrow as not sensibly 
to impede the motion of the fluid outside them If streams be established through the 
tubes, then as legards the exteinal space the extremities will act as sources and sinks 
The energy due to any distribution of positive or negative sources . is given, so 

far as it depends on the relative configuration of these, by the integral 

-Sf //♦«<*». (») 

taken over a system of small closed surfaces surrounding mg, . . respectively If 
^ij 02 > velocity-potentials duo to the several sources, the part of this expression 


which IS due to the simultaneous proKsenco of is 



■ ■ 

• . ( 7 ) 

which 18 by Green’s Theorem equal to 





(8) 


Since the siiifacc-miegral of is xcro over each of the closed surfiicos except the 

one surrounding wo may ultimately confine the intcgiation to this, and so obtain 

. (9) 

Smeo tlie value of <j[)i at m^ is mi/dTir^g, whore rjg denotcB the distance between and m^, 
we obtain, for the pait of the kmetic energy which varies with the relative positions of the 
sources, the expiossioii 




(10) 


Tlio ([uautitioH wij, wju, . aro iii tlio pi'csGiit problem equal to tlio fluxes j(Q, xo'j • across 
the sections of the respective tubes, so that (10) con-esponds to the form of the kmotic 


* Maxwell, Mectncity and Magnetihm^ Art 573 

I* The theorem of this paragraph was given by KirchholX, I c ante p 62 See also Sir W 
Thomson, “ On the Forces experienced by Solids immersed in a Moving Liq.uidd' ^roc» JR S. 
Edvn , 1870 llieprint. Art xli ] , Boltzmann, “ CJebor die Bruckkrafte welche auf Binge wirksam 
smd cho m bewegte Flussigkeit tauchen,” Guile, t. Ixxm (1871) 
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energy The force apparently exerted hj m-^ on tending to increase )\ 2 ^ is tlieiefore, 
by Art 142(11), 

p d p 

47r ^12 “ 47r' 

Hence two sources of like sign attract, and two of unlike sign repel, with forces varying 
inversely as the square of the distance^ This result, again, is easily seen to be in accord- 
ance with general principles It also follows independently from the electric analogy, the 
tubes corresponding to Ampere’s ‘ solenoids ’ 

We here take leave of this branch of our subject To avoid, as far as may 
be, the suspicion of vagueness which sometimes attaches to the use of 
' generalized co-ordinates,’ an attempt has been made in this Chapter to put 
the question on as definite a basis as possible, even at the expense of some 
degree of prolixity in the methods. 

To some writersf the matter has presented itself as a much simpler one 
The problems are brought at one stroke under the sway of the ordinary 
formulae of Dynamics by the imagined introduction of an infinite number of 
' Ignored co-ordinates,’ which would specify the configuration of the various 
particles of the fluid The corresponding components of momentum are 
assumed all to vanish, with the exception (in the case of a cyclic region^ 
of those which are represented by the ciiculations through the several 
apertures 

Prom a physical point of view it is difficult to refuse assent to such 
a generalization, especially when it has formed the starting-point of all the 
development of this part of the subject; but it is at least legitimate, and 
from the hydrodynamical standpoint even desirable, that it should be 
verified d posteriori by independent, if more pedestrian, methods 

Whichever procedure be accepted, the result is that the systems con- 
templated in this Chapter are found to comport themselves (so far as the 
‘palpable’ co-ordinates qi, q^, ... qn ure concerned) exactly like oidmary 
systems of finite freedom The furthei development of the general theory 
belongs to Analytical Dynamics, and must accordingly be sought for m books 
and memoirs devoted to that subject It may be worth while, however, to 
remark that the hydrodynamical systems afford extremely interesting and 
beautiful illustrations of the Principle of Least Action, the Heciprocal 
Theorems of von Helmholtz, and other general dynamical theories 

* SirW Thomson, Ic, 

t See Thomson and Tait, and Larmoi, ll cit. ante p 185. 
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yOETEX MOTION. 

145 OuK investigations have thus far been confined for the most part 
to the case of irrotational motion. We now proceed to the study of 
rotational or 'vortex’ motion This subject was first investigated by von 
Helmholtz^, other and simpler proofs of some of his theorems were after- 
wards given by Lord Kelvin in the paper on vortex motion already cited in 
Chapter in 

We shall, throughout this Chapter, use the symbols ^ to denote, as 
m Chap in , the components of the instantaneous angular velocity of a fluid 
element, viz 



A line drawn from point to point so that its direction is everywhere 
that of the instantaneous axis of rotation of the fluid is called a 'vortex-lme.’' 
The differential equations of the system of vortcx-lmes are 

dx _^dy 

* 

If through every point of a small closed curve we draw the corresponding 
vortcx-lme, we mark out a tube, which we call a ' vortex-tube.’ The fluid 
contained within such a tube constitutes what is called a ' vortox-filarnent/ 
or simply a ‘vortex’ 

Let ABC, A'B'G' be any two circuits drawn on the surface of a vortex- 
tube and embracing it, and let A A' be a connecting line 
also drawn on the surface Let us apply the theorem 
of Art 32 to the circuit ABOAA^G'B'A'A and the part 
of the surface of the tube bounded by it. Since 

4 - mrj -|- = 0 

at every point of this surface, the Ime-mtegral 
/ {udx + vdy + wdz), 

* “Ueber Integrale der bydrodynamiscbcn G-leiolmngen welche den Wirbelbewegungen 
entsprechen,” Cielle, t. Iv (1858) [Ges, Ahh , U i p. 101] 
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taken round the circuit, must vanish, %e m the notation of Art. 31 
I {ABGA) + I{AA') + / {A'G'B'A') + / {A' A) = 0, 
which reduces to I {ABGA) = I {A B G A) 

Hence the circulation is the same in all circuits embracing the same vortex- 
tube 

Again, it appears from Art 31 that the ciiculation round the boundary 
of any cross-section of the tube, made normal to its length, is 2ft)cr, where 
o,^ = {^^ + 7 ]^ + ^)\ts the angular velocity of the fluid, and a the infinitely 
small area of the section 


Combining these results we see that the product of the angular vehicity 
into the cross-section is the same at all points of a vortex. The doubled 
product is conveniently taken as a measure of the ‘ strength ’ of the vortex * 

The foregoing proof is due to Lord Kelvin ; the theorem itself was first 
given by von Helmholtz, as a deduction fiom the relation 


dx ^ dy dz 


= 0 , 


( 3 ) 


which follows at once from the values of y, ^ given by (1). In fact writing, 
in Art 42 (1), y, ? foi U, V, W, respectively, we find 

J!(l^ + mr, + nOdS = 0, (4) 

where the integi-ation extends over any closed surface lying wholly in the 
fluid Applying this to the closed surface formed by two cross-sections of a 
vortex-tube and the part of the walls intercepted between them, wo find 
(j)ia-i= where «Bi, co^ denote the angular velocities at the sections a-i, o-j, 
respectively 

Lord Kelvin’s proof shews that the theorem is true even when 'tj, f are 
discontmuous (in which case there may be an abrupt bend at some point of a 
vortex), provided only that u, v, w are continuous 


An important consequence of the above theorem is that a vortcx-line 
cannot begin or end at any point in the interior of the fluid Any vortex- 
Imes which exist must either form closed curves, or else traverse the fluid, 
beginning and ending on its boundaries Compare Ai t 36 

The theorem of Art 32 (5) may now be enunciated as follows . The 
circulation in any circuit is equal to the sum of the strengths of all the 
vortices which it embraces 


146 It was proved in Art 33 that m a perfect fluid whose density 
IS either uniform or a function of the pressure only, and which is subject 

* There is here a divergence from pievalent usage, but the circulation round a vortex would 
seem to be the most natuial measure of its intensity. 
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to forces haying a single-valued potential, the ciiculation in any circuit 
moving with the fluid is constant 

Applying this theorem to a circuit embracing a vortex-tube we find that 
the strength of any vortex is constant 

If we take at any instant a surface composed wholly of vortex-lines, 
the circulation m any circuit drawn on it is zero, by Art 32, for we have 
l^ + mr}->rn^=0 at every point of the surface The preceding Art shews 
that if the surface be now supposed to move with the fluid, the circulation 
will always be zeio in any circuit drawn on it, and therefore the surface will 
always consist of vortex-lines Again, considering two such surfaces, it is 
plain that their intersection must always be a vortex-line, whence we derive 
the theorem that the vortex-lines move with the fluid. 

This remarkable theorem was first given by von Helmholtz for the case 
of incompressibility , the preceding proof, by Lord Kelvin, shews that it 
holds for all fluids subject to the conditions above stated. 

The theorem that the circulation in any circuit moving with the fluid is 
invariable constitutes the sole and sufficient appeal to Dynamics which it 
is necessary to make in the investigations of this Chapter It is based on 
the hypothesis of a continuous distribution of pressure, and (conversely) 
implies this For if in any problem we have discovered functions u, v, w of 
X, y, z, t, which satisfy the kinematical conditions, then, if this solution is 
to be also dynarmcally possible, the relation of the pressures about two 
moving particles A, B must be given by the foimula (2) of Art 33, viz. 

“ fdv D r-® 

+ D — ^2'^ ^ = — ^j^(udx + vdy-+wdz) ... . (1) 

It IS therefore necessary and sufficient that the oxpiossion on the right hand 
should be the same for all paths of integration (moving with the fluid) which 
can be drawn from A to B This is secured if, and only if, the assumed 
values of u, v, w make the vortex-lines move with the fluid, and also make 
the strength of every vortex constant with respect to the time 

It IS easily seen that the argument is in no way impaired if the assumed 
values of u, v, w make rj, f discontinuous at cei tain suifaces, provided 
only that u, v, w are themselves everywhere continuous 

On account of thoir historical mteiest, oiio or two independent proofs of the prooodmg 
theorems may ho briefly indicated, and their mutual relations pointed out 

Of these perhaps the most conclusive is based upon a slight generalization of some 
equations given originally by Cauchy in the introduction to his great memoir on Waves* 
and employed by him to demonstrate Lagrange’s velocity-potential theorem 


* I c ante p 15 
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3 equations (2) of Art 15, yield, on elimination of the function x cross-diffeientia- 


Zu du dx dv dy dv dy dw dz dw dz __ dwQ 0% 

db do do db db do do db dh do do db db 0c ’ 


?/, -y, w have been written in place of dvldt^ dzjdt^ respectively), with two 
itrioal equations If in these equations we replace the differential coefficients of 
with respect to a, 5, c, by their values in terms of differential coefficients of the 
uantities with respect to y, we obtain 


f ^ (y. g) 

^ 2 (2, c) 


+1 


8(z, . 3(0!, \ 

B(l>,cy^B(b, 0)“^“’ 




2 (y, 

0 (Cj a) 


+77 


3 (^. 

0 ( 0 , a) 


+C 


3(^,y) _„ 

0 (c, a) 


/^3(y, z) 


3 (^, 

0 (a, 




3 (^, y) 

0(a, by 


J 


( 2 ) 


multiply these by 0^/0a, dx\db^ dxjdc, m order, and add, then, taking account of 
grangian equation of continuity (Art 14 (1)) we deduce the first of the following 
ymmetncal equations 

P po Po Po ’ 

!Z=:io§y 

p Po 0a Po 00 Po 9c ’ 

p Po 0a Po 00 Po 9c 

he particular case of an incompressible fluid (p=po) those differ only in the use of 
ation 7), f from the equations given by Cauchy They shew at once that if the 
values fo of the component rotations vanish for any particle of the fluid, then 

:*e always zero for that particle This constitutes in fact Cauchy’s proof of Lagrange’s 



nterpret (3) in the general case, let us take at time a linear element coincident 
vortex-line, say 

ta, db, 8 c =€^, 6 ^, J-&, 

Po Po Po 

r IS infinitesimal If we suppose this element to move with the fluid, the equations 
V that its projections on the co-ordinate axes at any other time will be given by 

8x, By, 8 z=A, €^, €^, 

P P P 

element will still form part of a vortex-line, and its length {ds, say) will vary as 
.ere o) is the resultant angular velocity But if 0 - be the cross-section of a vortex- 
t having ds as axis, the product pads is constant with regard to the time Hence 
mgth 2 oc 7 of the vortex is constant^ 

proof given originally by von Helmholtz depends on a system of three equations 

•.e Nanson, Mess of Math , t 111 p 120 (1874), Kirchhoff, Mechamk, c xv (1876), 
Math and Phys, Papers, t 11 p 47 (1883) 
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winch, when generalized so as to apply to any fluid in which p is a function of p only, 
become* 


™ ^ = I ^ 4_ ^ \ 

\P/ P 9^y p ’ 

/^!?'\ = I 4. £ 

J)t\pJ pda.'^pd^ p dz ^ I 
Lt \pj pda? pdy pdz j 


(4) 


These may be obtained as follows The dynamical equations of Art 6 may be written, 
when a force-potential i2 exists, in the forms 




dv 


ox 


provided 


g--2.«,^ + 2«f=-^, 

x'=J'^+if+^> ■ ■■ 


(5) 


• ( 6 ) 


and From the second and third of these we obtain, eliminating x' by 

cross-difterentiation, 


9^ L I , ^C\ du , ^du .. 

fdv 


Bemembering the relation If* 

• • 

(7) 

and the equation of continuity 



I>p n 


(8) 


wo easily deduce the flrst of equations (4) 

To interpret these equations wo take, at time a linear element whose projections on 
the co-ordmato axes are 


dx^ 5;£=€^, 6 5 e“, 

P .p p 


.(9) 


whore e is iniinitosimal If this clement be supposed to move with the fluid, the rate at 
which dx IS increasing is equal to the difteroncc of the values of u at the two ends, whence 


Dbx _ C 

l)t ^ p dx ^ p dy ^ p dz' 

It follows, by (4), that 



Von Helmholtz concludes that if the relations (9) hold at time t, they will hold at time 
and so on, contmualjly. The inference is, however, not quite rigorous, it is in fact 


Nanson, I c. 
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open to tlie criticisms which Stokes* directed against various defective proofs of Lagrange’s 
velocity-potential theorem, t. 

By way of establishing a connection with Loid Kelvin^s investigation we may notice 
that the eq_uations (2) express that the circulation is constant in each of three infinitely 
small circmts initially perpendicular, respectively, to the three co-ordinate axes Taking, 
for example, the circuit which initially bounded the rectangle and denoting A, B 0 
the areas of its projections at time t on the co-ordinate planes, we have 


= 1 ^^ me, 

3(6,c) 




so that the first of the equations referred to is equivalent! to 




( 11 ) 


147 .^ It IS easily seen by the same kind of argument as in Art 41 that 
no continuous irrotational motion is possible in an incompressible fluid filling 
infinite space, and subject to the condition that the velocity vanishes at 
infinity This leads at once to the following theorem . 

The motion of a fluid which fills infinite space, and is at rest at infinity, 
IS determinate when we know the values of the expansion {6, say) and of the 
component angular velocities r), at all points of the region. 

bor, if possible, let there be two sets of values, iq, v^, and u^, w^, 

of the component velocities, each satisfying the equations 


dx dy"^ dz~ ’ 


( 1 ) 


^ du dw . 

dz 


dx dy 


■ • ( 2 ) 


throughout infinite space, and vanishing at infinity. The quantities 
u' = Ui — v' ^Vi — V2, w' = tUi — U> 2 , 


will satisfy (1) and (2) with 6, 9?, f = 0, and will vanish at infinity Hence, 

in virtue of the result above stated, they will everywhere vanish, and there 
IS only one possible motion satisfying the given conditions 


^ le. ante p 15 

”*1 fie mentioned that, in the case of an incompressible fluid, equations somewhat 

simUai to (4) had been established by Lagrange, Mticell Taw , t. ii (1760) [Oeumes, t i p 442] 
The author IS indebted for this reference, and for the above remark on von Helmholte’ mvesti- 

theore^ ^ ^ rigorous proof of the velocity-potential 

J Nanson, JKess. of Math , t. vii p 182 (1878) A similar mterpietation of von Helmholtz’ 
equations was given by the author of this work in the Mess of Math., t vii. p 41 (1877) 

Finally it may be noted that another proof of Lagrange’s theorem, based on elementary 
dynamical pnneiples, without special reference to the hydrokinetic equations, was indicated by 
Stokes, Gcmh Trans , t. viii [Math and Phys Papers, t i p 113], and carried out by Lord 
Kelvin in his paper on Vortex Motion. 
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In the same way we can shew that the motion of a fluid occupying any 
hnb%ted simply-connected region is determinate when we know the values of 
the expansion, and of the component rotations, at every point of the region, 
and the value of the normal velocity at every point of the boundary In the 
case of a multiply-connected region we must add to the above data the values 
of the circulations in the several independent circuits of the legion 


148 If, in the case of infinite space, the quantities d, rj, ^ all vanish 
beyond some finite distance of the origin, the complete determination of 
ti, V, w in terms of them can be effected as follows*. 


The component velocities due to the expansion can be written down at 
once from Art. 56 (1), it being evident that the expansion 6' in an element 
Sx'By'Sz' IS equivalent to a simple source of strength d'hx'By'Bz' Wo thus 
obtain 




0 $ 

dx^ 




■( 1 ) 


where 


1 


( 2 ) 


r denoting the distance between the point (x', y\ z') at which the volume- 
element of the integral is situate and the point {x, y, z) at which the values 
of n, V, w arc required, viz. 

r = {(^* - xy H- (y -* y'Y + {z- zy]\ 

and the integration including all parts of space at which 9' differs from zero. 

To find the velocities due to the vortices, wo note that when there is no 
expansion, the flux across any two open surfaces bounded by the same curve 
as edge will be the same, and will therefore be determined solely by the 
configuration of the edge This suggests that the flux through any closed 
curve may be expiessed as a Ime-mtegral taken round the curve, say 

J(Fdx + Gdy + Hdz) (3) 

On this hypothesis we shall have, by the method of Art 31, 




dH 
dx ^ 


dy dz ’ dz 

To tost the assumption, wo must have 

0 fdF . dO 

’ dy dz 




dG 

dx 


dF 


(4) 


2^ 


dx 1.0® 9?/ dz 




* The investigation which follows is substantially that given by Helmholtz. The kme- 
matioal problem in question was first solved, in a slightly different manner, by Stokes, “ On 
the Dynamical Theory of Diffiaction,” Gamh. Tram , t ix. (1849) [Math and Phys. Papers, t ii 
pp 254 ] 
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with two similar equations. The quantities F, Q, H will in any case be 
indeterminate to the extent of three additive functions of the forms 

9x/9y, dxidz, respectively , and we may, if we please, suppose y to 
be chosen so that 

dx Zy dz ' 

in which case 


.( 5 ) 


■2^, V2G' = -2i?, V2S-=_2^ ... .(6) 

Particular solutions of these equations are obtained by equating F, Q, H to 
the potentials of distributions of matter whose volume-densities are'f/ 27 r, 
f/27r, respectively, thus 

... .(7) 

where the accents attached to y, ^ are used to distinguish the values of 
these quantities at the point {x’, z') The integrations are to include, 

of course, all places where y, ^ differ from zero. 

Moreover, since d/dx r~' = — d/dx' r~^, the formulae (7) make 

The nght-hand member venishea, by the theorem of Art 42 (4), since 

dx dy ^ dz 

everywhere, whilst ■\-ni;=0 

at the surfaces of the vortices (where y, ^ may be discontinuous), and 
I, y, t vanish at infinity. Hence no additions to the values (7) of F, G, H 
are necessary m order that (5) may be satisfied. 

The complete solution of our problem is obtained by superposition of the 
results contained in (1) and (4), viz. 

94 > 

^ dx ' 


^ ^ ^ 
0y Zz 


ox 


Z^ 

v = -~ + 

Zy 

9<J) 


zja 

ZG \ 

Zy 

Zz’ 

ZF 

ZH 

dz 

Zx ’ j 



dx 

’ 1 


( 8 ) 


where <J>, F, 0, E have the values given in (2) and (7). 

When the region occupied by the fluid is not unlimited, but is bounded 
(ID whole or in part) by surfaces at which the normal velocity is given, and 
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when further (m the case of a cyclic region) the value of the circulation 
in each of the independent circuits is prescribed, the problem may by a 
similar analysis be reduced to one of irrotational motion, of the kind 
consideied in Chap ill, and there proved to be determinate This maybe 
left to the reader, with the remark that if the vortices traverse the region, 
beginning and ending on the boundary, it is convenient to imagine them 
continued beyond it, or along the boundary, in such a manner that they form 
re-entrant filaments, and to make the integrals (7) refer to the complete 
system of vortices thus obtained. On this understanding the condition (5) 
will still be satisfied 

There is an exact correspondence between the analytical relations above developed and 
those which obtain in the theory of Electro-magnetism If, in the equations (1) and (2) 
of Art 147, we write 

S'* 

for u, % w, 6, 2^, 2y), 2^*, 

respectively, we obtain 

^ ^ 0y___ 

3 ^; 

0y dz dz 0^"”^’ dx 0^"”^’ 

which are the fundamental relations of the theory referred to , viz. a, /3, y are the compo- 
nents of magnetic force, p, q, r those of electric current, and p is the volume-density of the 
imaginary magnetic matter by which any magnetization present in the field may be repre- 
sented* Hence, the vortex-filaments coi respond to electric circuits, the strengths of the 
vortices to the strengths of the currents in these circuits, sources and sinks to positive and 
negative magnetic poles, and, finally, fluid velocity to magnetic force i 

The analogy will of course extend to all results deduced from the fundamental relations , 
thus, in equations (8) <E» corresponds to the magnetic potential and 0, II to the com- 
ponents of ‘ electro-magnetic momentum.^ 



149 To interpret the result contained in Art. 148 (8), we may calculate 
the values of u, v, w due to an isolated ro-entrant voitex-filament situate in an 
infinite mass of incompressible fluid which is at rest at infinity 

Since 6 = 0, we shall have <1' = 0. Again, to calculate the values of 
F, G, H, we may replace the volume-clement Bos'hy'hz' by a'hs', where Si' is 
an element of the length of the filament, and <j' its cross-section. Also 


r = a. 


,6jx' 




r = 


CO 


¥ 


* Of Maxwell, Electi icity and Magnetism, Ait 007. The compaiison has been simplified by 
the adoption of the ‘ rational’ system of electiical units advocated hy Electrical lawyers, 

London, 1892, tip 199 

+ This analogy was first pointed out by Helmholtz , it has been extensively utilized by Lord 
Kelvin m his papers on Electrostatics and Magnetism (cited ante p 36). 
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where to' is the angular velocity of the fluid. Hence the formulae (7) of 
Art 148 become 


-n ^ f 


n^JLf 
4>7rJ r ’ 


47r J r 


... .(1) 


where k, = 2a3'<r', measures the strength of the vortex, and the integrals are 
to be taken along the whole length of the fllainent. 

Hence, by Art 148 (4), we have 


-‘yj' 

With similar results for Vj w We thus find^ 


^ dz y - y\ ^ ^ 

4}7rJ \ds' r ds' r ; ’ 

v=— doc' z — z\ ds' 

^iTj\ds' r ds' r y ’ [ 

w==—f [— §/ 

4i7rj\ds' r ds' r J~r^\ 


( 2 ) 


If Au, Av, Aw denote the parts of these expressions which involve the 
element of the filament, it appears that the resultant of Ait, Ad, Aw is 
perpendicular to the plane containing the direction of the vortex-lme at 
(^ ) 3/. and the line ?•, and that its sense is that in which the point {x, y, z) 
would he cairied if it were attached to a rigid body rotating with the fluid 
element at « y', z') For the magnitude of the resultant we have 


{(Am)“ + (Ad^ + (AwWi = — !El2L^' 

47r ’ 

where ^ is the angle which r makes with the vortcx-line at 


( 3 ) 


y'y ^') 


With the change of symbols indicated in the preceding Art this result becomes identical 
witli tile law of action of an electric current on a magnetic polet. 


'Velooity-Potenticd due to d VoTteoc 

150 At points external to the vortices there exists a velocity-potential 
whose value may be obtained as follows Taking for shortness the case of a 
single re-entrant vortex, we have from the preceding Art., in the case of an 
incompressible fluid, 



^ These are equivalent to the forms obtained by Stokes, I c, ante p 199 
t Ampgre, Theone matMmatique des pMnomenes electio-dynamiques, Paris, 1826 
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By Stokes’ Theorem (Art 32 (6)) we can replace a Ime-integral extending 
round a closed curve by a surface-integral taken over any surface bounded 
by that curve ; viz. we have, with a slight change of notation, 


/<■ 


Tda!' + Qdy' + Iid/)=JI- 

P = 0, 


- a?) + " (§F - a? j + ” (» - ■ 


^^dz'r’ 


If we put 
we find 

dy' dz' dx^^r'^ dz' 9/ 0^%'r’’ 

so that (1) may be written 

K 


dy'r^ 


dP dR 1 


u = 


4i7r 


7 9 . 


dx' 


dy' 


dQ dP _ 1 

dx' dy' dx'dz' r' 

d 1 


dz) dx' r 


dS' 


Hence, and by similar reasoning, we have, since d/dx' r ^=^ — dldx r ^ 


u= — 


9(/) 
dx ’ 




where 




47r 


0^ 

0y’ 

I /}yi _ ^ 


w = - 


dj>_ 

‘dz^ 


d\l 


dS\ 


■■ -( 2 ) 


( 3 ) 


' dx' ' "''dy ' "'dz'Jr 

Here I, m, n denote the direction-cosines of the normal to the element SS' of 
a surface bounded by the vortex-filament. 

The formula (3) may be otherwise written 

f cos ^ 




-d8\ 


...(4) 


wheie ^ denotes the angle between r and the normal (J, m, oi). Since 
coii 6 dS'/r^ measuies the elementary solid angle subtended by S8' at (x, y, z\ 
we see that the velocity-potential at any point, due to a single re-entrant 
vortex, IS equal to the product of 7c/47r into the solid angle which a 
surface bounded by the vortex subtends at that point 

Since this solid angle changes by 47r when the point m question describes 
a circuit embracing the voitex, we verify that the value of <f) given by (4) is 
cyclic, the cyclic constant being k Cf. Art 145 

It may be noticed that the expression in (4) is equal to the flux (m the 
negative direction) through the aperture of the vortex, due to a point-source 
of strength fc at the point {x, y, z). 

Comparing (4) with Art 66 (4) we see that a vortex is, in a sense, 
equivalent to a uniform distribution of double sources over any surface 
bounded by it The axes of the double sources must be supposed to be 
everywhere normal to the surface, and the density of the distribution to be 
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equal to the strength of the voitex It is here assumed that the relation 
between the positive direction of the normal and the positive direction of 
the axis of the vortex-filament is of the 'right-handed' type. See Art 31 

Conversely, it may be shewn that any distribution of double soarces over 
a closed surface, the axes being directed along the normals, may be replaced 
by a system of closed vortex-filaments lying m the surface* The same thing 
will appear independently from the investigation of the next Art 


Vortex-Sheets 

151 We have so far assumed u, v, w to be continuous We may now 
shew how cases where surfaces of discontinuity present themselves may be 
brought within the scope of our theorems 

The case of a discontinuity in the normal velocity alone has already 
been treated in Art 58 If u, v, w denote the component velocities on one 
side and u', v’, w' those on the other, it was found that the circumstances 
could be represented by imagining a distribution of simple sources with 
surface-density ' 

I (a — 4 “ m {v' — v)-]r n {w' — w\ 

where I, m, n denote the direction-cosines of the normal drawn towards the 
side to which the accents refer 

Let us next consider the case where the tangential velocity (only) is 
discontinuous, so that ^ 

I (u' ^u) -h m (v ^ v)+ n(w' — w)— 0 . , 

We will suppose that the lines of relative motion, which are defined by the 
difierential equations ^ 

dx __ dy _ dz 

u' — u V —V w' — • • • • ( 2 ) 

are traced on the surface, and that the system of orthogonal trajectories to 
these lines is also drawn Let PQ, P'Q' be linear elements drawn close to 

^ of the system (2), and let PP' 
and QQ' be normal to the surface and infinitely small m comparison with PQ 

be equal to 

where q, q' denote the absolute velocities on the two sides. This 
18 the same as if the position of the surface were occupied by an infinitely 
thin stratum of vortices, the orthogonal trajectories above-mentioned being 
the vortex-lines, and the angular velocity « and the (variable) thickness 
ot the stratum being connected by the relation 

^cohn = g' ~q. 

Of Maxwell, Electricity and Magnetism, Arts. 486, 652 


...( 3 ) 
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The same result follows fiom a consideration of the discontinuities which 
occur in the values of u, v, w as detei mined by the foimulae (4) and (7) of 
Art 148, when we apply these to the case of a stratum of thickness Sn within 
which rj, ^ are infinite, but so that aie finite^ 

It was shewn in Arts 147, 148 that any continuous motion of a fluid 
filling infinite space, and at rest at infinity, may be regarded as due to 
a suitable arrangement of sources and vortices distributed with finite density. 
We have now seen how by consideiations of continuity we can pass to the 
case where the sources and vortices are distributed with infinite volume- 
density, but finite surface-density, over surfaces. In particular, we may take 
the case where the infinite fluid in question is incompressible, and is divided 
into two portions by a closed surface over which the normal velocity is 
continuous, but the tangential velocity discontinuous, as m Art, 58 (12). 
This IS equivalent to a voitex-sheet, and we infer that every continuous 
iiTotational motion, whether cyclic or not, of an incompressible substance 
occupying any region whatever, may be regarded as due to a certain 
distribution of vortices over the boundaries which separate it from the rest 
of infinite space In the case of a legion extending to infinity, the distn- 
bution IS confined to the jimte portion of the boundary, provided the fluid be 
at rest at infinity. 

This theorem is complementaiy to the results obtained in Art. 58. 


The foregoing conclusions may be illustrated by moans of the results of Art 91 Thus 
when a normal velocity was proscribed over the sphoio the values of the velocity- 
potential for the internal and o.\tornal space wore found to be 




i+l\r 


respectively Hence if de bo the angle which a linear olonient diawn on the surface 
subtends at the centre, the relative velocity estimated in the direction of this olomont 
will bo 

2m4"1 

n (n-h I) f)e * 


Tho loisxiltaut rolativo velocity im thorofore tangential to the niirf.ico, and porpeiidioiilar to 
the contour linos (;S',i=const) of tho siirface-harmonio A',, which aro thoroforo tho vortox- 
linos 


hor exaniplCj if wo have a thin spherical shell hllod with and Hurroiiiidcd by lii^uidj 
moving as in Art 92 parallel to tho axis of x, tho motion of tho iliiid, whothor mtornal or 
external, wiU ho that duo to a system of vortices arranged m par.illol oirclos on tho sphere, 
the strength of an elementary vortex being proportional to tho projootioii, on tho axis oiJ, 
of the breadth of tho corresponding zone of tho surface 1 


* Helmholtz, I c ante p 193 

1 The same statements hold also for an ellipsoidal shell moving parallel to one of its 
principal axes See Art 114. 
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Impulse and Energy of a Vortex-System 


152. The followmg investigations relate to the case of a vortex-system 
of finite dimensions in an incompressible fluid which fills infinite space and 
IS at rest at infinity. 

If X\ Y\ Z' be components of a distribution of impulsive force (in 
general cyclic) which would generate the actual motion -y, w) instan- 
taneously from rest, we have by Art 12 (1) 


X' 

p ox 




1 


Z' 


1 d'sy 


where w is the impulsive pressure. The problem of finding X\ Z', and 
tiT, in terms of u, v, w, so as to satisfy these three equations, is to a certain 
extent indeterminate, but a sufficient solution for our purpose may be 
obtained as follows. 


Let us imagine a simply-connected surface S to be drawn enclosing 
all the vortices Over this surface, and through the external space, 
let us put 

. . ( 2 ) 


where </> is the velocity-potential of the vortex-system, determined as m 
Art 160 Inside S let us take as the value of any single- valued function 
which IS finite and continuous, coincides with (2) at S, and also satisfies the 
equation 


3tS7 

dn 



... (3) 


at S, where Sn denotes as usual an element of the normal It follows from 
these conditions, which can evidently be satisfied in an infinite number of 
ways, that the space-derivatives d'^r/dx, d'uyjdy, d'^jdz will be continuous at the 
surface S. The values of X', Y\ Z' are now given by the formulae (1); they 
vanish at the surface S, and at all external points 

The force- and couple-equivalents of the distribution (Z', Y\ Z') constitute 
the 'impulse' of the vox tex-sy stem. We are at present concerned only with 
the instantaneous state of the system, but it may be recalled that, when no 
extraneous forces act, this impulse is, by the argument of Art 119, constant 
in every respect 

Now, considering the matter inclosed within the surface S, we find, 
resolving parallel to x, 

JJJ pX'dxdydz = pfj udxdydz -- pfJl(j>dS, (4) 

if Z, m, n be the direction-cosmes of the inwardly-directed normal to an 
element BS of the surface Let us first take the case of a single vortex- 
filament of infinitely small section The fluid velocity being everywhere 
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finite and continuons, the parts of the volume-integral on the right-hand 
side of (4) which are due to the substance of the vortex itself may be 
neglected m comparison with those due to the remainder of the space 
included within S. Hence we may write 


JJuda!d^d£! = -JJJ^diZ!dydz = jJl(/>dS -h /c jjldS', . (5) 


where ^ has the value given by Art 150 (4), /c denoting the cyclic constant 
of (p, and SS' an element of any surface bounded by the vortex Sub- 
stituting in (4), we infer that the components of the impulse parallel to the 
co-ordinate axes are 

/cpfJldS^ /cpjjmdS^ /cpJfndS' (6) 

Again, taking moments about 

JIJ P Oj^' ““ dxdydz = p - zv) dxdydz - p\^{ny - mz) cj^dS (7) 

For the same reason as before, we may substitute, for the volume-integral on 
the right-hand side, 

”" ///(^ ~ fj ‘ ‘ 

Hence, and by symmetry, we find, for the moments of the impulse about the 
co-ordinate axes, 


/cp ff (ny — mz) dS', /cpjj {Iz ~ nx) dS\ fcpj^ (mx — ly) d8' . . (9) 


The surface-integrals contained in (6) and (9) may be replaced by 
line-integrals taken along the vortex In the case of (6) it is obvious that 
the coefficients of Kp are the projections on the co-ordinate axes of any 
area bounded by the voitex, so that the components in question take 
the forms 




ds'. 


( 10 ) 


For the similar transformation of (9) we must have recourse to Stokes’ 
Theorem , we obtain without difficulty the forms 



From (10) and (11) wo can derive by superposition the components of the 
force- and couple-resultants of any finite system of vortices Denoting these 
by P, Q, R, and L, M, N, respectively, we find, putting 

K = 2(i)V', 


,dx 

' 57 =^’ 
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and replacing the volume-element a'ls' by 

P = P JJKS/?'- ^v) dcodydz, L = p jjj(y‘^ -f ^2) ^ dxdydz, j 

Q — p JJK^^ — dxdydz, ilf = p JJJ (5^ + x^) y dxdydz, ^ . .( 12 ) 

^ = P - yt) dxdydz, JST = p JJK^^ ^ y2^ ^ dxdydz, ^ 

where the accents have been dropped as no longer* necessary^ 

153 Let us next consider the energy of the vortex-system. It is easily 
proved that under the circumstances presupposed, and in the absence of 
extraneous forces, this energy will be constant. For if be the energy 
of the fluid bounded by any closed surface 8, we have, putting F=0 m 
Art. 11 (5), 

DT 

-^ = l\(lu + mv-^nw)'pd8 • ( 1 ) 

If the surface 8 enclose all the vortices, we may put 

+ • . . ( 2 ) 

and it easily follows from Art 150 (4) that at a great distance R from the 
vortices p will be finite, and lu + mv + nw of the order R-^, whilst when the 
surface S is taken wholly at infinity, the elements hS vary as R^ Hence, 
ultimately, the right-hand side of (1) vanishes, and we have 

T = const (3) 

We proceed to investigate one or two important kmematical expressions 
for T, still confimng ourselves, for simplicity, to the case where the fluid 
(supposed incompressible) extends to mfinity, and is at rest there, all the 
vortices being within a finite distance of the origin. 

The first of these expressions is indicated by the electro-magnetic analogy 
pointed out in Art 148. Since d = 0, and therefore 4> = 0, we have 

2ir = p 4- d- w^) dxdydz 



by Art 148 (4) The last member may be replaced by the sum of a surface- 
integral 

P JJ - nv) -h Q (nu — lw)+H (Iv - mu)] dS, 

and a volume-integral 

These expressions weie given by J J Thomson, On the Motion of Vortex Rings (Adams 
Prize Essay), London, 1883, pp 5, 6 
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At points of the infinitely distant boundary, F, G, H are ultimately of the 
order and ic^ v, lu of the order so that the siii face-integral vanishes, 
and we have 

T=p dxdydz, (4) 

01 , substituting the values of F, G, H from Ait 148 (1), 

T = ^111111 dxdydz dx'dy'dz', ... (5) 

where each volume-integration extends over the whole space occupied by 
the vortices 

A slightly different form may be given to this expression as follows. 
Regarding the vortex-system as made up of filaments, let &, &' bo elements 
of length of any two filaments, cr, ^ the coriesponding cross-sections, and 
0 ), (d' the corresponding angular velocities. The elements of volume may be 
taken to bo ahs and ahs\ respectively, so that the expression following the 
integral signs in (5) is equivalent to 


cos 6 
r 


(o<rSs 


co'a'Ss', 


whcie € IS the angle between Ss and If we put 2(0(r = /c, 2(o'a^=-ic\ 
we have 


T= jj^dsds', 


(G) 


where the double integral is to be taken along the axes of the filaments, 
and the summation % includes (once only) every pair of filaments which 
are piesent 


The factor of p m (6) is identical with the expression for the energy of a system of 
elcctiic currents flowing along conductors coincident in position with tlio vortox-filainonts, 
with strengths k, k', respectively* The above investigation is in fact merely an 
inversion of the argument given m treatises on Electro-magnetism, whereby it is proved 
that 

/// dvdydZf 

i, i' denoting the strengths of the currents in the linear conductors whoso elements are 
denoted by and a, ft y the components of magnetic force at any point of the field 

The theorem of this Art is purely kinematical, and rests solely on the assumption that 
the functions w, w satisfy tlio equation of continuity, 

dcs dz'~~ ’ 

throughout infinite space, and vanish at infinity It can therefore by an easy generaliza- 
tion be extended to a case considered m Art 143, where a liquid is sllppo^sed to circulate 


* The ‘rational’ system of electrical units being understood, see ante, p. 201, 


L. 


14 
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irrotationally through apertures in fixed solids, the values of u, v, lo being now taken to be 
zero at all points of space not occupied by the fluid The investigation of Art 151 nIicw.s 
that the distribution of velocity thus obtained may be regarded as due to a system of 
vortex-sheets coincident vith the hounding surfaces The energy of this system will bo 
given by an obvious adaptation of the formula (.1) above, and will therefoio be pioportioiial 
to that of the correispondmg system of electric current-sheets This proves a statement 
made by anticipation in Art 144 

Under the circumstances stated at the beginning of Art 152, we have 
another useful expression for T, viz 

T= 2 p JIJ [u {y^-zrj) w (^77 - y^)] dxdydz . . (7) 

To verify this, we take the right-hand member, and transform it by the 
process already so often employed, omitting the surface-integrals for the same 
reason as in the preceding Art The first of the three terms gives 



Transforming the remaining terms in the same way, adding, and making usci 
of the equation of continuity, we obtain 


+ + ^ + + + 1 ^) 

or, finally, on again transforming the last three terms, 

+ n- + w®) dxdydz. 

In the ease of a finite region the surface-integrals must he retained* 
This involves the addition to the right-hand side of (7) of the term 

P JJ + «w) (a;M + yv + zw)-^ (lx + my -t- nz) q-\ dS, (8) 

■where = + w\ This simplifies in the case of a fixed boundary 

The value of the expression (7) must be unaltered by any displacement 
of the origin of co-ordinates Hence we must have 


my^-wv)dxdydz=Q, \\^{w^-^i};)dxdydz = 0, -v^) dxdydz = {) 

W 

These equations, which may easily be verified by partial integration, follow also from 
the consideration that the components of the impulse parallel to the co-ordinate axes must 
be constant Thus, taking first the case of a fluid enclosed in a fixed envelope of finite 
Size, we have, m the notation of Art 152, 




(10) 


* J. J Thomson, I c. 
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whence ^=p J j j^^dvdydz-p J dS 

= -P JJ JJ J(vC-w,!)d/i!dydc-p j jl^^dS, (11) 

by Art 146 (5) Tlic firyt and third terms of tins cancel, since at the envelope we liavc 
■X^=dcj>/dt Hence for any re-entrant system of vortices enclosed in a fixed vessel, we have 

dP 

■^='^plll{H-'>'»i)dxdydz, . ( 12 ) 

With two similai equations It has been proved in Art 119 that if the containing vessel 
be infinitoly largo, and infinitely distant from the vortices, P is constant This gives the 
first of equations (9) 

Conversely from (9), established otherwise, we could infer the constancy of the com- 
ponents P, Q, R of the impulse* 


Rectilinear Vortices. 


154 When the motion is m two dimensions x, y we have w — 0, whilst 
% V are functions of x, y, only Hence |^=0, ^ = 0, so that the vortex-lmes 
are straight lines parallel to ^ The theory then takes a very simple form 

The formulae (8) of Art 148 are now leplaced by 


d(h d'yir dd> d^Jr 

^ dx dy ^ dy'^ dx ^ 

the functions </>, 'xjr being subject to the equations 

whore Vv 


..( 1 ) 

(2) 


dx^ d\f ’ 


and to the proper boundary-conditions 

In the case of an incompressible fluid, to which we will now confine our- 
selves, we have 

"‘■Si- 

where 'v/r is the stream-function of Art 59 It is known from the theory 
of Attractions that the solution of 

= W 

f being a given function of x, y, is 

1 


f = 


\ogrdx'dy' + ^lr^, 


.(5) 


where denotes the value of ^ at the point {x\ y'), and r stands for 

[{oi:-xy + {y-yyY‘. 

* Of J J. Thomson, Jllofioii o/ Tojfe® JRinps, p 6. 


14—2 
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The ‘ complementary function’ may be any solution of 

= ((i) 


it enables us to satisfy the boundary-conditions. 

In the case of an unlimited mass of liquid, at rest at infinity, ■v/r,, is con- 
stant The formulae (3) and (5) then give 


u = — 



y-y 

r- 


dx'dy, 



..(7) 


Hence a vortex-filament whose co-oidinates are x', y and whose strength is k 
contiibutes to the motion at {x, y) a velocity whose components are 


fC 

Stt 


and 


K X — x' 
2'Tr 


This velocity is perpendicular to the line joining the points {x, //), {x\ y/), 
and its amount is fcj^TTr 

Let us calculate the integrals Jfu^dxdy, and jjv^dxdy, wheie the int(igra- 
tions include all portions of the plane xy for which ^ does not vanish. Wo 
have 

J I" ui;dxdy = dxdydx'dy', 

where each double integration includes the sections of all the voiticos Now, 
corresponding to any term 

dxdydx'dy' 

of this result, we have another 

dxdydx'dy', 


and these two neutralize each other Hence, and by similar reasoning, 


fju^dxdy= Oj jjv^dxdy = 0 ... ... 

If as before we denote the strength of a vortex by /c, these results may 
be written ^ 

S/cii = 0, S/cy = 0 . ^9^ 

Since the strength of each vortex is constant with regard to the time, the 
equations (9) express that the point whose co-ordinates are 


x = 


'^iKX 

27^ 






is fixed throughout the motion 


. .( 10 ) 
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This point, which coincides with the centre of inertia of a film of matter 
distributed over the plane xy with the surface-density may be called the 
' centre ’ of the system of vortices, and the straight line parallel to of which 
it IS the projection may be called the ‘axis’ of the system If 2 a: = 0, the 
centie is at infinity, or else indeterminate 


155 Some interesting examples are furnished by the case of one or 
more isolated vortices of infinitely small section Thus 

1®. Let us suppose that we have only one vortex-filament present, and 
that the rotation ^ has the same sign throughout its infinitely small 
section Its centre, as just defined, will lie either within the substance of 
the filament, or infinitely close to it Since this centre remains at rest, the 
filament as a whole will be stationary, though its parts may experience 
relative motions, and its centre will not necessarily lie always in the same 
element of fluid Any particle at a finite distance r from the centre of the 
filament will describe a circle about the latter as axis, with constant velocity 
fcj^irr The region exteinal to the vortex is doubly-connected, and the 
circulation in any (simple) circuit embracing it is of course k The 
irrotational motion of the surrounding fluid is the same as in Art 27 (2) 

2° Next suppose that we have two vortices, of strengths /Cj /Cg, respec- 
tively Let A, 5 be their centres, 0 the centre of the system The motion 
of each filament as a whole is entirely due to the other, and is theiefore 
always perpendicular to AB Hence the two filaments remain always at the 
same distance from one another, and rotate with constant angular velocity 
about 0, which is fixed. This angular velocity is easily found, we have 
only to divide the velocity of A (say), viz A£), by the distance AO, 

where 

AO= 

Ki 4“ ATjj 

and so obtain 

If Ki, /ta be of the same sign, ie if the directions of rotation m the two 
vortices be the same, 0 lies between A and B, but if the rotations be of 
opposite signs, 0 lies in AB, or BA, produced. 

If — 0 is at infinity, but it is easily seen that A, B move with 

equal velocities , AB) at right angles to AB, which lemains fixed in 

direction Such a combination of two equal and opposite vortices may be 
called a ‘ vortex-pair ’ It is the two-dimensional analogue of a circular 
vortex-rmg (Art 160), and exhibits many of the properties of the latter. 

The stream-lines of a vortex-paii form a system of coaxal circles, as shewn 
on p 68, the vortices being at the limiting points (± a, 0) To find the 
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relative stream-liaes, we superpose a general velocity equal and opposite to 
that of the vortices, and obtain, for the relative stream-function 



( 1 ) 


in the notation of Art 64, 2“ The annexed figure (which is turned through 
90° for convenience) shews a few of the lines The line = 0 consists partly 
of the axis of y, and partly of an oval surrounding both vortices 



It is plain that the particular portion of fluid enclosed within this oval 
accompanies the vortex-pair m its career, the motion at external points 
being exactly that which would be produced by a rigid cylinder having 
the same boundary, cf Art 71. The semi-axes of the oval are 2 09(fc and 
1 73 ct, approximately* 


A difiaculty is sometimes felt, in this as m the analogous instance of a vortox-riiig 
m understanding why the vortices should not he stationary If m the figure on p 68 
the filaments were replaced by solid cyhnders of small circular section, the latter mialit 
indeed reinain at r^t, provided they were rigidly connected by some contrivance which 
did not interfere with the motion of the fluid, but in the absence of such a connection 
they would in the first instance be attracted towards one another, on the pnnciple 
explained m Art 23 This attraction is however neutralized if we superpose a <mnoral 
ve ocity 1 of suitable amount in the direction opposite to the cyclic motion half-way 
between the cylinders To find P, we remark that the fluid velocities at tlm Lo pomts 
( _c, 0), where c is small, will be approximately equal in absolute magnitude, proviLd 

V+~ 1- = y 

Sttc 4:ira Sttc Atto, ’ 


Cf Sir W Thomson, “On Vortex Atoms,” P/ni Maq (4) t xxxiv n 
Bieoke, Gott Naeh, , 1888, wheie paths of fluid particles are also delmeated ’ 


and 
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where /v is the circulation Hence 

which IS exactly the velocity of translation of the vortex-iiair, in the original form of the 
liroblem* 

Since the velocity of the fluid at all points of the plane of symmetry is 
wholly tangential, we may suppose this plane to form a rigid boundary of 
the fluid on either side of it, and so obtain the case of a single rectilinear 
vortex in the neighbourhood of a fixed plane wall to which it is parallel 
The filament moves parallel to the plane with the velocity Kj^irh, where li is 
the distance from the wall. 

Again, since the stream-lines are circles, we can also derive the solution 
of the case where we have a single vortex-filament in a space bounded, either 
internally or externally, by a fixed ciicular cylinder 


Tims, m the figure, let EPD be the section of the cylinder, A the position of the vortex 
(supposed in this case cxteinal), and let B be the ‘ image’ of A with respect to the ciicle 
EFJD^ VIZ C being the centre, let 


CB CA = c% 


where c is the radius of the circle Tf P be any iiomt on 
the circle, we have 


BF 


AE_ 

BE 


AD 

BD 


== const 



so that the circle occupies the position of a streain-lmc duo 

to a vortex-pair at /I, B Since the motion of the vortex A would bo poipcndicular to AB^ 
it IS iilain that all the conditions of the problem will bo satisfied if wo suppose A to 
describe a circle about the axis of the cylinder with the constant velocity 


K ___ K GA 
Stt AB %7r{Gx[}^c^y 


whore k denotes the strength of A 

In the same way a single vortex of strength k, situated inside a fixed circular cylinder, 
say at /?, would describe a circle with constant velocity 

/c CB 

27r (>- CB^) * 

It IS to bo noticed, however f, that in the case of the external vortex the motion is not 
completely determinate unless, in addition to the strength /c, the value of the circulation 
m a circuit embracing the cylinder (but not the vortex) is proscribed In the above 
solution, this circulation is that duo to the vorfcex-imago at B and is - k This may be 
annulled by the superposition of an additional vortex 4* k at (7, in which case we have, for 
the velocity of A , 

K CA K _ fCC*^ 

“2,r(C'12-c*)'^2V aA~~'2.7r aA{OA'^-d‘‘) 

For a prescribed circulation k' we must add to this the term A GA 


* A more exact investigation is given by Hicks, “ On the Condition of Steady Motion of Two 
Cylinders m a Fluid,” Quart Journ Math , t. xvii p 194 (1881) 

t F. A Tarleton, “ On a Problem in Voitex Motion,” Proc, R. I A., December 12, 1892 
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3° If we have four parallel rectilinear vortices whose centres form a 
rectangle ABB' A', the strengths being k for the vortices A', B, and — k for the 
vortices A, B', it is evident that the centres will always form a rectangle 
Further, the various rotations having the diiections indicated m the figure, 



we see that the effect of the presence of the pair A, A' on B, B' is to separate 
them, and at the same time to dimmish their velocity perpendicular to the 
line joining them The planes which bisect AB, AA' at right angles may 
(either or both) be taken as fixed rigid boundaries We thus get the case 
where a pair of vortices, of equal and opposite strengths, move towards (or 
from) a plane wall, or where a single vortex moves in the angle between two 
perpendicular walls. 

If X, y be the co-ordinates of the vortex A lelative to the planes of symmetry, wo 
readily find 

Xzsz — - ^ ^ 3 ^^ 

where By division we obtain the differential equation of the path, viz 

y3 

whence a2(a;2-f^2)=4);2y2^ 

a being an arbitrary constant, or, transformmg to polar co-ordinates, 

— ^ 


^y-yx=~, 

see acts, Bur 18Tppl^!?o'^.^ 

“ Some transforming plane problems m vortex-motion was given by Eouth 

Some Applications of Conjugate Functions,” P, 00 iond Hatft. Soo , t xn. p TMISSI) 
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156 When, as in the case of a vortex-pair, or a system of voitex-pairs, 
the algebraic sum of the strengths of all the vortices is zero, we may work 
out a theory of the ' impulse,’ in two dimensions, analogous to that given in 
Arts 119, 152 for the case of a finite vortex-system The detailed exami- 
nation of this must be left to the reader. If P, Q denote the components of 
the impulse parallel to sc and y, and N its moment about 0^, all reckoned per 
unit depth of the fluid parallel to it will be found that 

•P = P Q = - dxdy, 

+ ^dxdy 

For instance, in the case of a single vortex-pair, the strengths of the two 
vortices being + tc, and their distance apart c, the impulse is a;c, in a line 
bisecting c at right angles 

The constancy of the impulse gives 

Xkx = const , S/cy = const , 

+ y^) = const 

It may also be shewn that the energy of the motion in the present case 
is given by 

T = plly\rl^dxdy ^ — , . .(3) 

When IS not zero, the energy and the moment of the impulse are both 
infinite, as may be easily verified in the case of a single rectilinear voitex. 

The theory of a system of isolated rectilinear vortices has been put in a very elegant 
form by Kirohhoff ^ 

Denoting the positions of the centres of the respective vortices by (a?!, yi), (^ 2 , 3 / 2)3 - 

and their strengths by kj, ^ 2 , , it is evident from Art 154 that we may write 


d'v-i 

dW 


dW ^ 


'Syi ’ 

1 'di 



9Tf 


dW 

dt 

3^2’ 

dt 

11 




where 


1F= 


27r 


SKi/^glogrij 


(^) 


if ^12 denote the distance between the vortices 

Since W depends only on the 'ielatim configuration of the vortices, its value is unaltered 
when ^ 1 , . are increased by the same amount, whence 20TF/0/ri=O, and, in the same 
way, 20fi^/0yi=O This gives the first two of equations (2), but the proof is not now 
limited to the case of 2/c=0. The argument is in fact substantially the same as in 
Art 154 


Mechaiith, c. xx 
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/ dx dy\ 


311^ 


1- r 3y ■ 



Again, we obtain frona (4) 

2k 

or if \\e introduce polar co-ordinates (r^, ^i), (rg, ^ 2)3 several vortices, 

dr ^ 9 

• («) 

Since IF is unaltered by a rotation of the axes of co-oidmates m their own plane about the 
origin, we have whence 

2Kr^== const, 

which agrees with the third of equations (2), but is free from the lestiictxon there implied 
An additional integral of (4) is obtained as follows We have 


^ f dy da\ ^ / 9 IF 3 W\ 


^ ,dd ^ dW 


(8) 


If every r be increased in the ratio ! + €, where € is infinitesimal, the increment of IF is 
equal to 26r d W/dr But since the new configuration of the vortex-system is geometrically 
similar to the former one, the mutual distances 7^2 altered in the same ratio l + e and 
therefore, from (5), the increment of IF is cI^tt 2ki Kg . Hence (8) may be written in the form 

^ ^dB 1 ^ 

^ = • (9) 


157 . The results of Art 155 are independent of the form of the sections 
of the vortices, so long as the dimensions of these sections arc small compared 
with the mutual distances of the vortices themselves The simplest case 
is of course when the sections are circular, and it is of interest to inquire 
whether this form is stable. This question has been examined bv Lord 
Kelvm* 


men tbe disturbance is in two dimensions only, tbe calculations are very simple. Lot 
us suppose, as m Art 27, that the space within a circle »•=«, having the centre as origin 
IS occupied by fluid havmg a uniform rotation f, and that this is surrounded by fluid 
moving irrotationally. If the motion be continuous at this circle we have, for r < af 

, (1) 

while for r>a, ^=-Canogalr . _ ^ 2 ) 

To examine the effect of a slight irrotational disturbance, we assume, for » <a, 


f == - J t (^2 - 7 2 ) _j_^ __ 


and, for r>a, 


log ^ 


+ A -CO8(sd-cr0, 


(.A) 


^ determined The constant A must have the same 

value m these two expressions, since the radial component of the velocity, -^^jrde, must 


(1880) 


Sir W. Thomson, “ On the Vibrations of a Columnar Vortex,” PM Mag (5), t x p 155 
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156 - 158 ] Stability of a Oylindrical Vortex 

be continuous at the boundary of the vortex, for which r=a, approximately Assuming 
for the equation to this boundary 

0'~a+aCOH(sd-crt)f . . ( 4 ) 

we have still to express that the tangential component of the velocity is continuous 

This gives 

-f-S ~ cos (sd — crt) — C ~ — ^0 
Substituting from (4), and neglecting the square of a, we find 

. . ( 5 ) 

So far the work is purely kinematical, the dynamical theorem that the vortex-lines move 
with the fluid shews that the normal velocity of a particle on the boundary must be equal 
to that of the boundary itself This condition gives 

0; dyjr d\jr dr 
dt^ 7d6 dr 


where ? has the value (4), or 


aa=S — ]rC^ 
a 


Sa 

a 


( 6 ) 


Eliminating the ratio Ala between (5) and (6) we find 

<r=(s-l)f . . (7) 

Hence the disturbance represented by the plane harmonics in (3) consists of a system 
of corrugations travelling round the circumference of the vortex with an angular velocity 


(T s — 1 

s s 




( 8 ) 


This IS the angular velocity in space ; lelative to the rotating fluid the angular 
velocity IS 



(9) 


the direction being opposite to that of the rotation 

When s = 2, the disturbed section is an ellipse which rotates about its centre with 
angular velocity 

The transverse and longitudinal oscillations of an isolated rectilinear vortex-filament 
have also been discussed by Lord Kelvin in the paper cited. 


168 The particular case of an elliptic disturbance can bo solved without 
appioximation as follows* 

Let us suppose that the space within the ellipse 

( 1 ) 

IS occupied by liquid having a uniform rotation whilst the surrounding fluid is moving 


^ Kirchhoff, Mechanik, c. xx p 261, Basset, Hydrodynamics^ t. ii. p. 41, 
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in-otatioiially It will appear that the conditions of the problem can all he satished if we 
imagine the elliptic boundary to rotate, without change of shape, with a constant angular 
velocity (?^, say), to be determined 

The formula for the external space can be at once written down from Art 72 4° viz 
we have ’ ’ 

cos 2rj + (2) 

where r, now denote the elliptic co-ordinates of Art 71, 3°, and the cyclic constant /c has 
been put ^^irah^ 

The value of for the internal space has to satisfy 




with the boundary-condition ^ £ -f-w; 

These conditions are both fulfilled by 


provided 


A + 5=1, Aa^-Bb^=^(a^-b^) . 


(3) 

(4) 

(5) 

( 6 ) 


It remains to express that there is no tangential shppmg at the boundary of the 
vortex , i e that the values of df/d^ obtained from (2) and (5) there coincide Putting 

«=ccosh^cos, 7 , 2 /=csmh|sin,, where o=(a^-b^)\ differentiating, and equating coeffi- 
cients of cos 2i;, we obtain the additional condition 

— (a+b)^e~^= (A — B) cosh | sinh |, 

where $ is the parameter of the ellipse (1) This is equivalent to 

71 a^ — h^ 


^ ^ 2C ab ’ 
since, at points of the ellipse, cosh ^=a/e, sinh ^=5/c 

ah 


and 


Combined with (6) this gives Aa=i?6=-— 

^ah , 


71 — ’ 


0) 

( 8 ) 

(9) 


When a=h, this agrees with our foimer approximate result 

The component velocities ^ of a particle of the vortex relative to the principal axes 
of the ellipse are given by 


whence we find 


d\lr 


3/= 


djr 

da: 


-no:. 


X y 

a h ’ 


y ^ 

o a 


.( 10 ) 

Integrating, we find ^=Xaco8(^^+€), y^hhmiint^^), , (H) 

where c are arbitrary constants, so that the relative paths of the particles are ellipses 
similar to the boundary of the vortex, described according to the harmonic law If a' y' 
be the co-ordinates relative to axes fixed m space, we find 
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x'^x COS nt — y sin nt = (a + h) cos i^nt -l-e)4'n(c^ — & ) cos e, 

3/' = V sill nt +3/ cos nt=:= JZ, {a + b) sin ( 27 it + e) — (ct — 6) sin e 

The absolute paths are therefore circles described with angular velocity 2;^^ 



159 It was pointed out in Art 80 that the motion of an incompressible 
•fluid in a carved stratum of small but uniform thickness is completely defined 
by a stream-function ijr, so that any kmematical problem of this kind may be 
transfoimed by projection into one relating to a plane stiatum. If, fuither, 
the projection be ' orthomoiphic/ the kinetic energy of corresponding portions 
of liquid, and the circulations m coiresponding circuits, are the same in the 
two motions The lattei statement shews that vortices transform into vor- 
tices of equal strengths It follows at once from Art 145 that in the case of 
a closed simply-connected surface the algebraic sum of the strengths of all 
the vortices present is zero 

Let us apply this to motion in a spherical stratum The simplest case is 
that of a pair of isolated vortices situate at antipodal points, the stieam-lines 
are then parallel small ciicles, the velocity varying inversely as the radius 
of the circle For a vortex -pair situate at miy two points J , £, the stream- 
lines are coaxal circles as in Art 80 It is easily found by the method of 
stereographic projection that the velocity at any point P is the resultant of 
two velocities /t/27ra. cot^^i and /c/27ra cot-^-ft^, perpendicular respectively to 
the great-circle arcs AP, PP, whore ^ 1 , 0^ denote the lengths of these arcs, 
a the radius of the sphere, and ± /c the strengths of the vortices The centre f 
(see Art 154) of either vortex moves perpendicular to AB with a velocity 
fcj^Tra cot ^AB The two voitices therefore desciibe parallel and equal small 
circles, remaining at a constant distance from each other 


Circular Vortices 

160. Let us next take the case wheic all the vortices present in the 
liquid (supposed unlimited as beloie) arc circulai, having the axis of a; as a 
common axis Lot denote the distance of any point P from this axis, v the 
velocity in the direction of 'cj, and co the angular velocity of the fluid at P. 
It IS evident that u, a, co are functions of cc, 'ey only 

^ For further reseaichos in this connection see Hill, “ On tho Motion of Fluid pait of which 
IS moving lotatioiially and part iiiotationally,” P/wi T)ans.y 1884, Love, “On the Stability of 
certain Vortex Motions, ” P/ 06 * Lond Math Sac yi xxv. p 18 (1893). 

t To pievent possible misconception it may be remarked that the centres of corresponding 
vortices are not necessarily corresponding points. The paths of these centres are therefore not 
in general projective. 
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Under these circumstances there exists a stream-function i/r, defined as m 
Art 94, VIZ we have 


1 d^lr ^ 1 

'ST 'UT dx ’ 


( 1 ) 


whence 


2ft) 


dx 0'CJ '57 0'57^ -37 0'S7. 


( 2 ) 


It IS easily seen from the expressions (7) of Art 148 that the vector 
{F, G, H) will under the present conditions be everywhere perpendicular to 
the axis of x and the radius If we denote its magnitude by S, the flux 
through the circle (x, will be 27rti7S, whence 


= — 'OT/S . • (3) 

To find the value of 'yjr at (x, ct) due to a single vortex-filament of cir- 
culation /c, whose co-ordinates are x', we note that that element which 
makes an angle 6 with the direction of B may be denoted by and there- 
fore by Art. 149 (1) 

cos (9 , . 

■ ■ • •(« 

where . . .(5) 

If we denote by the least and greatest distances, lespectively, of the 
point P from the voitex, viz 


- ^')2 4- (-53- _ ri = (ft? - xj + + '57')^, . (6) 

we have = Vi^ cos^ ^9 ■+ sin^ ^0, 4'S7'C7' cos 0 = -h — 2r\ • • • .(7) 

and therefore 




Stt 


(ri^ -f rg* 


d0 


0 cos^ ^9 -h rg^ sin^ 

— 2 f V(^i^cos^^0-|-r2^sinH^)<^^ 
Jo 


.( 8 ) 


The integrals are of the types met with m the theory of the ‘ arithmctico- 
geometiical mean.’^ In the ordinary, less symmetrical, notation of ‘com- 
plete' elliptic integrals we have 


provided 


7 0 1 4'57'57^ 

{X — X^y -f (-57 -f 'ur'y 


( 9 ) 

( 10 ) 


The value of 'yfr at any assigned point can therefore be computed with the 
help of Legendre’s tables 


See Caylej^ Elliptic Functions, Cambridge, 1876, c xm 
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A neater expiession may be obtained by 
formation ’ * , thus 
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means of ‘ Landen’s trans- 


+ . ( 11 ) 


provided 


X = 


“7 2 

+ r-y 


( 12 ) 


To verify this, let yli? bo a straight lino divided at P into two segments PA, PB of 
lengths ) ], respectively , and describe the circle on AB as diameter G being the centre, 
and Q any point on the circumference, let the angles QCA, QPA be denoted by 6, 3, respec- 
tively, and draw OJV perpendicular to (y/P If P(i>=t, we have 


»2=jj2cos4(9+r22sm2^e, )&3=GQ8e conCQN=Qm& 

cos d OQ GO ON 

r i t CQ ’ 

and therefore 

„p cos 680 83 PQ83 83 QN83 PN83 

01. --- oq -CQ + 

Hence 

i(»-.-»-i) J y~~=iiry+r,) iJg, - ^^^jyNd3, .(14) 

lyNd3 = OP I\os3d3=0 


(13) 



Since 

Now 

if 


Q]Sr=- sI{OQ^ - CF^ =i (^i + r,) V(1 - Bin^ ^), 


G(i 


The formula (14) may therefore bo written 

\ (»2 -'•i) dd=^ [Fy (X) - A) (X)], 


(15) 

(16) 

..(17) 


which brings (4) into the required form (11) 


The forms of the stream-lines coi responding to equidistant values of ai^e 
shewn on the next page They are tiacod by a method devised by Maxwell, 
to whom the formula (11) is also duef 

Expressions for the velocity-potential and the stream-function can also bo 
obtained m the form of dehnite integrals involving Bessel’s Functions. 

Thus, supposing the vortex fco occupy the position of the circle x = 0, 
'zxr = a, it IS evident that the portions of the positive side of the plane 0 
which lie within and without this circle constitute two distinct equipotential 

* See Cayley, I c 

t Electncity and Magnetism, Arts 704, 705 See also Minchm, Fhil Mag (5), t. xxxv. 
(1893), Nagaoka, Fhil Mag (6), t. vi. (1903) 
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160-161] Stream-Lines of a Vortex-Ring 

and therefore, in accordance with Art 100 (5), 

^ CO 

== — i^fca'UT I (hw) Ji {ka) dk (19) 

J 0 

These formulae relate of course to the region > 0 

It was shewn in Art 150 that the value of ^ is that due to a system of 
double-sources distributed with uniform density k over the interior of the 
circle The values of (jb and i/r for a uniform distribution of simple sources 
over the same area have been given in Ait 102 (11) The above formulae 
(18) and (19) can thence be derived by differentiating with lespect to cc, and 
adjusting the constant factorf. 


161 The energy of any system of circular vortices having the axis of w 
as a common axis, is 


T = irp JJ 4 " v^) 'urdxd'cs = Trp dxd'sr 

= — 27rp J j’ ylrcodxd'GT = — Trp^fcy^^ . 


( 1 ) 


by a partial integration, the integrated terms vanishing at the limits We 
have heie used tc to denote the strength 2a) Sot of an elementary vortex- 
filament 


Again the formula (7) of Ait 153 becomes | 

T = ^irp {'UTU — xv)'usa)dxdy (mu — xv) . (2) 

The impulse of the system obviously reduces to a force along Ox 
By Art 152 (12), 

P = p Jj (y ^ — zrf) dxdydz = 27rp JJ OT“ft) dxd'UT = iTp%icvj- (3) 

If we mtioduce two symbols otq defined by the equations 


^0 = 


'ZfC'ur'^x 
2/cot- ^ 


2/cot‘-^ 


■ ( 4 ) 


these determine a circle whose position evidently depends on the strengths 
and the configuration of the vortices, and not on the position of the origin on 
the axis of symmetry. It may be called the 'circulai axis' of the Avhole 
system of vortcx-rings 


* The foimula ior occurs in Basset, liijd) odijnamics, tup 9 B. See also Nagaoka, I c 
k Other expiessions foi <56 and xp can be obtained in teims of zonal spheiical haimonics. 
Thus the value ol 0 is given in Thomson and Tait, Ait 546, and that of \p can be deduced by 
the foimulae (11), (12) of Art 95 ante The elliptic-mtegial forms are liowevei the most useful 
for purposes of inteipietation 

t At any point in the plane ;s=:0 we have y = OT, 1=0, 97 = 0 , v — v, the rest follows by 
symmetry 


L 


15 
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Since k is constant for each vortex, the constancy of the impulse shews, 
by (3) and (4), that the circular axis remains constant in radius. To find its 
motion parallel to x, we have, from (4), 

S/c . ^ ^ ^ = S/cOT (otw + 2xv). .(5) 

dt dt dt ^ ^ 

With the help of (2) this can be put in the form 

2a: ^ = -^^+S'2k{x — Xo)'utv, .(6) 

where the added term vanishes, since Xk'utv = 0 on account of the constancy 
of the mean radius (^o)- 


162 Let us now consider, in particular, the case of an isolated vortex- 
ring the dimensions of whose cioss-section are small compared with the 
radius ('CTo) It has been shewn that 






+ ^ 2 ) (o'dx'd'UT^ 


.0) 


where ri, aie defined by Art 160 (6). For points {x, 'ur) in or near the 
substance of the vortex, the ratio rj/rg is small, and the modulus (X) of the 
elliptic integrals is accoidmgly nearly equal to unity We then have 

F,(X)=ilog^^, F,i\) = l, .... ( 2 ) 


approximately*, where X' denotes the complementary modulus, viz 


or = 4ri/r2, nearly 


X'J = 1 - 


X= = 


47’ir2 

(n + nf ’ 


( 3 ) 


Hence at points within the substance of the vortex the value of i/r is of 
the order K-sr^logur^/e, where e is a small linear magnitude comparable with 
the dimensions of the section The velocity at the same point, depending 
(Alt 94) on the differential coefficients of ■yjr, will be of the order K/e 

We can now estimate the magnitude of the velocity dooo/dt of translation 
of the vortex-rmg By Art. 161 (1), T is of the order logwo/e, and v is, 
as we have seen, of the order /e/e , whilst ic - is of course of the order e 
Hence the second term on the right-hand side of the formula (6) of the 
preceding Art is, in the present case, small compared with the first, and the 
velocity of translation of the ring is of the order logtivo/e, and approxi- 
mately constant. 


See Cayley, Elliptic Funetims, Arts 72, 77, and Maxwell {I c ). 
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An isolated vortex-ring moves then, without sensible change of size, 
parallel to its rectilinear axis with nearly constant velocity This velocity 
IS small compared with that of the fluid in the immediate neighbourhood of 
the circular axis, but may be greater or less than •J/c/'to-,), the velocity of the 
fluid at the centre of the ring, with which it agrees in direction. 


For the case of a cmular section more definite results can be obtained as follows If 
we neglect the variations of cr and co ovei the section, the foimulae (1) and (2) give 

yj/zzz --zerQ j j ^log - 2^ dx'dm'j 

or, if we introduce jiclar co-ordinates (.<?, m the plane of the section, 

. (4). 

wheie a is the radius of the section Now 


f2ir . 

J ^ log rj^dx' = j ^ log + s '2 _ 2 ,^ 5 ' ^os (x - x)r 

and this definite integral is known to be equal to 27r log/, or 27rlog5, erccording as 
Hence, for points within the section, 

^ _ 2co 13*0 J (log - 2^ / ds' — 2Q>'urQ J (log - 2^ s'd/ 

= (5) 

The only vanable part of this is the term this shews that to ou} order of 

approximation the stieain-lines within the section are concentric ciiclcs, the velocity at a 
distance .s‘ from the centre being as Substituting in Art ICl (1) wo find 


4:1Tp 




'\lrsdi>dx = 


Sir 



The last term in Art 161 (6) is equivalent to 


(C) 


m our present notation, denoting the strength of the whole vortex, this is equal to 
Hence the formula for the velocity of translation of the vortex becomes^ 

The vortex-nng carnes with it a certain body of irrotatioually moving fluid in its 
careei , of Ait 155, 2'" According to the formula (7) the velocity of tianslation of the 
voitex will be equal to the velocity of the fluid at its centre when aliout The 

accompanying mass will be ring-shaped or not, according as exceeds or falls short of 
this critical value f 


The ratio of the fluid velocity at the periphery of the vortex to the velocity at the centre 
of the ring is or x:^j7ra Foi Jq-gto, this is equal to 32, about. 


^ This result was given by Sir W Thomson m an appendix to a translation of Helmholtz’ 
paper, FM Map (4), t xxxiii p 511 (1867) 
t Cf Sir W Thomson, I c ante p. 214 
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163 If we have any_ number of circular vortex-rings, coaxial or not, the 
motion of any one of these may be conceived as made up of two parts, one 
due to the ring itself, the other due to the influence of the remaining rings 
The preceding considerations shew that the second pait is insignificant 
compared with the first, except when two or more rings approach within 
a very small distance of one another Hence each ring will move, without 
sensible change of shape or size, with nearly uniform velocity in the 
direction of its rectilinear axis, until it passes within a short distance 
of a second ring. 

A general notion of the result of the encountei of two rings may, in 
particular cases, be gatheied from the result given in Art 149 (3) Thus, let 
us suppose that we have two circular vortices having the same rectilinear axis 
If the sense of the rotation he the same for both, the two rings will advance, 
on the whole, in the same direction One effect of their mutual influence 
will be to increase the radius of the one in front, and to contract the radius 
of the one in the rear If the radius of the one in fiont become larger than 
that of the one in the rear, the motion of the former ring will be retarded, 
and that of the latter accelerated Hence if the conditions as to relative 
size and strength of the two rings be favourable, it may happen that the 
second ring will overtake and pass through the first The parts played by 
the two lings will then be reversed , the one which is now in the rear will in 
turn overtake and pass through the other, and so on, the rings alternately 
passing one through the other*. 

If the rotations be opposite, and such that the rings approach one 
another, the mutual influence will be to enlarge the radius of each If the 
two rings be moreover equal in size and strength, the velocity of approach 
will continually diminish In this case the motion at all points of the plane 
which IS parallel to the two rings, and half-way between them, is tangential 
to this plane We may therefore, if we please, regard the plane as a fixed 
boundary to the fluid on either side, and so obtain the case of a single 
vortex-rmg moving directly towards a fixed rigid wall 

The foregoing remarks are taken from von Helmholtz’ paper He adds, 
in conclusion, that the mutual influence of vortex-iings may easily bo studied 
experimentally in the case of the (roughly) semicircular rings produced by 
drawing rapidly the point of a spoon for a short space through the surface of 
a liquid, the spots where the vortex-filaments meet the surface being marked 
by dimples (Of Art 27) The method of experimental illustration by 
means of smoke-rmgsf is too well-known to need description here A beautiful 

* The corresponding case m two dimensions was worked out and illustiated graphically by 
Grobh, I c ante p 216 , see also Love, “ On the Motion of Failed Vortices with a Common Axis,” 
JP) oc Lond Hath Soc , t xxv p 185 (1894) 

t Eeiisch, “Ueber Emgbilduug der Flussigkeiten,” Fogg Ann, t ox (1860), Tait, Recent 
AdvancBb in Physical Science, London, 1876, c xii 
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variation of the experiment consists m forming the rings in water, the 
substance of the vortices being coloured^. 

The motion of a vortex-iing in a fluid limited (whether internally or externally) by a 
fixed spherical surface, in the case where the rectilinear axis of the iing jiasses through 
the centre of the siDhere, has been investigated by Lewis t, by the method of ‘images’ 
The following simplified proof is due to Larmorf The vortex-ring is equivalent (Art 148) 
to a spherical sheet of double- sources of uniform density, concentric with the fixed sphere 
The ‘image’ of this sheet will, by Art 96, be another uniform concentric double-sheet, 
which IS, again, equivalent to a vortex-ring coaxial with the first It easily follows from 
the Art last cited that the strengths (k, k') and the radii (ra-, tu') of the vortex-ring and 
its image are connected by the relation 

/cttr^-l-/c'i3r'^==0 ... (i) 

The argument obviously applies to the case of a re-entrant vortex of any form, provided 
it lie on a sphere concentric with the boundary 


On the Conditions for Steady Motion 
164 In steady motion, %.e when 


du 


= 0 , 


dv 


= 0 , 


dt dt 

the equations (2) of Art 6 may be written 


div 

Jt 


= 0 , 


dll dv 


dio 


aa 1 dp 




dx 


Hence, if as m Art 146 we put 


we have 

It follows that 




p 


-2{v^- wr}), = 2 = 2 (U7) - v^) 


( 1 ) 

( 2 ) 

( 3 ) 


SO 


dx dy 

that each of the surfaces x == const contains both stream-lines and 


^ Reynolds, “ On the Resistance encounteied by Yoitex Rings &o Bnt Ass Bejp , 1876, 
Nature, t xiv. p 477 

f “On the Images of Vortices m a Spheiical Vessel,” Quait. Jouin Math , t. xvi p 338 
(1879) 

X “Electro-magnetic and other Images in Spheres and Planes,” Quart Journ Math., t xxiii» 
p 94 (1889) 
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vortex-lines If further S)i denote an element of the normal at any point 
of such a surface, we have 


dn 


2qco sm /3, 


.(4) 


where q is the current- velocity, 6) the rotation, and /3 the angle between the 
stream-line and the vortex-line at that point. 

Hence the conditions that a given state of motion of a fluid may be 
a possible state of steady motion are as follows It must be possible to draw 
in the fluid an infinite system of surfaces each of which is covered by 
a network of stream-lines and vortex-lines, and the product qco sin /3 hn must 
be constant over each such surface, hn denoting the length of the normal 
drawn to a consecutive surface of the system^ 

These conditions may also be deduced from the considerations that the 
stream-lines aie, in steady motion, the actual paths of the particles, that the 
product of the angular velocity into the cross-section is the same at all points 
of a vortex, and that this product is, for the same vortex, constant with 
regard to the time. 

The theorem that the function defined by (2), is constant over each 
surface of the above kind is an extension of that of Art 21, where it was 
shewn that is constant along a stream-lme 

The above conditions are satisfied identically in all cases of irrotational 
motion, provided of course the boundary-conditions be such as arc consistent 
with the steady motion 


In the motion of a liquid in two dimensions {ocy) the product qhi is 
constant along a stream-line ; the conditions in question then reduce to this, 
that the angular velocity f must be constant along each stieam-line, or, by 
Art 59 (5), 




=f{n 


( 5 ) 


where f {'yjr) is an arbitrary function of 


Tins condition is satisfied in all cases of motion in concentric circles about the origin 
Another obvious solution of (5) is 

+ ( 7 /), ( 6 ) 

m which case the stream-lines are similar and coaxial conics The angular velocity at any 
point IS ^ -f 0), and is therefore uniform 


* See a paper “On the Conditions for Steady Motion of a Fluid,” Pioc Loud Math Soc , 
t IX p 91 (1878) 

t Of Lagiange, Noicv Mim de VAcad de Berlin, 1781 [Oeuvies, t iv p 720], and Stohes, 
“On the Steady Motion of Incompressible Fluids,” Camb Tiam , t vii (1842) IMatli and JPhys 
Papers, t. i p 15] 
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Again, if we piit/('v|/')= - where ^ is a constant, and transform to polar co-ordinates 
^ we get 


0^^ 1 ^ 1 

0j 2 ^ 0y ^.2 




(7) 


which is satisfied (Art. 101) by \l/=OJ's(h') sd (8) 

This gives various solutions consistent with a fixed circular boundary of radius a, the 
admissible values of h being determined by 

J,{ka)=0 (9) 


Suppose, for example, that in an unlimited mass of fluid the stream-function is 

( 10 ) 

within the circle r-a, whilst outside this ciicle we have 

\l/=: . . . (11) 


These two values of ^|/ agree for r = a, jirovided (^a) = 0 Moreover, the tangential velocity 
at this circle will be continuous, provided the two values of dyjr/dr are equal, ^ 6 if 


2 ir _ %u 

^~hJ{(ka) kJ^Qca) 


( 12 ) 


If we now impress on everything a velocity TJ iiarallel to we get a species of cylindrical 
vortex travelling with velocity TJ through a liquid which is at rest at infinity The 
smallest of the possible values of h is given by Jcal7r=^l 2197, the relative stream-lines 
tnsido the vortex arc then given by the diagram on p 272, provided the dotted circle be 
taken as the boundary (r=a) It is easily proved, by Art 156 (1), that the ‘impulse of 
the voitex is represented by ^TTpd^U 


In. the case of motion symmetrical about an axis {x\ we have q 27 r'CTS?i 
constant along a stream-line, -sr denoting as in Art 94 the distance of any 
point from the axis of symmetry The condition for steady motion then is 
that the ratio co/'sr must be constant along any stream-line. Hence, if ^{r be 
the stream-function, we must have, by Art 160 (2), 


dx^ d'GT 


'GT 0'CJ 




(13) 


where f(f\r) denotes an arbitrary function of 'v/r* 


An interesting example is furnished by HilFs ‘ Spherical Vortex + ’ If we assume 

where for all points within the siihere ? =<x, the formula (2) of Art 160 makes 

co= — lAizr, 

so that the condition of steady motion is satisfied Again it is evident, on reference to 


^ This lesult is due to Stokes, Z c 

t “On a Spherical Vortex,” FhtI Tiam , A, t clxxxv (1894) 
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Arts 96, 97, that the irrotational flow of a stream with the general velocity - U parallel to 
the axis, past a fixed spherical surface r = is given by 

( 15 ) 

The two values of yfr agree when r—a, this makes the normal velocity zero on both sides 
In order that the tangential velocity may be continuous, the values of dyjz/d? must also 
agree Bemembering that sin B, this gives A =- and therefore 

(16) 

The sum of the strengths of the vortex-filaments composing the spherical vortex is 5 Ua 



The figure shews the stream-lines, both inside and outside the vortex , they are drawn, 
as usual, for equidistant values of 

If we impress on everything a velocity U parallel to we get a spherical vortex 
advancing with constant velocity U through a liquid which is at rest at infinity 

By the formulae of Art 161, we readily find that the square of the ‘ mean-radius’ of the 
vortex IS the ‘impulse ’ is ^Trpa^U, and the energy is \^7rpa^C7’2 

As explained in Art 146, it is quite unnecessary to calculate formulae for the pressure, 
in order to assure ourselves that this is continuous at the surface of the vortex The con- 
tinuity of the pressure is already secured by the continuity of the velocity, and the constancy 
of the circulation in any moving circuit 

165 As already stated, the theory of vortex motion was originated by 
von Helmholtz in 1858 It acquired additional interest when, in 1867, Lord 
Kelvin suggested^ the theory of vortex atoms As a physical theory, this 
lies outside our province, but it has given rise to a great number of interesting 
investigations, to which some reference should be made We may mention 
the investigations as to the stability and the periods of vibration of recti- 
linear f and annular^ vortices, the similar investigations relating to hollow 

* l c ante p 214 

+ Sir W Thomson, I c. ante p 218 

J J J Thomson, Ic aiitep 208, Dyson, Phil, Tmns A, t clxxxiv. p 1041 (1893) 
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vortices (where the rotationally moving core is replaced by a vacuum*) , and 
the calculations of the forms of boundary of a hollow vortex which are con- 
sistent with steady motion f. A summary of some of the leading results has 
been given by Love| 


Clebsclis TransformaUon 

166 Another matter of some interest, which can only be briefly touched 
upon, is Clebsch’s transformation of the hydrodynamical equationsg 

It IS easily seen that the component velocities at any one instant can be expressed in 
the forms 

( 1 ) 






ds 3l! ■ 


/*) 


.( 2 ) 


where (jy, X, /i are functions of y, 2, provided the component rotations can be put in the 
forms ^ , 

B(z,v)’ ^ d (a, y) 

Now if the differential equations of the vortex-lines, viz 

dx _dy _ dz 

l~l ~ r ■ ■ ■ 

be supposed integrated in the form 

a = const , ^ = const , 

where a, ^ are functions of x, y, z, we must have 


2| = P 


9(0, 


%r)=P 


9(0,0) 


9(V, y)’ 


'91^2)’ ^''-"0(i,T)’ 

where P is some function of v, y, z 11 Substituting these expressions in the identity 


(3) 

(4) 

(5) 


dx^By^Bz ’ 


we find 


9 {P, o, 0) 


= 0 , . 


y, i) ^ 

which shews that P is of the form / (o, 0) If X, p be any two functions of o, 0, we have 


9 (X, p) ^ 9 ( X, ji) 9 (^0) 

9 (y, 2) 9 (n, 0) 9 CVi 2 ) ’ ’ 


^ Six W Thomson, Ic , Hichs, “On the Steady Motion and the Small Vibrations ot a 
Hollow Vortex,” Phil Trans, 1884, Pocklmgton, “The Complete System of the Periods of 
a Hollow Vortex King,” Tlnl Trans, A, t clxxxvi p 603 (1895), Carslaw, “The Tinted 
Vibrations of a Circnlar Vortex-Bmg with a Hollow Core,” Troc Lond Math Soc , t xxviii 
p 97 (1896) 

i Hicks, I c , Pocklmgton, “ Hollow Straight Voitices,” Camh, Boc , t. viii p 178 (1894) 

X I c ante p. 182 

§ “XJeber eine allgemeine Transformation d hydrodynamisohen Grleichnngen,” Cielle, t liv 
*(1857) and t Ivi (1859). See also Hill, Quart Jown Math, t xYii (1881), and Camh Tians , 
t: XIV (1883) 

11 Cf Forsyth, Differential Equations, Art 174 
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and the equations (5) will therefore reduce to the form (2), provided X, /x be chosen so that 

(7) 


9(o, 


whicli can obviously be satisfied in an infinity of ways 

It IS evident from (2) that the intersections of the surfaces X = const , jLi= const are the 
vortex-lines This suggests that the functions X, fi which occur in (1) may he supposed to 
vary continuously with t in such a way that the surfaces in question move with the fluid* 
Various analytical proofs of the possibility of this have been given , the simplest, perhaps, 
IS by means of the equations (2) of Art 15, which give (as in Art 17) 


itdx-^vdy+wdz—Uf^da+'OQdb + tOQdC'-dx 


It has been proved that we may assume, initially, 


'^^da-^’V^dh+w^dc^ -dcf^Q^Xdfi 


( 8 ) 


(9) 


Hence, considering space-variations at time t, we shall have 

udx+vd^+wdz^ —dcl)’{-\dfji, , (10) 

where and X, /x have the same values as m (9), but are now expressed in terms 

of y, 2 :, t Since, m the 'Lagrangian' method the independent space-variables relate to 
the individual particles, this proves the theorem 

On this understanding the equations of motion can be integrated, provided the 
extraneous forces have a potential, and that p is a function of p only 


ax\ 0 _p 

ds) do) 


da 9a . 3a 


We have 

ax 




d(p 

'dt 


dt) ' 


D\ dfx 
Dt dr, 


Dfi 3X 
Dt dv 


and therefore, on the present assumption that DXIDt=0, DfxjDt:^ 


= 0 , 


/ 




dji 


(11) 


( 12 ) 


p ■ ■ 6t ' dt' 

by Art 146 (5), (6) An arbitrary function of t is here supposed incorporated m ^jdt 
If the above condition be not imposed on X, we have, writing 


H 


=/ 


‘^+k'+a-|+x|, 


DX ^ 
Dt dx 


Dfx 3X 
Dt dsG~ 


_dH 
3^ ^ 


DX djjL 
Dt dy 


Dll 9X 
Dt dy~ 

0 {H, X, p) 


dH 

= 0 , 


DX d[i 
Dt dz 


Dfi 9X_ 
'~Dlt 3s""' 


dir 

dz 


Hence 

3 {x, y, i) 

shewing that S' is of the form/(X, p, t ) ; and 

m dir Dfi dH 


Of 


3p ’ Dt 3X 


(13) 

(14) 

(15) 

(16) 


* It must not be overlooked that on account of the insufficient determinaey of X, p these 
functions may vary continuously with t without relating always to the same particles of fluid 
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TIDAL WAVES 

167 One of the most interesting and successful applications of hydro- 
dynamical theory is to the small oscillations, under gravity, of a liquid having 
a free surface. In certain cases, which are somewhat special as regards the 
theory, but very important from a practical point of view, these oscillations 
may combine to form progressive waves travelling with (to a first approxi- 
mation) no change of form over the surface 

The term ‘ tidal,' as applied to waves, has been used in various senses, but 
it seems most natural to confine it to gravitational oscillations possessing the 
characteristic feature of the oceanic tides pioduced by the action of the sun 
and moon. We have therefore ventured to place it at the head of this 
Chapter, as descriptive of waves in which the motion of the fluid is' mainly 
horizontal, and theiefore (as will appear) sensibly the same for all pai tides 
in a vertical line. This latter circumstance greatly simplifies the theoiy 

It will be convenient to recapitulate, m the fust place, some points in the 
general theory of small oscillations which will receive constant exemplification 
in the investigations which follow^ The theory has reference m the first 
instance to a system of finite freedom, but the results, when properly inter- 
preted, hold good without this restiictionf 

Let qi, ^2, • qn be n generalized co-ordinates serving to specify the con- 
figuration of a dynamical system, and let them be so chosen as to vanish in 
the configuration of equilibrium The kinetic energy T will be a homogeneous 
quadratic function of the generalized velocities . qn, way 

2 T = ail qi^ (i 2%qj^ + 20 - 12 ^ 1 ^ 2 + •> • • (^) 

where the coefficients are in general functions of the co-ordinates qi, g'2, '‘-qn, 

* For a fuller account of the general theory see Thomson and Tait, Natuial Phtlosophy, 
Arts 337, , Lord Bayleigh, Theoiy of Sound, c iv. , Bouth, Memmtary Ihgid Dynamics 

(6th ed.), London, 1897, c ix , Whittaker, Analytical Dynamics, c vii 

■f The steps by ■which a rigorous transition can be made to the case of infinite freedom have 
recently been investigated by Hilbert, Gott Nachi , 1904, p 49 
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but may m the application to small motions, be supposed constant, and to 
have the values corresponding to . -qn^O Again, if (as we shall 

suppose) the system is ^conservative,' the potential energy F of a small 
displacement is a homogeneous quadratic function of the component 
displacements qi, with (on the same understanding) constant 

coefficients, say 

2 F = “h 022^2^ + • +2 ci22'i9'2+ • • *(2) 

By a reaP lineai transformation of the co-ordinates gi, q.^, qn it is 
possible to reduce T and F simultaneously to sums of squares , the new 
variables thus introduced are called the ‘ normal co-ordinates ' of the system 
In terms of these we have 


+ ^^ 222 " + • + Ctn^n3 • • (3) 

2 F= Cig'i" H- C2g'2^ + -^-^Cnqn • (4) 

The coefficients Ui, are called the ‘principal coefficients of inertia', 

they are necessarily positive The coefficients Ci, Cg, . Cn may be called the 
‘ principal coefficients of stability' , they are all positive when the undisturbed 
configuration is stable 


When given extraneous forces act on the system, the work done by these 
duiing an arbitrary infinitesimal displacement A^i, A^ 2 j maybe ex- 

pressed in the form 

QiA^jL-f Q2Ag'2 + • • +Q?2,Ag^ . . ..(5) 

The coefficients Qi, Qs? • Qn sire then called the ‘noimal components of 
disturbing force ' 


In terms of the normal co-ordinates, the equations of motion are given by 
Lagrange's equations 


dt dqi dq^ dqr 


[r = l, 2, . ?i] . .(6) 


In the present application to infinitely small motions, these take the form 


a^q^ -{• Crqr — Qi* . . (7) 

It IS easily seen from this that the dynamical characteristics of the normal 
co-ordinates are (1°) that an impulse of any normal type produces an initial 
motion of that type only, and (2°) that a steady disturbing force of any type 
maintains a displacement of that type only 


To obtain the/ree motions of the system we put Qr = 0 Solving, we find 



2 , = Ar cos (cr, t -b 6^), 

(8) 

where 


■ •• (9) 


* The algebraic proof of this involves the assumption that one at least of the functions T, V 
IS essentially positive In the present case T of course fulfils this condition 
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and A,,e, are arbitrary constants*. Hence a mode of free motion is possible 
m which any normal co-ordinate q, vanes alone, and the motion of any particle 
of the system, since it depends linearly on q,, will be simple-harmonic, of 
peiiod 27 r/a-, , moreover the particles will pass simultaneously through their 
equilibrium positions The several modes of this character are called the 
‘ normal modes ’ of vibration of the system , their number is equal to that of 
the degrees of freedom, and any free motion whatever of the system may be 
obtained fiom them by superposition, with a proper choice of the ‘amplitudes’ 
(.4,) and ‘ epochs ’ (e,.) 

In certain cases, vm when two or moie of the fiee periods ( 277 / 0 -) of the 
system aie equal, the noimal co-ordinates are to a certain extent indeterminate, 
^ e they can be chosen in an inhnite number of ways. An instance of this is 
the spheiical pendulum. Other examples will present themselves later, see 
Arts 189, 198 

If two (01 more) normal modes have the same period, then by compounding 
them, with arbitrary amplitudes and epochs, we obtain a small oscillation 
in winch the motion of each particle is the resultant of simple-harmonic 
vibrations in different directions, and is therefore, in general, elliptic-harmonic, 
with the same period This is exemplified in the conical pendulum , an 
important instance in our own subject is that of progressive waves in deep 
water (Chap IX ) 

If any of the coefficients of stability (c^) be negative, the value of a-, is 
pure imaginary The circular function in (8) is then replaced by real ex- 
ponentials, and an arbitrary displacement will in geneial increase until the 
assumptions on which the approximate equation (7) is based become untenable. 
The undisturbed configuration is then reckoned as unstable The necessary 
and sufficient condition of stability (in the present sense) is that the potential 
energy F should be a minimum in the configuration of equilibrium 

To find the effect of disturbing forces, it is sufficient to consider the case 
where vanes as a simple-haimomc function of the time, say 

Q,. = Or cos (<ri -f- e), .. . . (10) 

where the value of <j is now piescribed Not only is this the most interesting 
case in itself, but we know fiom Fouiier’s Theorem that, whatever the law of 
variation of with the time, it can be expressed by a senes of terms such as 
(10) A particular integral of (7) is then 

Cj 

This represents the ' forced oscillation ’ due to the periodic force In it 


^ The ratio cr/2T measuies the ‘fiequency’ ot the oscillation It is conyenient to have a 
name for the quantity a itself , the term ‘ speed ' has-been used in this sense by Lord Kelvin and 
Prof G- H Darwin in their lesearches on the Tides 
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the motion of every particle is simple-harmonic, of the prescribed period 
27r/cr, and the extreme displacements coincide in time with the maxima and 
minima of the force 


A constant force equal to the instantaneous value of the actual foice (10) 
would maintain a displacement 



cos {at + 




( 12 ) 


the same, of course, as if the meitia-coefficient a, were null Hence (11) may 
be written 



where has the value (9) This very useful foimula enables us to wiitc 
down the effect of a periodic force when we know that of a steady force of the 
same type It is to be noticed that and Q, have the same or opposite 
phases according as J o-, , that is, according as the period of the disturbing 
force is greater or less than the free period A simple example of this is 
furnished by a simple pendulum acted on by a periodic hoiizontal force 
Other important illustrations will present themselves in the theory of the 
tides ^ 


When 0- IS very great in compaiison with o-,, the formula (11) becomes 

C 

q,=--^^cos(ct+e). . . . (14) 

the displacement is now always in the opposite phase to the force, and 
depends only on the inertia of the system 

If the period of the impressed force he nearly equal to that of the normal 
mode of order r, the amplitude of the forced oscillation, as given by (13), is 
very great compared with q, In the case of exact equality, the solution (11) 
fails, and must be replaced by 

qr = Bt sin (a-t+e), (15) 

where, as is veiified immediately on substitution, B=C,l2aa, This gives 
an oscillation of continually increasing amplitude, and can therefore only 
be accepted as a representation of the initial stages of the disturbance 


Another very impoitant property of the normal modes may be noticed If by the 
introduction of constraints the system be compelled to oscillate in any other prescribed 
manner, the configuration at any instant can be specified by one variable, which we will 
denote by 6 . In terms of this we shall have 

qr=Bre, 

* Of T Young, “A Theory of Tides,’ Nicholson’i Journal, t xxxv (1813) mucellaneous 
Woi ks, London, 1854, tup 262] 
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where the quantities Br are certain constants This makes 
'2iT= + B^ cKg + + ^n) 

2V=(B,^c,+B^^c,+ +BJc,,)e^- 

If 6 <x cos (o-zJ + e), the constancy of the energy (T+ V) requires 


(16) 

(H) 


(18) 


Hence cr^ is intermediate in value between the greatest and least of the quantities c, ja^ , m 
other words, the frequency of the constrained oscillation is intermediate between the 
greatest and least frequencies corresponding to the normal modes of the system In par- 
ticular, when a system is modihed by the introduction of a constraint, the frequency of 
the slowest natural oscillation is mm eased 


Moreover, if the constrained type differ but slightly from a normal type (?), o-^ will 
diffei from e^lay, by a small quantity of the second oid&t This gives a valuable method of 
estimating approximately the frequency in cases where the normal types cannot be 
accurately determined'^ 

It may further be shewn that in the case of a partial constraint, which merely reduces 
the degree of freedom from nio the periods of the modified system separate those of 
the original onct 


The modifications which are introduced into the theory of small oscillations 
by the consideration of viscous foices will be noticed in Chapter XL 


Long Waves %n Canals 

168 Proceeding now to the special problem of this Chapter, let us begin 
with the case of waves travelling along a straight canal, with horizontal bed, 
and parallel vei-tical sides Let the axis of x be parallel to the length of the 
canal, that of y vertical and upw^ards, and let us suppose that the motion 
takes place in these two dimensions x, y Let the ordinate of the free surface, 
corresponding to the abscissa x, at time t, be denoted by where y^ is 

the ordinate in the undisturbed state 

As already indicated, we shall assume m all the investigations of this 
Chapter that the vertical acceleration of the fluid particles may be neglected, 
or, more precisely, that the pressuie at any point {x, y) is sensibly equal to 
the statical pressure due to the depth below the free surface, viz 

p-po=9pi.yo+v -y), ■ ( 1 ) 

where _po is the (uniform) external pressuie 


Loid Bayleigli, “ Some General Theorems relating to Vibrations,” Pmc Lend Math Soc , 
t IV p 357 (1873) [Sc Pa])e'is, tip 170], and Theoiy oj Sound, c iv 

I' Bouth, Elemental y Rigid Dynamics, Ait 67, Bayleigh, Theoiy of Sound (2nd ed ), Art. 92a, 
Whittakei, Analytical Dynamics, Art 81 
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Hence 


dp 

dx 



This IS independent of so that the horizontal acceleiation is the same foi 
all particles in a plane perpendicular to x It follows that all particles which 
once lie in such a plane always do so , in other words, the horizontal velocity 
iL IS a function of x and t only 

The equation of horizontal motion, viz 

du du ^ 1 dp 

dt'^'^dx pdx’ 


is fuither simplified in the case of infinitely small motions by the omission of 
the term udu/dx, which is of the second order, so that 


dio _ dr) 




Now let ^ = \ndt, 

i e ^ IS the time-integral of the displacement past the plane x, up to the 
time t In the case of small motions this will, to the first order of small 
quantities, be equal to the displacement of the particles which originally 
occupied that plane, or again to that of the particles which actually occupy it 
at time t The equation (3) may now be written 


dr) 

dt^ ^ dx 


... ( 4 ) 


The equation of continuity may be found by calculating the volume of 
fluid which has, up to time t, entered the space bounded by the pianos x and 
4* , thus, if h be the depth and h the breadth of the canal, 

- ^(^hh) Bx = TjbSx, 

or (5) 


The same result comes fiom the ordinary form of the equation of con- 
tinuity, VIZ 


^ d-y _ 
dx dy 


.((i) 


Thus 



( 7 ) 


if the origin be (for the moment) taken in the bottom of the canal 
This formula is of interest as shewing that the vertical velocity of any 
particle is simply proportional to its height above the bottom. At the 
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free surface we have y = h + = whence (neglecting a pioduct of 

small quantities) 

Jt ' 


-h^ 

dxdt 


( 8 ) 


From this (5) follows by integration with respect to t. 
Eliminating tj between (4) and (5), we obtain 

The elimination of ^ gives an equation of the same form, viz 

d^rj , 0-77 


( 9 ) 


( 10 ) 


The above investigation can readily be extended to the case of a 
uniform canal of any form of section* If the sectional area of the un- 
disturbed fluid be 8, and the breadth at the free surface b, the equation of 
continuity is 

-^i^S)Sx:=7,bSx, ( 11 ) 


whence 


V = 



.( 12 ) 


as before, provided h — S/b, % e h now denotes the mean depth of the canal 
The dynamical equation (4) is of couise unaltered 


169. The equation (9) is of a well-known type which occurs in several 
physical problems, e g the transverse vibrations of strings, and the motion of 
sound-waves in one dimension 

To integrate it, let us write, for shortness, 

c^ = gK .... . (13) 

and x — ct—Xi, 

In terms of (Ti and as independent variables, the equation takes the form 

dxidx2 

The complete solution is therefore 

^—F{x^ct)’\-f{x-{-ct\ (14) 

where i^,/are arbitrary functions 


L. 


Kelland, Timu JR S Bdin.t xiv (1839). 


16 
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The corresponding values of the particle-velocity and of the surface- 
elevation are given by 

i = —F'{x — ct)+ f {os + ct ), ) 

" I . .(15) 


'l = -F'{x-ct)-f'{x^ct) 
h 


The interpretation of these results is simple Take first the motion 
represented by the first term m (14), alone Since F{x-ct) is unaltered 
when t and su are increased by r and ct, respectively, it is plain that the dis- 
turbance which existed at the point x at time t has been transferred at time 
^ 4- T to the point co + ct Hence the disturbance advances unchanged with a 
constant velocity c m space In other words we have a 'piogressive wave’ 
travelling with constant velocity c in the direction of ic-positive In the same 
way the second term of (14) repiesents a piogressive wave travelling with 
velocity c m the direction of ^-negative And it appears, since (14) is the 
complete solution of (9), that any motion whatever of the fluid, which is 
subject to the conditions laid down in the preceding Art , may be legarded as 
made up of waves of these two kinds 

The velocity (c) of propagation is, by (13), that ‘ due to’ half the depth of 
the undisturbed fluid* 


The following table, giving in round numbers the velocity of wavc-i)rop<agation for 
various depths, will be of interest, later, in connection with the theory of the tides 


h 

(feet) 

c 

(feet pel see ) 

6 

(sea-miles per hour) 

^Trajc 

(hours) 

* 

312-i 

100 

60 

3G0 

1250^ 

200 

120 

180 

5000 

400 

240 

90 

11250+ 

600 

360 

60 

20000 

800 

480 

45 


The last column gives the time a wave would take to travel over a distance equtxl to 
the earth’s circumference (Stt^) In order that a ‘long’ wave should traverse this distance 
in 24 hours, the depth would have to be about 14 miles It must be borne in mind that 
these numerical results are only applicable to waves satisfying the conditions above 
postulated The meaning of these conditions will be examined more particularly in 
Art IVl 


170 To trace the effect of an arbitrary initial disturbance, let us suppose 
that when t = 0 we have 

I = <^(4 \ = ir{x) (16) 

* Lagiange, Nouv mgm de I’Acad de Berlin, 1781 [Oeitw «s, t i p 747] 

+ This is probably oompaiable in ordei of magnitude with the mean depth of the ocean 
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The functions F\f which occur in (15) are then given by 


Hence if we draw the curves y = V = where 

7}i = ^h [\{r(x)-\‘ (f>(x)},] .... (18) 

V2 == Ih (x) - <3^ (^0}: j 

the form of the wave-profile at any subsequent instant t is found by displacing 
these curves parallel to x, through spaces ± ct^ respectively, and adding (alge- 
braically) the ordinates If, for example, the oiiginal disturbance be confined 
to a length I of the axis of then after a time Z/2c it will have broken up 
into two progressive waves of length I, travelling in opposite directions 

In the particular case where in the initial state ^ = 0, and therefore 
^(x) = 0, we have 771 ='^ 72 ? the elevation in each of the derived waves is then 
exactly half what it was, at corresponding points, m the original disturbance 

It appears from (16) and (iV) that if the initial distuibance be such that 
c, the motion will consist of a wave system travelling in one 
direction only, since one or other of the functions F' and/ is then zero. 

It IS easy to trace the motion of a surface-jiarticle as a progressive wave 
of either kind passes it. Suppose, for example, that 

^ = F{x-ct), (19) 

and therefore .. . . •• ..(20) 

The particle is at rest until it is reached by the wave 3 it then moves forward 
with a velocity proportional at each instant to the elevation above the mean 
level, the velocity being in fact less than the wave-velocity c, in the ratio of 
the surface-elevation to the depth of the water The total displacement at 
any time is given by 

l-ljvdt. 

This integral measures the volume, per unit breadth of the canal, of the 
portion of the wave which has up to the instant in question passed the 
particle Finally, when the wave has passed away, the particle is left at rest 
in advance of its original position at a distance equal to the total volume of 
the elevated water divided by the sectional area of the canal 

171 We can now examine under what circumstances the solution ex- 
pressed by (14) will be consistent with the assumptions made provisionally 
in Art 168. 


16—2 
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The exact equation of vertical motion, viz 

Dv dp 

gives, on integration with respect to y, 

[Vo-lrri JQy 

p-Po = 9p(yo+r)-y)-p ~^dy , . .. (21) 

This may be replaced by the approximate equation (1), provided j3 (A + ^) be 
small compared with gr), where /3 denotes the maximum vertical acceleration. 
Now in a progressive wave, if X denote the distance between two consecutive 
nodes (^ e points at which the wave-profile meets the undisturbed level), the 
time which the corresponding poition of the wave takes to pass a particle is 
X/c, and therefore the vertical velocity will be of the order 7?c/X*, and the 
vertical acceleration of the order where t] is the maximum elevation 

(or depression) Hence the neglect of the vertical acceleration is justified, 
provided h'/X^ is a small quantity 

Waves whose slope is gradual, and whose length X is large compared with 
the depth h of the fluid, are called ' long waves ' 

Again, the restriction to infinitely small motions, made in equation (3), 
consisted in neglecting iLduj'bx in comparison with dujdt In a progressive 
wave we have dujdt— ± cdiildx , so that must be small compared with c, and 
therefore, by (20), rj must be small compared with h It is to be observed 
that this condition is altogether distinct from the former one, which may bo 
legitimate in cases where the motion cannot be regarded as infinitely small 
See Art 185 

The preceding conditions will of course be satisfied in the general case 
represented by equation (14), provided they are satisfied for each of the two 
progressive waves into which the disturbance can be analysed 


172 There is another, although on the whole a less convenient, method 
of investigating the motion of ^ong’ waves, in which the Lagrangian plan is 
adopted, of making the co-oidmates refer to the individual particles of the 
fluid For simplicity, we will consider only the case of a canal of rectangular 
section f. The fundamental assumption that the vertical acceleration may be 
neglected implies as before that the horizontal motion of all particles in a 
plane perpendicular to the length of the canal will be the same We there- 


- Hence, comparing .yith (20), we see that the latio of the maximum veitical to the maximum 
horizontal velocity is of the older /i/X whaiuxuiu 

+ Air, ^icyc JUtrop , “Tides and Waves.” Art 192 (1845), see also Stokes, “On Waves,” 

T ‘ « P 222] The case of a 

canal w th sloping sides has been treated by McGowan, “ On the Theory of Long Waves ” Phil 
Mag (5), t. xxxv p 250 (1892) 
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fore denote hj x^- ^ the abscissa at time t of the plane of particles whoso 
undisturbed abscissa is w. If rj denote the elevation of the free surface, in 
tins plane, the equation of motion of unit breadth of a stratum whoso thick- 
ness (in the undisturbed state) is Sx, will be 


where the factor (dpldx),8x represents the pressure-difference for any two 
opposite particles x and x-\’hx on the two faces of the stratum, while the 
factor represents the area of the stratum Since we assume that the 
pressure about any particle depends only on its depth below the free surface 
we may write 



d'T) 


so that our dynamical equation is 



■9 


1 j. ^-5 

hj dx ' 


(0 


The equation of continuity is obtained by equating the volumes of a stratum, 
consisting of the same particles, in the disturbed and undisturbed conditions 
respectively, viz. 

(^Bx + ^ (lb -f- 77) = hBx, 


or 




(2) 


Between equations (1) and (2) we may eliminate either or f ; the result in 
terms of f is the simpler, being 


?!l 




daf^ 


IH- 


,(:i) 


This is the general equation of ‘long’ waves in a uniform canal with vortical 
sides^ 


So far the only assumption is that the vertical acceleration of the particles 
may be neglected in calculating the pressure. If we now assume, in addition, 
that ? 7 /A is a small quantity, the equations (2) and (3) reduce to 


7 ? = 



.(4) 


and 


9 '^ , 0^1 


( 5 ) 


Airy, I c. 
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The elevation v also satisfies the equation 




.( 6 ) 


These are in conformity with our previous results, for the smallness of d^jdx 
means that the relative displacement of any two particles is never more than 
a minute fraction of the distance between them, so that it is (to a first 
approximation) now immaterial whether the variable «[he supposed to refer 
to a plane fixed in space, or to one moving with the fluid 


173. The potential energy of a wave, or system of waves, due to the 
elevation or depression of the fluid above or below the mean level is, pei unit 
breadth, gpj\ydxdy, where the integration with respect to y is to be taken 
between the limits 0 and g, and that with respect to x over the whole length 
of the waves Effecting the former integration, we get 

\gp\rfdm , .(1) 

The kinetic energy is ^phj^dx ... • (2) 

In a system of waves travelling in one direction only we have 



so that the expressions (1) and (2) are equal, or the total energy is half 
potential, and half kinetic 

This result may be obtained in a more general manner, as follows* Any 
progressive wave may he conceived as havmg been originated by the splitting 
up, into two waves travelling in opposite directions, of an initial disturbance 
in which the particle- velocity was everywhere zeio, and the energy therefoie 
wholly potential It appears from Art 170 that the two derived waves are 
symmetrical in every respect, so that each must contain half the original 
store of energy Since, however, the elevation at corresponding points is for 
each derived wave exactly half that of the original disturbance, the potential 
energy of each will by (1) he one-fourth of the original store The remaining 
(kinetic) part of the energy of each derived wave must therefoie also he one- 
fourth of the original quantity. 


174 If in any case of waves travelling in one direction only, without 
change of form, we impress on the whole mass a velocity equal and opposite 
to that of propagation, the motion becomes steady, whilst the forces acting on 
any particle remain the same as before. With the help of this artifice, the 

* Lord Eayleigh, “ On Waves,” PAiZ Mag (5), t i p 257 [iSc Papers, t i p 251] 
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laws of wave-propagatiOD cau be investigated with great ease^ Thus, in the 
piesent case we shall have, by Art, 22 (4), at the free surface, 

•2 = const • • •(!) 

P 

where q is the velocity If the slope of the wave-profile be everywhere 
gradual, and the depth h small compared with the length of a wave, the 
horizontal velocity may be taken to be uniform throughout the depth, and 
approximately equal to q Hence the equation of continuity is 

q (h + 7]) = ch, 

c being the velocity, m the steady motion, at places where the depth of the 
stream is uniform and equal to A Substituting for g' in (1), we have 

f = const - 5 -a(i + |)-|c“(i + |) 

Hence if rjlh be small, the condition for a free surface, viz p = const, is 
satisfied approximately, provided 

c" = gh, 

which agrees with our former result. 


175 . It appears from the linearity of our equations that, in the case of 
sufficiently low waves, any number of independent solutions may be super- 
posed For example, having given a wave of any form travelling in one 
direction, if we superpose its image in the plane ^ = 0, travelling in the 
opposite direction, it is obvious that in the resulting motion the horizontal 
velocity will vanish at the origin, and the circumstances are therefore the 
same as if there were a fixed hairier at this point We can thus understand 
the reflexion of a wave at a baiiier, the elevations and depressions are 
reflected unchanged, whilst the horizontal velocity is reversed. The same 
results follow from the formula 

^ = F{ct-a))-F(ct^oc), . . .. ( 1 ) 

which is evidently the most general value of f subject to the condition that 
1 = 0 for ^ = 0 


We can further investigate without much difficulty the partial reflexion of a wave at a 
point where there is an abrupt change in the section of the canal Taking the origin at 
the point in question, we may write, for the negative side, 


and foi the positive side 



( 2 ) 

( 3 ) 


* Lord Kayleigh, i c 
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where the function F represents the original wave, and /, ^ the reflected and transmitted 
portions respectively The constancy of mass requires that at the point ^ = 0 we should 
have — wheie Sj, are the breadths at the surface, and are the mean 

depths We must also have at the same point 771 = 7725 account of the continuity of 
pressure* These conditions give 

Cl C2 

We thence find that the ratios of the elevations m corresponding parts of the reflected and 
incident waves, and of the transmitted and incident waves, are 

F 61C1 + 62C2’ F 61C1+&2C2’ ^ 

respectively The reader may easily verify that the energy contained in the reflected and 
transmitted waves is equal to that of the original incident wave 


176 Our investigations, so far, relate to cases of free waves When, in 
addition to gravity, small disturbing forces X, Y act on the fluid, the equation 
of motion IS obtained as follows 


We assume that within distances comparable with the depth h these 
forces vary only by a small fraction of their total value On this under- 
standing we have, m place of Art 168 (1), 


P Pj = (g-Y)(y, + n-y), ( 1 ) 

r 

aodtherefore 1 1 _( 5 . + , _ j) 

The last term may be neglected for the reason just stated, and if we 
further neglect the product of the small quantities 7 and drj/dx, the equation 
reduces to 

pdcc ^ dx^ w 

as before The equation of horizontal motion then takes the form 


dt^ 



+ . . 


.( 3 ) 


where X may be regarded as a function of w and t only. The equation of 
continuity has the same form as in Art 168, viz 


V = 



(4) 


* liwill be understood that the pioblem admits only of an approximate tieatment, on account 
of the lapid change m the chaiacter of the motion neai the point of discontinuity The natuie 
of the approximation implied in the above assumptions will become more evident if we suppose 
the suffixes to refer to two sections and S2, one on each side of the origin 0, at distances from 
0 which, though veiy small compared with the wave-length, are yet moderate multiples of the 
transveise dimensions of the canal The motion of the fluid will be sensibly uniform over each 
of these sections, and parallel to the length The condition in the text then expresses that there 
IS no sensible change of level between and 
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— ^ — al) ^ + X 
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( 5 ) 


177 The oscillations of water in a canal of uniform section, closed at 
oth ends, may, as in the corresponding problem of Acoustics, be obtained by 
aperposition of progressive waves travelling in opposite directions It is 
lore instructive, however, with a view to subsequent more difficult investi- 
ations, to treat the problem as an example of the general theory sketched in 
irt 167 


We have to determine f so as to satisfy 


9 =^ 





( 1 ) 


ogether with the terminal conditions that f = 0 for x^O and x = l, say 
To find the free oscillations we put X = 0, and assume that 

f X cos {at + e), 

irhere a is to be found On substitution we obtain 




( 2 ) 


P'hence, omitting the time-factor, 


^ ^ sin — - -h jB cos • 

^ G c 


Che terminal conditions give ^ = 0, and 

crl 


■ — TTTj 


.(3) 


vhere r is integral Hence the normal mode of order r is given by 


Tirx 


^ Sin cos 


fT'irct 

\r 


+ 


)- 


-W 


vhere the amplitude X, and epoch e, are arbitrary. 

In the slowest oscillation (?'■ =1), the water sways to and fro, heaping 
tself up alternately at the two ends, and there is a node at the middle 
'x = \l) The period (2Z/c) is equal to the tune a progressive wave would 
]ake to traverse twice the length of the canal 

The periods of the higher modes are respectively -i, i, ..of this, but 
t must be remembered, in this and in other similar problems, that our theory 
leases to be applicable when the length Ijr of a semi-undulation becomes 
lomparable with the depth h 
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On comparison with the general theory of Art. 167, it appears that the 
normal co-ordinates of the present system are quantities qi, .qn such that 
when the system is displaced according to any one of them, say we have 


^ — qr sin 


TTTX 

"T’ 


and we infer that the most general displacement of which the system is 
capable (subject to the conditions presupposed) is given by 


r'TTX 


(0) 


^ = 2grSin- ^ 

where q^ q ^, . . are arbitiary This is in accordance with Fourier’s Theorem 

When expressed in terms of the normal velocities and the normal co-ordi- 
nates, the expressions for T and V must reduce to sums of squares This is 
easily verified, in the present case, from the formula (5) Thus if 8 denote 
the sectional area of the canal, we find 

2T=p8j == q/, 2V=ffpjJ 7}^da; = lcrqA • -(6) 


where 


a^i =^pSl, Cr —^r'^'JT^gph 


S 
I * 


( 7 ) 


It IS to be noted that, on the present reckoning, the coefficients of stability 
(c,) increase with the depth 

Conversely, if we assume from Fourier’s theorem that (5) is a sufficiently 
general expression for the value of ^ at any instant, the calculation just 
indicated shews that the coefficients qr are the normal co-ordinates , and the 
frequencies can then be found from the general formula (9) of Art 167 , viz 
we have 


o- 




(S) 


in agreement with (3). 


178 As an example of forced waves we take the case of a uniform 
horizontal force 


X=fG0S(at+€) .. 


. (9) 


This will illustrate, to a certain extent, the generation of tides in a land- 
locked sea of small dimensions 

Assuming that ^varies as cos (a-t e), and omitting the time-factor, the 
equation (1) becomes 

9 '? , 


/ 
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xhe solution of which is 


^ f ^ (T OH (TOC 

f ^ D Sin — + ^ COS — . 

^ cr^ C C 


The terminal conditions give 
E = ^- 

Hence, unless sin aljc = 0, we have D = fjcr^ tan crlj^c, so that 


^ al /- crl\ f 

D sin — = ( 1 — cos — — . 
c V c ; 0-- 


2 / 


(TX a {I — x) 


f sm sin cos (o-i + e), 


, <ri 2c 


and 


’?=- — ^ 

<JC cos ::r- 
2c 




Sin 


cos (<r^ + e) 


• -( 10 ) 

.( 11 ) 


( 12 ) 


If the period of the disturbing force be large compared with that of the 
slowest free mode, <jZ/2c will be small, and the formula for the elevation 
becomes 

7]=^- {x -\r)coB{<Tt e), (13) 

y 

approximately, exactly as if the water weie devoid of inertia The horizontal 
displacement of the water is always in the same phase with the force, so long 
as the period is greater than that of the slowest free mode, or crljc < tt. If 
the period be diminished until it is less than the above value, the phase is 
reversed. 

When the period is exactly equal to that of a free mode of odd otder 
(5=1, 3, 5, ), the above expressions for f and tj become infinite, and the 

solution fails As pointed out in Art 1G7, the interpretation of this is that, 
in the absence of dissipative forces, the amplitude of the motion becomes so 
great that our fundamental approximations are no longer justified 

If, on the other hand, the period coincide with that of a free mode of 
even order (5 = 2, 4, 6, . ), we have sin crllc = 0, cos crl/c = 1, and the teiminal 
conditions are satisfied independently of the value of D The forced motion 
may then be represented by ^ 

1= — sin^ “ cos (cr;^ + e) . . (14) 

C" uG 


This example illustrates the fact that the effect of a disturbing force may 
often be conveniently calculated without resolving the force into its ^normal 
components’ (Art 167) 


* In the language of the general theory, the impiessed force has here no component ot the 
paiticular type with which it synchronizes, so that a vibiation of this type is not excited at all 
In the same way a periodic pressure applied at any point of a stretched string will not excite any 
fundamental mode which has a node there, even though it synchronize with it 
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Another very simple case of forced oscillations, of some interest in 
connection with tidal theory, is that of a canal closed at one end and 
communicating at the other with an open sea in which a periodic oscillation 

77 = a cos (cji^ 4- e) (15) 

is maintained. If the origin be taken at the closed end, the solution is 
obviously 

crx 
cos 

Q 

v = ^.cos(o-^H-e), (16) 

cos — 
c 

Z denoting the length If crZ/o be small the tide has sensibly the same 
amplitude at all points of the canal For particular values of Z, (determined 
by cos < 7 Z/c= 0 ), the solution fails through the amplitude becoming infinite 


Canal Theory of the Tides 

179 The theoiy of forced oscillations in canals, or on open sheets of 
water, owes most of its interest to its bearing on the phenomena of the tides 
The ' canal theory,’ in particular, has been treated very fully by Airy * We 
will consider one or two of the more interesting problems 

The calculation of the disturbing effect of a distant body on the waters 
of the ocean is placed foi convenience in an Appendix at the end of this 
Chapter. It appears that the disturbing effect of the moon, for example, 
at a point P of the earth’s surface, may be represented by a potential 
whose approximate value is 




~W 


(i - cos' ^), 


( 1 ) 


where M denotes the mass of the moon, L its distance from the eaith’s 
centre, a the earth s radius, 7 the constant of gravitation,’ and 9 - the moon’s 
zenith distance at the place P This gives a horizontal acceleration 0fl/a9^, 
or 

/ sia 2^, (2) 

towards the point of the earths surface which is vertically beneath the moon, 
wheie 


/=|y 


jj^ * 


.(3) 


Mmycl Meti 0 ^ , “ Tides and Waves,” Section vi (1845) Several of the leading features of 
the theory had been made out, by very simple methods, by Young, m 1813 and 1823 mihcel- 
laneous Wot ks, t ii pp 262, 291], 
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If E be the earth’s mass, we may write g = yEja", whence 

f S M fay 

g~rE \d) 

Putting MjE^-^, a/D =ffV, this gives fjg = Sb1 x lO"® When the sun is 
the disturbing body, the corresponding ratio i&fjg = 3 78 x 10~® 

It IS convenient, for some purposes, to introduce a linear magnitude H, 
defined by 

w 

a g 

If we put a = 21 X 10^’ feet, this gives, foi the lunar tide, jH' = 180 ft., aud 
for the solar tide JT = 79 ft. It is shewn in the Appendix that H measures 
the maximum range of the tide, from high water to low water, on the " equi- 
libiium theory ’ 


180 Take now the case of a uniform canal coincident with the eaith’s 
equator, and let us suppose for simplicity that the moon describes a circular 
orbit in the same plane Let ^ be the displacement, relative to the earth's 
surface, of a particle of water whose mean position is at a distance oj, measured 
eastwards, from some fixed meridian If n be the angular velocity of the 
earth’s rotation, the actual displacement of the paiticle at time t will be 
+ so that the tangential acceleration will be If we suppose the 

‘ centrifugal force ' to be as usual allowed for in the value of g, the processes 
of Arts 168, 176 will apply without further alteration 

If denote the angular velocity of the moon relative to the fixed meridian^, 
we may write 

^ = n't + - + e, 
a 


so that the equation of motion is 


dt^ 



2 



( 1 ) 


The free oscillations aie determined by the consideration that ^ is 
necessarily a periodic function of x, its value lecurrmg wdienever x inci eases 
by 27ra It may therefore be expiessed, by Fourier’s Theorem, in the form 


f = i cos ~ + Qr sm (2) 

Substituting m (1), with the last term omitted, it is found that P, and Q,. 
must satisfy the equation 


d^P, 

dt^ 



( 3 ) 


That IS, 7i'=7i-n^, if be the angular velocity of the moon in her orbit 
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The motion, in any normal mode, is therefore simple-harmonic, of period 
27rajrc 

For the forced waves, or tides, we find 

whence ^ | -7-^,-, cos 2 fn't -h- + s') ... (5) 

The tide is therefore semi-dnirnal (the lunar day being of couise understood), 
and is ‘ diiect ’ or ‘ inverted,’ ^ e. there is high or low water beneath the moon, 
according as c J n'a, m other words according as the velocity, relative to the 
earth’s surface, of a point which moves so as to be always vertically beneath 
the moon, is less or greater than that of a free wave In the actual case of 
the earth we have 

= JL - = .311 
n'^a a ' a’ 

so that unless the depth of the canal were to greatly exceed such depths as 
actually occur in the ocean, the tides would be inverted 

This result, which is sometimes felt as a paradox, comes under a general 
pimciple referred to in Art. 1G7 It is a consequence of the comparative 
slowness of the free oscillations in an equatorial canal of moderate depth 
It appears from the rough numeiical table on p 242 that with a depth 
of 11250 feet a free wave would take about 30 hours to describe the earth’s 
semi-circumference, whereas the period of the tidal disturbing force is only a 
little over 12 hours. 


The formula (5) is, in fact, a particular case of Art 167 (13), for it may 
be written 


1 — cr/cr„- 

wherc ^ is the elevation given by the ‘ equilibrium theory,’ viz. 


( 6 ) 


i) = |jEf cos 2 (n't 4- ^ + 6^ , . . (7) 

and a- = 2n', cr„ = 2c[a 

For such moderate depths as 10000 feet and under, n'-a^ is large com- 
pared with gh, the amplitude of the horizontal motion, as given by (4), is 
then or gj^n'^a H, nearly, being approximately independent of the 

depth In the case of the lunar tide this amplitude is about 140 feet The 
maximum elevation is obtained by multiplying by 2A./ci, this gives, for a 
depth of 10000 feet, a height of only T33 of a foot 

For greater depths the tides would be higher, but still inverted, until 
we reach the critical depth n'^o^jg, which is about 13 miles For depths 
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beyond this limit, the tides become direct, and approximate more and more 
to the value given by the equilibrium theory* 


181 The case of a circular canal parallel to the equator can be woiked 
out in a similar manner If the moon’s orbit be still supposed to lie in the 
plane of the equator, we find by spherical trigonometry 

cosS- = sin d cos (u't q *-~ij + e)> (1) 

V CL Sin u } 


where ^ is the co-latitude, and x denotes the distance of any point P of the 
canal from the zero meridian This leads to 


X = — ^ — /sill 0 sin 2 ( n!t -h 

ox ' 


sin^ 6 


and thence to 7; = i -7; 7:7-; — -- 7 , 

' ^ — sin- d 


cos 2 I 


X \ 

^ 4“ e ) J 
a sin ^ / 

(2) 


(3) 


Hence \in!a > 0 the tide will he direct or inverted according as 0 ^ sin"”^ c/n'a. 
If the depth be so great that on a, the tides will be direct for all values 
of (9 


If the moon be not in the plane of the equator, but have a co-declination 
A, the formula (1) is replaced by 

cos ^ = cos 0 cos A + sin ^ sm A cos a, .... (4) 


wheie a is the hour-angle of the moon from the meridian of P. For 
simplicity, we will neglect the moon’s motion in her orbit in comparison with 
the earth’s angular velocity of rotation (n ) , thus we put 


a = -I- ■ 


3+ 


a sin 6 

and treat A as constant. The resulting expression for the component X of 
the disturbing force is found to be 

X = ~ ^ - /cos 6 sm 2A sm (nt H ^—7; 4- 

ox \ a sm 0 J 


-/sm ^ sm- A sin 2 (^it + 


asm 6 


4” e 


We thence obtain 


+ i 


d^H 


c- — n’^CL^ sm^ 6 
dR 


777; sm 26 sm 2A cos ( nt 4- ^4-6 

^ ^ a sm d 


sin^ 9 


77-5 sin^ 6 sin^ A cos 2 


[nt 4- ~ 

V a 


sm 6 


+ e 


.(5) 


.( 6 ) 


Of Young, I c ante p 252 
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The first term gives a ‘diurnal’ tide of period 27r/?i, this vanishes and 
changes sign when the moon crosses the equator, i e twice a month The 
second term represents a semi-diurnal tide of period irjn, whose amplitude is 
now less than before in the ratio of sin^ Zi to 1 

182 In the case of a canal coincident with a meridian we should have 
to take account of the fact that the undisturbed figure of the free surface 
IS one of relative equilibrium under gravity and centrifugal force, and is 
therefore not exactly circular We shall have occasion later on to treat the 
question of displacements relative to a rotating globe somewhat carefully, 
for the present we will assume by anticipation that %n a narrow canal the 
disturbances are sensibly the same as if the earth were at rest, and the 
disturbing body were to revolve round it with the proper relative motion 

If the moon be supposed to move m the plane of the equator, the hour- 
angle from the meridian of the canal may be denoted by n't + e, and if x be 
the distance of any point P on the canal from the equator, we find 

OG 

cos Sr = cos ~ COS {n't + e) ( 1 ) 

Hence 

“vr n ^ OG . , fy 

2, =__ = _ysiii2-.cos=(»!;4-e) = -.£fsin2- {1 +cos2(w't-i-6)} (2) 

Substituting in the equation (5^ of Art 17^0, and solving, we find 

i? = iJTcos2- + i-^^_^,^^^cos2- cos2(ii't + .) (3) 

The first term represents a permanent change of mean level to the extent 

’7 = i-S'cos2^ . .(4,^ 

The fluctuations above and below the disturbed mean level are given by 
the second term in (3) This represents a semi-diurnal tide , and we notice 
that if, as in the actual case of the earth, c be less than n'a, there will be 
high water in latitudes above 45°, and low water in latitudes below 45“, when 
the moon is in the meridian of the canal, and mce versA when the moon is 

90° from that meridian These circumstances would be all reversed if c were 
greater than n'a 

When the moon is not on the equator, hut has a given declination, the 
mean level, as indicated by the term corresponding to (4), has a coefficient 
depending on the declination, and the consequent variations in it indicate a 
fortnightly (or, in the case of the sun, a semi-annual) tide There is also 
introduced a diurnal tide whose sign depends on the declination The reader 
will have no difficulty in examining these points, by means of the general 
value of II given in the Appendix 
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Wave-Motion in a Canal of Vanahle Section 

183 When the section {8, say) of the canal is not uniform, but vaiucH 
gradually from point to point, the equation of continuity is, as iii Ai't. 
168 (11), 

( 1 ) 




where h denotes the breadth at the surface. If h denote the mean dopili 
over the width 6, we have 8 = hh, and therefore 




where A, h are now functions of x 

The dynamical equation has the same form as before, viz 


,,( 2 ) 


dP 


= -9 


dr) 

dx 


(3) 


Between (2) and (3) we may eliminate either o] or ^ , the equation in ?; in 


dt^ b dx 


(“S) 


.(4) 


The laws of propagation of waves in a canal of gradually varying* x'oct- 
ingular section were investigated by Green His results, freed from tho 
[Restriction to the special form of section, may be obtained as follows 


If we introduce a variable 3 defined by 

.n place of x, the equation (4) transforms into 

dS 






( 0 ) 


e' -P" , e" 
20-:^+ e + 


0- 


•(H) 


ivhere the accents denote differentiations with respect to B Ub and h were coiistaiitM, tlui 
iquation would be satisfied by as in Art 169, in the present case wo aHHuiuo 

ibr trial, ’ 

,=e F(e-t), ( 7 ) 

where e is a fnnotion of 6 only Substituting in (6), we find 

6^2 hJ\F^ e 

rhe terms of this which involve F will cancel provided 

„e' b' lU „ 

e + 6'*‘2 

B^Gb-ih-i, . (-9) 

? being a constant Hence, provided the remaining terms in (8) may be necloctod tb« 
equation (4) will be satisfied v ^ .r femoroa, tiuo 

‘‘On the Motion of Waves in a Variable Canal of small depth and width,” Canih. T-rana 
t VI. (1837) IMafk. Papers, p 226], see also Airy, ‘‘Tides and Waves,” Art 260 
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The above approximation is justified, provided we can neglect e'Ve' and e'/e in com- 
p...» V" A. I'lB . .. from (.) »d (1) « *: 

LdectingJ-i dbldx a.nd h--^ dh/dx m oomyxnson with r, drijdx If now, X denote a 
wie-lenfth, in the general sense of Art 171, 3,/3* is of the order r, \, so th.at tho assump- 
:rin lie^tion is tlat XdB/dx and Xdkidx are smidl 

In other words, it is assumed that the transverse dimensions of the canal vaiy only by 
small fractions of themselves within the limits of a wave-length It is easily .soon, in like 
TanLr, that the neglect of e'Ve' m compaiison with A"/A’ implies a similar limitation to 
the rates of change of dbjdai and dhjd:^ 

Since the equation (4) is unaltered when we revense the sign of i, tho coruplote solution, 
subject to the above restrictions, is 

r,==b-^h-^{F{_6-t)+f{6 + t)], ■ (10) 


where F and /are arbitrary functions 

The first term in this represents a wave travelling in the direction of Ar-X)()Sitive , the 
velocity of propagation is determined by the consideration that any particular phase is 
recovered when h6 and U have equal values, and is therefore ecpial to (r/A) , by (5), evactly 
as in the case of a uniform section In like manner the second term in (10) represents a 
wave travelling in the direction of dj-negative In each case the elevation oi any particular 

part of the wave alters, as it proceeds, according to the law ^ 


The reflection of a progressive wave at a point where the st'ction ot a 
canal suddenly changes has been considcied m Art 17 5 Ihe formulae theio 
given shew, as we should expect, that the smalloi tho change in tlu^ 
dimensions of the section, the smaller will bo the anijilitude of the leflectod 
wave The case where the change from one section to the otlun* is 
continuous, instead of abrupt, has been investigated by Lord Kayleigh for a 
special law of transition"^ It appears that if the space within whicL tln^ 
transition is completed be a moderate multiple of a wavc-longbh there is 
practically no reflection, whilst in the opposite extreme the results agree 
with those of Art. 175. 


If we assume, on the basis of those results, that when the change of 
section within a wave-length may be neglected a progressive wave suffers 
no appreciable disintegration by reflection, the law of amplitude easily Ibllows 
from the principle of energy f. It appears from Ait. 173 that the energy of 
the wave varies as the length, the breadth, and tho square of the height, and 
it is easily seen that the length of the wave, m diffeiont parts of the canal, 
varies as the corresponding velocity of propagation, and therefore as the sciuarc 
root of the mean depth Hence, m the above notation, r/^bh^ is constant, or 


7) oc br^hr^, 


which IS Green’s law above found. 


^ “ On Eeflection of Yibrations at the Confines of two Media between which the Tiansition is 
gradual,” Proc. Lond Math Soc , t xi p 51 (1880) ISc Fa^eu, t. i p 460], Theonj of t^ound, 
5nd ed , London, 1894, Art 148 h * 
t Lord Eayleigh, I c. ante p. 246. 
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184. In the case of simple harmonic motion, where ij oc cos {ert + e), the 
equation (4) of the preceding Art. becomes 


h dx 



+ (T^rj = 0 


(1) 


Some particular cases of considerable interest can be solved with ease 


For example, let us take the case of a canal whose breadth varies as 
the distance from the end ^3? = 0, the depth being uniform , and let us suppose 
that at its mouth {x = a) the canal communicates with an open sea in which 
a tidal oscillation 


if] = C(^os {at -{-€), • • (2) 

IS maintained. Putting /?. = const., hoc x, in (1), wc find 



d-rj Idri 

= 

.. . . (3) 

provided 

^ gh 

( 4 ) 

Hence 



( 5 ) 


The curve y=^J,{x) is figured on p 269, it indicates how the amplitude 
of the forced oscillation increases, whilst the wave-length is practically 
constant, as we proceed up the canal from the mouth 


2° Let us suppose that the variation is in the depth only, and that this 
increases uniformly from the end ^ = 0 of the canal to the mouth, the remain- 
ing ciicu instances being as before. If, in (1), we put h JiQxjdf — 
we obtain 

0 [ dr]\ . 

w 

The solution of this which is finite for ^ = 0 is 


= A 1. 


KX 

• P +ir^' 


(0 


or 


= (H) 

whence finally, restoring the time-factor and determining the constant, 


/o (2 a:M) 


cos {at -he) 


( 9 ) 


The annexed diagram of the curve y = Jq{^/x), where, for clearness, the 
scale adopted for y is 200 times that of x^ shews how the amplitude continually 
increases, and the wave-length diminishes, as we travel up the canal 

17—2 
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These examples may serve to illustrate the exaggeration of oceanic tides 
which takes place in shallow seas and in estuaries. 



We add one or two simple problems of free oscillations. 

3°. Let us take the case of a canal of uniform breadth, of length 2a, whose 
bed slopes uniformly from either end to the middle If we take the origin at 
one end, the motion in the first half of the canal will be determined, as 

( 10 ) 

where k — denoting the depth at the middle 

It IS evident that the noimal modes will fall into two classes. In the first 
of these 17 will have opposite values at corresponding points of the two halves 
of the canal, and will therefore vanish at the centre (os = a) The values of 0- 
are then determined by 

J„(2«iai) = 0, (11) 

VIZ. K being any root of this, we have 

a 


(T = ■ 


(/ca)^ 


.( 12 ) 


In the second class, the value of 7 ) is symmetrical with respect to the 
centre, so that d'r)ldx = 0 at the middle. This gives 

/o'(2*lai) = 0 (13) 

It appears that the slowest oscillation is of the asymmetrical class, and 
corresponds to the smallest root of (11), which is 2/ciai= 76557r, whence 


27r T „ 4a 
— ■ = 1 306 X ~7 7 V 1 . 
0“ 


4° Again, let us suppose that the depth of the canal varies according to 


the law 



.( 14 ) 
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where x now denotes the distance from the middle. Substituting in (1), with 
h = const , we find 



If we put (T^ = n{n + iy^ , .. (16) 

this IS of the same form as the general equation of zonal harmonics, Art. 
84 (1) 

In the present problem n is determined by the condition that ^ must be 
finite for xla-±l This requires (Art 85) that n should be integral, the 
normal modes are therefore of the types 

V = CF„(-) cos(at + e), . ... (17) 

\CLJ 

where is a zonal harmonic, the value of <r being determined by (16) 


In the slowest oscillation {n = l), the profile of the free surface is a 
straight line. For a canal of umform depth Aq, and of the same length (2(x), 
the corresponding value of a would be ircl^a, where c = {ghf. Hence in the 
present case the frequency is less, in the latio 2 or *9003^. 


The forced oscillations due to a uniform disturbing force 

X =/ cos (cr< -f e), ... . (18) 

can be obtained by the rule of Art. 167 (13). The equilibrium form of the 
free surface is evidently 

(19) 


•f 

rj zzz-L X cos {at + e), 

Q 


and, since the given force is of the normal type = 1, we have 

f 


V = 


gil-a^cTo^) 


- X cos (ai + e), 


- ( 20 ) 


where 




Waves of F%n%te Amplitude 

185. When the elevation t) is not small compared with the mean depth 
A, waves, even in an uniform canal of rectangular section, are no longer 
propagated without change of type. The question was first investigated by 
Airyf, by methods of successive approximation. He found that in a pro- 

* Other cases of free oscillation in canals of varying section are discussed by Chrystal, 
Some Eesults in the Mathematical Theory of Seiches,” Proc. B. S Edin , t. xxv p 328 (1904). 
t “Tides and Waves,” Art 198. 
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gressive wave different parts wjll travel with different velocities, the wave- 
velocity corresponding to an elevation rj being given approximately by 



where c is the velocity corresponding to infinitely small amplitude 


A more complete view of the matter can be obtained by the method 
employed by Riemann in treating the analogous problem in Acoustics, to 
which reference will be made in Chapter x 


The sole assumption on which we are now proceeding is that the vertical 
acceleration may be neglected. It follows, as explained in Ait 168, that 
the horizontal velocity may be taken to be uniform over any section of the 
canal The dynamical equation is 


du du dr) 
dx ^ dx ' 


.( 1 ) 


as before, and the equation of continuity, in the case of a rectangular section, 
IS easily seen to be 


where h is the depth 


This may be written 


■( 2 ) 


( 3 ) 


Let us now write 


Q=f(v)-u> 0) 

where the fanction /(i?) is as yet at our disposal If we multiply (3) by 
/' {t}), and add to (1), we get 


dP dP ,, , - , .014 07 ? 

If we now determine /(t;) so that 

(/* + ’?) {/'(’?)}“ = 5'. 

this may be written 


0P , 3P .0P 

• + 44 ^ = -(/4 + ')?)/ {rj) 


dt" dx' 


In the same way we find 




dx 




dx 


• -( 3 ) 

....( 6 ) 

• -(0 
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The condition (5) is satisfied by 

/(„) = 2c|(l + |y-l}, .... (8) 

where c = {ghf The arbitrary constant has been chosen so as to mahe 
P and Q vanish in the parts of the canal which are free from distuibance, 
but this is not essential 


Substituting in 


(6) and (7) we find 


dP = 





( 9 ) 


It appears, therefore, that dF = 0, le F is constant, for a geometrical point 
moving with the velocity 


dx 

dt 


= c(l + ri +«> 


( 10 ) 


whilst Q IS constant for a point moving with the velocity 


do! 

dt 


= -c 1 + 


+ M 


( 11 ) 


Hence any given value of P travels forwards, and any given value of Q travels 
backwards, with the velocities given by (10) and (11) respectively. The 
values of P and Q are determined by those of and u, and conversely 

As an example, let us suppose that the initial disturbance is confined 
to the space for which a<x<h, so that P and Q are initially zero for 
x<a and x>b The region within which P differs from zero therefore 
advances, whilst that within which Q differs from zero recedes, so that after 
a time these regions separate, and leave between them a space within which 
P = 0, Q = 0, and the fluid is therefore at rest The original disturbance 
has now been resolved into two progressive waves travelling in opposite 
directions 


In the advancing wave we have 

Q = 0, 4P = w=2c|(l + |y-l}, .... (12) 

so that the elevation and the particle-velocity are connected by a definite 
relation (cf Ait 170) The wave-velocity is given by (10) and (12), viz it is 

To the first order of vih this is in agreement with Airy’s result 

Similar conclusions can be drawn in regard to the receding wave* 

* The above results can also be deduced from the eq^uation (3) of Art 172, to which Hiemann s 
method can readily be adapted 
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Since the wave-velocity increases with the elevation, it appears that in 
a progressive wave-system the slopes will become continually steeper in front, 
and more gradual behind, until at length a state of things is reached in 
which we are no longer justified in neglecting the vertical acceleration. As 
to what happens after this point we have at present no guide fiom theory, 
observation shews, however, that the crests tend ultimately to curl over and 
break. 


186 In the detailed application of the equations (1) and (3) to tidal 
phenomena, it is usual to follow the method of successive approximation. 
As an example, we will take the case of a canal communicating at one end 
{x = 0) with an open sea, where the elevation is given by 

7) = acos(xt .. (14) 


Por a first approximation we have 




dt ' 


007’ 


dt" 


0 . 27 ’ 


the solution of which, consistent with (14), is 


r)=:a cos cr j 


ga 

coso* 


(‘-j) 


(15) 


.(16) 


For a second approximation wc substitute those values of 17 and u m ( 1 ) and (3), and obtain 


du dr] g^cra^ ( r\ dr] , du grra^ ( a: 


(17) 


Integrating these by the usual methods, we find, as the solution consistent with (14), 
77 =acosa- — 07sin 2(r ^ 

goo x\ . _ ( , x\ f sg\ 

«=^cos <r i ^cos 20- (^t- -j - ^Sin o- -j , 


(18) 


The annexed figure shews, with, of course, exaggerated amplitude, the | 3 rofilo of the 
waves in a particular case, as determined by the first of these equations It is to bo noted 
that if we fix our attention on a particular point of the canal, the rise and fall of the 
water do not take place symmetrically, the fall occupying a longer time than the rise 



The occurrence of the factor x outside trigonometrical terms in (18) shews that there is 
a limit beyond which the approximation breaks down The condition for the success of 
the approximation is evidently that garaxlc^ should be small Putting c^^gh, X = 27 rc/(r, 
this fraction becomes equal to 27r(a/A) (x/\) Hence however small the ratio of the 
original elevation (a) to the depth, the fraction ceases to be small when ^ is a suflfcient 
multiple of the wave-length (X) 



265 


185-187] Tides of Second Order 

It IS to be noticed that the limit here indicated is already being overstepped in the 
right-hand portions of the figure, and that the peculiar features which are beginning 
to shew themselves on the rear slope are an indication rather of the imperfections 
of the analysis than of any actual property of the waves If we were to trace the 
curve further, we should find a secondary maximum and minimum of elevation developing 
themselves on the rear slope In this way Airy attempted to explain the phenomenon 
of a double high-water which is observed in some rivers , but, for the reason given, the 
argument cannot be sustained^ 

The same difficulty does not necessarily present itself in the case of a canal closed by a 
fixed barrier at a distance from the mouth, or, again, in the case of the forced waves due to 
a periodic horizontal force in a canal closed at both ends (Art 178) Enough has, however, 
been given to shew the general character of the results to be expected in such cases F or 
further details we must refer to Airy’s treatise + 

When analysed, as in (18), into a series of simple-harmonic functions of the time, the 
expression for the elevation of the water at any particular place {x) consists of two terms, 
of which the second represents an ‘ over-tide,’ or ‘ tide of the second order,’ being propor- 
tional to , its frequency is double that of the primary disturbance (14) If we were to 
■continue the approximation we should obtain tides of higher orders, whose frequencies are 
5, 4, . times that of the primary. 

If, in place of (14), the disturbance at the mouth of the canal were given by 

ct cos (Tt -h a' cos {cr't -f- e), 

it IS easily seen that in the second approximation we should in like manner obtain tides of 
periods 27 r/(o-l-(r') and 27r/((r-(r0 , these are called ‘compound tides.’ They are analogous 
to the ‘combination-tones’ in Acoustics which were first investigated by von Helmholtz J 


Propagation in Two Dimensions. 


187. Let us suppose, m the first instance, that we have a plane sheet of 
water of uniform depth h If the vertical acceleration be neglected, the 
horizontal motion will as before be the same for all particles in the same 
vertical line The axes of oo, y being horizontal, let ^/, v be the component 
horizontal velocities at the point {x, y), and let f be the corresponding 
elevation of the free surface above the undisturbed level. The equation of 
continuity may be obtained by calculating the flux of matter into the 
columnar space which stands on the elementary rectangle hxhy ; viz we have, 
neglecting terms of the second order, 

^ {uhhy) ^ {(5’+ 


whence 



• ( 1 ) 


McGowan, Z c. ante p. 244 

t “Tides and Waves,” Arts 198, and 308 See also G H. Darwin, “Tides,” Encyc 
Britann (9th ed.) t. xxiii. pp. 362, 363 (1888). 

X “Ueber Combinationstone,” Beil Monatsber , May 22, 1856 [Ges Abh.^ t. i p. 256], and 
“Theorie der Luftschwingungen in Eohren mit ofienen Enden,” Crelle, t. Ivn. p. 14 (1859) 
IGes Abh., t i. p. 318]. 
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The dynamical ecjuations are, m the absence of disturbing forces, 
du ^ 

^ dt ~ da:’ ^ dt dy’ 


where we may write 


if Zf, denote the ordinate of the free surface in the undisturbed state We 
thus obtain 


du__ ^ ^ ^ 

dt~ ^ dx’ dt ^dy' 


■ ■ ( 2 ) 


If we eliminate u and v, we find 


dt^ 


jdx^ dy^. 


.(3) 


where G^ = gh as befoie 


In the application to simple-harmonic motion, the equations arc shortened 
if we assume a * complex’ tune-factor and reject, in the end, the 

imaginary parts of our expressions This is legitimate so long as we have 
to deal solely with linear equations. Wo have then, from (2), 


whilst (3) becomes 


cr dx ’ 


' or dy' 




■w 

( 5 ) 


where 



.(C) 


The condition to be satisfied at a vertical bounding wall is obtained at 
once from (4), viz it is 


dn 


= 0 , 


•(0 


if dn denote an element of the normal to the boundary 


When the fluid is subject to small disturbing forces whose variation 
within the limits of the depth may be neglected, the equations (2) are 
replaced by 

dt ^ dx dx' dt'^ ^ dy dy ' ^ 

where fl is the potential of these forces 


If we put 



..(9) 
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so that ^ denotes the equilibrium-elevation corresponding to the potential ft, 
these may be written 

In the case of simple-harmonic motion, these take the forms 



whence, substituting in the equation of continuity (1), we obtain 

(Vj=+fc2)f=Vif, 


( 10 ) 


..( 11 ) 


if 


^ „ 9" 9' 

V 2 L 

' ~dx^ dy^’ 


( 12 ) 
. (13) 


and k'^ = a^lgh, as before The condition to be satisfied at a vertical boundary 
is now 


{-(t-O-o 


.(U) 


188 The equation (3) of Art 187 is identical in form with that which 
presents itself in the theory of the transverse vibrations of a uniformly 
stretched membrane A still closer analogy, when regard is had to the 
boundary conditions, is furnished by the theory of cylindrical waves of 
sound* Indeed many of the results obtained in this latter theory can be 
at once transferred to our present subject 

Thus, to find the free oscillations of a sheet of water bounded by vertical 
walls, we require a solution of 

(V,2+&2)^=,0, (1) 

subject to the boundary condition 

1-^ = 0 (2) 

on 

Just as in Art. 177 it will be found that such a solution is possible only for 
certain values of k, which accoidmgly determine the periods {^’irjkc) of the 
various normal modes 

Thus, in the case of a rectangular boundary, if we take the origin at one 
corner, and the axes of y along two of the sides, the boundary conditions 
are that d^jdoc = 0 for x = 0 and x = a, and d^jdy = 0 for y = 0 and y = h, where 
a, b are the lengths of the edges parallel to x, y respectively The general 
value of f subject to these conditions is given by the double Fourier s series 


?=S2A 




mirx mry 

cos cos , 

a 0 


... .( 3 ) 


* Lord Bayleigh, Theoiy of Sound, Art 839 
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where the summations include all integral values of m, n from 0 to oo 
Substituting in (1) we find 



.(4) 


If a >h, the component oscillation of longest period is got by making m = 1, 
n= 0, whence ka=-7r. The motion is then everywhere parallel to the longei 
side of the rectangle. Of Art 177. 


189 In the case of a circular sheet of water, it is convenient to take 
the origin at the centre, and to transform to polar co-ordinates, writing 

x^r cos 6y y = r sin 6, 


The equation (1) of the preceding Art becomes 




1 02 ^ 


dd‘ 


:+^^r=o 


...( 1 ) 


This might of course have been established independently. 

As regards dependence on the value of ^ may, by Fourier's Theorem, 
be supposed expanded in a series of cosines and sines of multiples of 0 , we 
thus obtain a series of terms of the form 



It IS found on substitution m (1) that each of these terms must satisfy the 
equation independently, and that 

/"(O + i/'(O+(A=-^)/(r) = 0 (3) 

This is of the same form as Art 101 (14). Since ^ must be finite for 
r = 0, the various normal modes are given by 

^ = AsJs (kr) . cos (or^ q- e), (4) 

where s may have any of the values 0, 1, 2, 3, and is an arbitrary 
constant The admissible values of h are determined by the condition that 
d^ldr = 0 at the boundary r = a, say, or 

//(fea) = 0 (6) 

The corresponding 'speeds' (cr) of the oscillations are then given by 
<T=k{gh)k 

In the case 5 = 0, the motion is symmetrical about the origin, so that the 
waves have annular ridges and furrows The lowest roots of 

J‘/(to)=0, or J'i(te) = 0, (6) 


ka 


TT 


:r2197, 2 2330, 3 2383,. 


‘ ( 7 ) 


are given by 
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these values tending ultimately to the form k(ijTr—'m + \, where m is 
integral* In the mth mode of the symmetrical class there are m nodal 
circles whose radii are given by ?'= 0 or 

J„(*r) = 0 . ... (8) 

The loots of this'f are 

— = 765.5, 17571, 27546, ....(9) 


For example, in the first symmetrical mode there is one nodal circle r = 628rt 
The form of the section of the free surface by a plane through the axis of z, 
in any of these modes, will be understood from the drawing of the curve 
2 / = Jo (x), which is given on the preceding page 

When s > 0 there are s efl[Uidistant nodal diameters, in addition to the 
nodal circles 

J,{]cr) = i) . . . .... (10) 

It IS to be noticed that, owing to the equality of the frequencies of the two 
modes represented by (4), the normal modes aie now to a certain extent 
indeterminate, viz in place of cos sd or sin $9 we might substitute cos 5(0 — cx^), 
where is arbitrary The nodal diameters are then given by 




,s 


2m + 1 
~2s 


..( 11 ) 


where m = 0, 1, 2,. 5-1. The indetermmatcness disappeais, and the 

frequencies become unequal, if the boundary deviate, howevci slightly, from 
the circular form 


In the case of the circular boundary, wo obtain by superposition of two 
fundamental modes of the same period, m different phases, a solution 

^=GsJs (kr) cos {at + sd + e) (12) 

This represents a system of waves travelling unchanged round the origin 
with an angular velocity a/s in the positive or negative direction of 6 Thc^ 
motion of the individual particles is easily seen from Art 187 (4) to be 
‘elliptic-harmonic, one principal axis of each elliptic orbit being along the 
radius vector. All this is in accordance with the general theory referred to 
in Art. 167 

The most interesting modes of the unsymmetrical class are those corre- 
sponding to 5 = 1, e g 

f = AJi {h') cos 9 . cos {at -I- e), . . . .(18) 

^ Stokes, “ On the Numerical Calculation of a class of Definite Integials and Infinite Senes,” 
'Camb TianSjt ix. {1S50) [Math andPhys Papers, t ii p 355] 

It IS to be noticed that kajT iS equal to tq/t, where r is the actual period, and Tq is the time a 
progressive wave would take to travel with the velocity (gh)^ over a space equal to the diameter 2a 
i Stokes, I c 
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where k is determined by 

J{{ka) = (i (14) 

The roots of this are^ 


^=586. 1697, 2 717, (15) 

TT 

We have now one nodal diameter (9=^1^, whose position is, howevei, 
indeterminate, since the origin of 6 is arbitrary In the corresponding modes 
for an elliptic boundary, the nodal diameter would be fixed, viz it would 
coincide with either the major or the minor axis, and the frequencies would 
be unequal. 



The diagrams on this and on the next page shew the contour-lines of the 
free surface in the first two modes of the present species These lines meet 
the boundary at right angles, in conformity with the general boundary 
condition (Art 188 (2)) The simple-harmonic vibrations of the individual 
particles take place in straight lines perpendicular to the contour-lines, 
by Art 187 (4) The form of the sections of the free surface by planes 
through the axis of z is given by the curve y = J) (*) on p 269 

The first of the two modes here figured has the longest period of all the 

normal types In it, the water sways from side to side, much as in the 

* See Lord Bayleigh’s treatise, Art 339 A general formula for calculating the roots of 

J' (ka) = 0, due to Prof J. McMahon, is given by Gray and Mathews (I c ante p 128), p. 241. 
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value whatever of which is subject to the condition (16), can he expanded in a series of 
the form 

f=S2 (^gC0S5^4-i?gSm5^)e/g (^r), . ('XS) 

where the summations embrace all integral values of 6 (including 0) and, for each value of 
5, all the roots h of (5). If the coejB&cients be regarded as functions of % the equa- 

tion (18) may bo regarded as giving the value of the surface-elevation at any instant The 
quantities are then the normal co-ordinates of the present system (Art 167), and in 
terms of them the formulae for the kinetic and potential energies must reduce to sums of 
squares Taking, for examjile, the potential energy 


this requires that 


. .. 



iD-^yj^rddd/r— 


0 , - 


• (19) 
. . ( 20 ) 


whore wj, are any two terms of the expansion (18) If involve cosmos or sines of 
different multiples of 6, this is verified at once by integration with respect to 6 but if 
we take ’ 


(Jc-yv) cos s6, oc Jq (h^r) cos s6y 
where hy, are any two distinct roots of (5), we get 


/: 


Ja{\r) Jt{k^r)rdr=0 


The general results of which (17) and (21) are particular cases, are 
j ^ J(j(h)rdr= —^J^(]ca) 

(cf Art 102 (10)), and 


.( 21 ) 


( 22 ) 


Ji (kyr) ih r) rdr - ^" 2 “^ (ha) J, (k^a) - ij aJ^ (Ij a) J, (L^ «)}. (23) 

In the case of the latter expression becomes indeterminate , the evaluation in the 
usual manner gives 


{J> {ka)Y rdr = P (J/ (ka)}^+(k^ai‘ - a^) {J, (Ia)}2] 


.(24) 


For the analytical proofs of those formulae we must refer to the treatises cited on p 128 


The small oscillations of an annular sheet of water bounded by concentric 
circles arc easily treated, theoretically, with the help of Bessel’s Functions ‘of 
the second kind. Ihe only case of any special interest, however, is when the 
two radii are nearly equal, we then have practically a re-entrant canal, and 
the solution follows more simply from Art 180. 

The analysis can also be applied to the case of a circular sector of any 

angle*, or to a sheet of water bounded by two concentric circular arcs and 
two radii. 


1 . 


See Lord Eayleigh, Theonj of Sound, Art. 339. 


18 



274 


Tidal Waves 


[chap, yiii 

190 As an example of forced vibrations, let ns suppose that the dis- 
turbing forces are such that the equilibrium elevation would be 

(7 cos 5^ cos (cr^ -f e) (25) 

This makes 0, so that the equation (12) of Art 187 reduces to the form 

(1), above, and the solution is 

^ = A Jg {kr) cos sd cos {at + e), .... (26) 

where A is an arbitrary constant The boundary-condition (Art 187 (14)) 
gives 

AkaJs {ka) = sG, 

whence cos {at ■+€) (27) 

The case 5 = 1 is mteiestmg as coi responding to a iimform horizontal 
force, and the lesult may be compared with that of Art 178 

From the case 5 = 2 we could obtain a rough representation of the semi- 
diurnal tide in a polar basin bounded by a small circle of latitude, except that 
the rotation of the earth is not as yet taken into account 

We notice that the expression for the amplitude of oscillation becomes 
infinite when Jg'(/i-a)= 0 This is m accoi dance with a general principle, of 
which we have already had several examples , the period of the disturbing 
force being now equal to that of one of the free modes investigated in the 
preceding Art. 


191. When the sheet of water is of variable depth, the investigation at 
the beginning of Art 187 gives, as the equation of continuity, 

eg- dQhU) djhv) 

dt dec dy ^ ^ 

The dynamical equations (Art 187 (2)) are of course unaltered Hence, 
eliminating we find, for the free oscillations, 





If the time-factor be we obtain 


s('‘S)+|;('‘ 




( 3 ) 


When his s, function of r, the distance from the origin, only, this may be 
written 

+ = 0 

dr dr g 


( 4 ) 
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As a simple example we may take the case of a circular basin which shelves gradually 
from the centre to the edge, according to the law 


/i=/io 



(5) 


Introducing polar co-ordinates, and assuming that f varies as cos 5(9 or sm the equation 
(4) takes the form 






. ( 6 ) 


That integral of this equation which is finite at the origin is easily found in the form 
of an ascending senes Thus, assuming 

, (7) 

wheie the tiigonometiical factors arc omitted, for shortness, the relation between consecu- 
tive coefficients is found to bo 


(m2 - ^2) A„ = |to (m - 2) - s2 - 

or, if we write . 

whore n is not as yet assumed to be integral, 

• • • (9) 

The equation is therefore satisfied by a scries of the form (7), beginning with the term 
Jg {rjay, the succeeding coefficients being dcterimnod by putting 5-1-4, in (9) 

We thus find 


^ 1 2(25 + 2 ) 2 4 ( 25 + 2 ) (26 + 4 ) 

or in the usual notation of hyporgoometric senes 


where 


f-^4 ■■ 

a = 'tw + ^S, P = 1+-^S — -Jvt, y = S+l 



.( 11 ) 


Since thcao make y-a-^=0, the aorios is not convorgout for r=a, unloas it tominato 
This can only happen when n la integral, of the form .3+2^ The oorrespondmg valuoa of 
<r are then given by (8) 


In the symmetrical modes (s=0) wo have 


f p ^2+ - 


- (12) 


where j may he any integer greater than unity It may bo shown that this expression 
vanishes for y - 1 values of r between 0 and a, indicating the existence ofy - 1 nodal cirolos 
The value of cr is given by 


■^^=4? (y- 1)^1" 


• (13) 


Thus the gravest symmetrical mode (y=2) has a nodal circle of radius 707a, and its 
frequency is determined by (r'^-^gh^ja^ 
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Of the unsynametrical inodes, the slowest, for any given value of s, is that for which 
72=5 + 2, in which case we have 

f == — COS cos {(it + e), 

the value of o- being given by 0-2=25 ^ 

The slowest mode of all is that for which 5=1, 7i=3 , the free surface is then always 
flane It is found on comparison with Ait 189(15) that the frequency is 768 of that of 
the corresponding mode in a circular basin of uniform depth and of the same radius 

As in Art 190 we could at once write down the formula for the tidal motion produced 
by a uniform horizontal periodic force, or, more generally, for the case when the disturbing 
potential is of the type 

oc r® cos sd cos (or^ + e) 


192 We may conclude this discussion of ' long ' waves on plane sheets 
of water by an examination of the mode of propagation of distuibances fiom 
a centre in an unlimited sheet of uniform depth For simplicity, we will 
consider only the case of symmetry, Avhere the elevation f is a function of 
the distance r from the origin of disturbance This will introduce us to some 
peculiar and rather important features which attend wave-propagation in two 
dimensions 

The investigation of a peiiodic distmbance involves the use of a Bessel’s 
Function (of zeio order) ‘of the second kind,’ as to which some preliminary 
notes may be useful 


To solve the equation 


dz^ 


Juris 


( 1 ) 


by definite integrals, we assume"^ 



TdL 


. . ( 2 ) 


where 2" is a function of the complex variable t, and the limits of integration are constants 
as yet unspecified This makes 


, g + # + = - [(1 + y’] + /(I {(1 + T] - tr) dt, 


by a partial integration The equation (1) is accordingly satisfied by 


provided the expression 




■L 


e -^^dt 


• ( 3 ) 


vanish at each limit of integration Hence, on the supposition that « is real and positive, 
or at all events has its real part positive, the integral in (3) may ho taken along a path 
joining any two of the points i, — i, +co in the plane of the variable f , but two distinct 
paths°joimng the same points will not necessarily give the same result if they include 
between them one of the branch-points («= ±4) of the function under the integral sign 


* Forsyth, Viffeiential Equations, c vn The systematic application ol this method to the 
theory of Bessel’s Functions is due to Hankel, “Die Oylmderfunktionen erster u zweiter Art,” 
Math Ann , t i p 467 (1869) See Gray and Mathews, o vii. 
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Thus, for example, we have the &olution 

where the path is the portion of the imaginary axis which lies between the limits, and that 
value of the radical is taken which becomes =1 for <{“0 If we write we obtain 




cos {z cos S) dB-^iTrJ^ {z\ 


which IS the solution already known (Art. 100) 

An independent solution is obtained if we take the integral (3) along the axis of rj from 
the point (0, ^) to the origin, and thence along the axis of | to the point (oo , 0) This 
gives, with the same determination of the radical, 


jo v(i+i^) jo ^/(n-f) Jova-’i'^) ^ 

By adopting other pairs of limits, and other paths, we can obtain other forms of <;£>, but 
those must all bo equivalent to (j)^ or <j^)2, or to linear combinations of these In particular, 
some other forms of <p 2 are important It is known that the value of the integral (3) taken 
round any closed contour which excludes the branch points (2f= ±^) is zero Let us first 
take as our contour a rectangle, two of whose sides 
coincide with the positive portions of the axes of ^ 
and 77, except for a small semicircular indentation ^ 
about the point ^f=^, whilst the remaining sides are at 
infinity It is easily seen that the parts of the inte- 
gral due to the infinitely distant sides will vanish, 
eithei through the vanishing of the factor when ^ 

IS infinite, or through the infinitely rapid fluctuation i \ 

of the function when 77 is infinite Hence for 

the path which gave us (5) we may substitute that 
which extends along the axis of 77 from the point (0, ^) 

to (0, zoo ), provided the continuity of the radical be 

attended to Now as the variable t travels counter- ^ 

clockwise round the small semicircle, the radical 

changes continuously from »J(l- 77^) to i s/{r)'^-l) We have therefore 


h Vov/(i-/) 




Jo'' - 

This solution is the one which is specially approxinate to the case of diverging waves. 
Another method of obtaining it will be given in Chap x 

If we equate the imaginary parts of (5) and (6) we obtain 


2 roo 

I sin (2 cosh (7) 

^ j 0 


a form due to Mohler* 


It IS convenient to have a si:)ecial notation for the function in (6) , wo write 




( 8 ) 


Math Ann , t v, (1872) 
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D^{z)=Ka{z)-iJa{z), 

2 

Eq(z)=— / cos (2: cosh 2^) 
Try 0 


- gsinliM 


2 /* Jtt 

du — / sin cos 
rrj 0 
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. ... ( 9 ) 

.( 10 ) 

( 11 ) 
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This is eqiuvalent to 
where* 

Equating the real i)arts of ( 5 ) and ( 6 ) we have, also, 

For a like reason, the path adopted for <^2 replaced by the line drawn from the 

point ( 0 , t) parallel to the axis of f (viz the dotted line in the figure) To secure the con- 
tinuity of + we note that as t describes the lower quadrant of the small semicircle, 
the value of the radical changes from -rf) to approximately Hence along 

the dotted line we have, putting 

where that value of the radical is to be chosen which is real and positive when ^ is infini- 
tesimal Thus 




. e~’' 

V 2 


If we expand the binomial, and integrate term by term, we find 


/ 


=Cg- 2 # 


( 12 ) 


} a„ 


where use has been made of the formulae 


/; 

r n(m-i) 13 ( 2 m- 1 ) 

Jo ^ ^ 2”"^”' 

If we isolate the imaginary part of ( 13 ) we have, on comparison with ( 9 ), 


where 


^o(^) = (~Y {i2sin(04-i7r)~^cos(^4-j7r)}, 


P 32 12 32 52 72 

2 '( 8 ^) 2 ‘^ 4 »(ae> 




12 


12 32 52 


“ + 


‘11(82;) 3^(82;)'^ 

A similar expression for Eq (0) can easily be written down 


.( 14 ) 


.( 15 ) 


(IG) 


* As regards Ao, this is the notation employed by Heine (except as to the constant factor), 
and H Weber The reader should he warned, however, that the same symbol has been employed 
m at least two other distinct senses in connection with the theory of Bessel’s Functions 

The choice of a standard solution ‘of the second kind’ is largely a matter of convention, 
since the differential equation ( 1 ) is still satisfied if we add any constant multiple of Jq (0). In 
terms of the more usual notation, 

Ao (0) = I { - To (0) -f (log 2-y)do (z ) } , 
where 7= 5772 (Euler’s constant) 

A table of the function iTEo(z) has been constructed by B A Smith, see Phil Mar/. ( 5 ) 
t xlv p 122 ( 1898 ) ‘ 
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The senes in (13) and (16) are of the kind known as ‘ semi-convergent/ or ‘ asymptotic/ 
expansions , ^ e although for sufficiently large values of z the successive terms may for a 
while diminish, they ultimately incicase again indefinitely, but if we stop at a small term 
we get an approximately correct result^ This may be established by an examination of 
the remainder after m terms in the process of evaluation of (12) 

It follows from (15) that the large roots of the equation (^) =0 approximate to those of 

Sin(;S + |7r) = 0 . . (17) 

The series in (13) gives ample information as to the demeanour of the function Dq^{z) 
when z is large When 5! is small, I>^{z) is very great, as axipears from (9) and (11) A 
complete formula suitable for this case can only be obtained by a somewhat indirect 
process, but an approximation may be conducted as follows Keferring to (11), we have 



The first term gives t 

/•oo .-'zy 

j ^/—dw=-y-logiz+ , (19) 

and the remaining ones are small m comparison Hence, by (9) and (11), 

I)q(z)- (log^0-f ) (20) 

TT 

It follows that lim zDq (z)^ — -t .. . . .. . (21) 


193. We can now proceed to the wave-problem stated at the beginning 
of Art 192 For definiteness we will imagine the disturbance to be caused 
by a variable pressure po applied to the surface On this supposition the 
dynamical equations near the beginning of Art 187 are replaced by 


whilst 

as before. 


dt ^ dx p dx ’ dt pdy p dy ^ 
dt^ ^[dx^dyj’ 


( 1 ) 

( 2 ) 


* Cf Whittaker, Modem Analysis j c vm The semi-convergent expansion of is due to 
Poisson, tlowm de VJ^cole Polyt , call 19, p 349 (1823), a rigorous investigation of this and other 
analogous expansions was given by Stokes, 1 c ante p 270 The * remainder ’ was examined by 
Lipschitz, CrelUf t Ivi. p 189 (1859) Cf Hankel, I c ante p 276 

t De Morgan, Diferential and Integial Oalmluh, London, 1842, p 653. 
t The Bessel’s Bunotions of the second kind were first thoroughly investigated and made 
available for the solution of physical problems in an arithmetically intelligible form by Stokes, 
in a series of papers published in the Camh Trans With the help of the modern Theory 
of functions, some of the processes have been simplified by Lipschitz and others, and (especially 
from the physical point of view) by Lord Eayleigh. These later methods have been freely used 
in the text 
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If we introduce the velocity-potential in (1), we have, on integration. 








( 3 ) 


We may suppose that po refers to the change of pressure, and that the arbi- 
trary function of t which has been incorporated in j) is chosen so that d(f>ldt = 0 
in the regions not affected by the disturbance. Eliminating f by means of 
(2), we have 

+ (4) 

When ^ has been determined, the value of ^ is given by (3). 

We will now assume that^o is sensible only over a small* area about the 
origin If we multiply both sides of (4) by hxhy, and integrate over the area 
in question, the term on the left-hand may be neglected (relatively), and we 
find 


■/, 


dn ~ gph dt 


Jjpodxdg, . 


.(5) 


where Ss is an element of the boundary of the area, and Sn refers to the hori- 
zontal normal to &, drawn outwards. Hence the origin may be regarded as 
a two-dimensional source, of strength 

m 

where Pq is th© integral disturbing pressure 

Turning to polar co-ordinates, we have to satisfy 


9^2 ^ I ^ j > • • 


\ r dr 


•a) 


where c^ = ghy subject to the condition 

hm(-2wr^)=/(0, (8) 

where f (t) is the strength of the source, as above defined. 

In the case of a simple-harmonic source the equation (7) takes the 
form 


where k = crjc, and a solution is 

<f> = JPo (kr) 


(9) 


( 10 ) 


* That IS, the dimensions of the area are small compared with the ‘ length ’ of the waves 
generated, this term being understood in the general sense of Art 171 On the other hand, 
the dimensions must be supposed large in comparison with 7i. 
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■where the constant factor has been determined by Art 192 (21). 
real part -we have 

<f> = I {Ifo (kr) cos at + J,> (hr) sin at}, 
correspondmg to / (t) — cos at. 

For large values of hr the result (10) takes the form 


^ ^/(87rr’) 


^<r( ) — i:^7r 


Taking the 

(11) 


(12) 


The combination t — rjc indicates that we have, in fact, obtained the solution 
appropriate to the representation of diverging waves. 

It appears that the amplitude of the annular waves ultimately varies 
inversely as the square root of the distance from the origin 


194 The solution we have obtained for the case of a simple-harmonic 
source may be written 

i(r(t--coahu) 

27r(/) = I e ^ ^ ^ du (13) 

J 0 

This suggests generalization by Fourier’s theorem. ; thus the formula 

27r<j)=j .. (14) 

should represent the disturbance due to a source f{t) at the origin*. It is of 
course implied that the form of f{t) must be such that the integral is con- 
vergent , this condition will as a matter of course be fulfilled whenever the 
source has been in action only for a finite time A more complete formula, 
embracing both converging and diverging waves, is 

27 r<p ==J cosh du-h J jP ~ cosh du (15) 

The solution (15) may he verified, subject to certain conditions, by substitution in the 
differential equation (7) Taking the first term alone, we find 


27I( 


\ ^ r dr) 


■isinh^'i^ 


/"( 


cosh 
c 


cosh du 


r 

~~r^ Jo 


t-'- cosh 
c 


v)--cosh% fit--- 
J 'i ' \ c 

sinh u.f it — ~ cosh 1 


This obviously vanishes whenevei /(^)=0 for negative values of t exceeding a certain 
limit t 


* The substance of Arts 194 — 196 is adapted from a paper “ On Wave-Propagation in Two 
Dimensions,” Pwc Lond Math Soc , t xxxv p 141 (1902) A lesult equivalent to (14) was 
obtained (m a different manner) by Levi-Givita, Nuovo Cimento (4), t vi (1897) 

+ The verification is very similar to that given by Levi-Oivita 



282 


Tidal Waves 


[chap, vm 


Again, 


“ 27rr 


^ = cosh 'll 

= ^ J (smh i^+e”**)/' cosh dio 
= ^cosh^^^J j ^2;-^cosh?^^ du 

=-^ (^ - 3 + 3 


under the same condition The limiting value of this when r— 0 is /(^), and the state- 
ment made above as to the strength of the source in (14) is accoidingly verified 

A similar process will ajoply to the second term of (15) provided F {t) vanishes for 
positive values of t exceeding a certain limit 


195 We may apply (14) to trace the effect of a temporary source varying 
according to some simple prescribed law 


If we suppose that everything is quiescent until the instant ^ = 0, so that 
fit) vanishes for negative values of t, we see fiom (14) or from the equivalent 
form 



that cj) will be zero everywhere so long as tKrjo. If, moreover, the source 
acts only for a finite time r, so that /(^) = 0 for > r, we have, for i > r -h r/c, 



f(0)de 

,y»2^ ^ ’ 


..(17)* 


This expression does not as a rule vanish , the wave accordingly is not sharply 
defined in the rear, as it is in front, but has, on the contrary, a sort of ‘tail'f 
whose form, when t-r/c is large compared with r, is determined by 


27r(p = 



ifmde. 

0 


.(18) 


Analytically, it may be noticed that the equation (4), when p^-O, may be written 

d^(f> 

0 ^^ diF 5 {ictf ’ 

and that (17) consists of an aggiegate of solutions of the known type 

t The existence of the ‘ tail ’ in the case of cylindrical electiic waves, was noted by Heaviside, 
Phil. Mag (5), t xxvi (1888) [Electrical Pajgers, t ii ], 
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The elevation f at any point is given by (3), viz 


ia<^ 

^ 9 dt "• 

(19) 

It follows that 


r . 

J —00 

(20) 

provided the initial and final values of ^ vanish 

It may be shewn that this 


will be the case whenever f it) is finite and the integral 

r f{t)dt ( 21 ) 

J —00 

IS convergent The meaning of these conditions appears from (6). It 
follows that even when Pq is always positive, so that the flux of liquid 
in the neighbourhood of the origin is altogether outwards, the wave which 
passes any point does not consist solely of an elevation (as it would in the 
corresponding one-dimensional problem) but, in the simplest case, of an 
elevation followed by a depression. 


196. 1° The simplest assumption we can make, free from awkward 

infinities, is that Pq increases, during the interval from = — rto^ = + T, from 
one constant value to another, according to the parabolic law 

where the upper or lower sign is to be taken according as t is negative or 
positive. This makes /'(^) = + l, if a constant factor be omitted. The 
reduction of the formula 


27rff = J f(i-%oshu^du=j' . ( 22 ) 


IS now very simple ; we find 
2w5r?= 0, 

r 

= cosh”^ — 2 cosh“^ — , 


for 


t< — T, 
0 


rp rp 

for — T <t<-\ 
c c 


rp A* 

for - < 1 ^ < - + T . 
c 0 


= cosh~^ - — ... l) — 2 cosh~^ 


ct 


+ cosh“^ - , for 

r r 


r 

^ > - + T. 

c 


.(23) 


The annexed figure, constructed with f as ordinate and t as abscissa, exhibits 
the variation of ^ at a particular point (r = IOOct) as the wave passes over it 
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Within the range shewn, the same curve also indicates very fairly the profile 
of the wave after a time t which is about equal to lOOr, it being understood, 
of course, in this interpretation, that the direction of propagation is from right 
to left The change of sign, and the indefinite prolongation of the ' tail ’ will 
be observed. 



2° The diagram shews certain peculiarities due to the abrupt changes in 
the rate of variation of the source A solitary wave, free from discontinuity 
of every degree, is obtained if we assume 

/(0 = ^. ( 24 ) 

which makes Po increase from one constant value to another according to the 
law 

Po = ^ + Btan-'^ (25) 

The disturbing pressure has now no definite epoch of beginning or ending, 
but the range of time within which it is sensible can be made as small as we 
please by diminishing t. For purposes of calculation it is convenient to 
assume 

(2«) 


in place of (24), and to retain in the end only the imaginary part. We have 
then 



where z = tanh 


^ 2 p 

it — -cosh^4 — i — - — ir — 1 it+ “ — ir 
c Joe \ c J 

We now write 


(27) 


i ^ t + = (28) 
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where we may suppose that a, h are positive^ and that the angles a, ^ he 
between 0 and Since 


‘‘=(‘+9’+"’’ 

tan 2a = , tan 2^ = -7^ , 

ct-r' ct -hr J 


(29) 


it appears that a $b according as ^ < 0, and that a> /B always, 
notation, we find 



dz 


log-^ . 

0 


With this 


(30) 


To interpret the logarithms, let us mark, in the plane of a complex variable 
the points 

/= + l, P = 



Since the integrals in the second member of (30) are to be taken along the 
path 01, the proper value of the third member is 


g^(a+^) 

ah 


logg + ^.0P/ 


(log^-. 0«/)}, 


where real logarithms and positive values of the angles are to be understood. 
Hence, rejecting all but the imaginary part, we find 


g , sin (a + ^) IP cos (a + /3) 

2tt<P = i log H ^ • 

^ ah ^ IQ ah 


(31) 


(tt-P/Q) .. 

as the solution corresponding to a source of the type (24) Here 
+ 2a6 cos (a + /3) + 2ci6sin(a — ,3) 

m - -P-f« 

and the values of a, 5, a, ^ m terms of r and t are to be found from (29) 
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It will be sufficient to trace the effect of the most important part of the 
wave as it passes a point whose distance r from the origin is large compared 
with CT If we confine ourselves to times at which t—rjc is small com- 
pared with rjc, a will be small compared with I, PIQ will be a small angle, 
and IP /IQ will =1, nearly If we put 

t — - + T tan 7 ], . (33) 

c 

we shall have 

a = l 7 r-^r], a = V(t sec 77), h = (34) 

approximately , and the formula (31) will reduce to 

^ ( v) ~ 

The elevation f is then given by 

approximately. The annexed diagram shews the i elation between ^ and t, 
as given by this formula* The comparison with that on p 284 shews how the 
crudities have disappeaied in consequence of the more natural suppositions 
now made as to the law of variation of the source 



197 We proceed to consider the case of a spherical sheet, or ocean, of 
water, covering a solid globe We will suppose for the present that the globe 
does not rotate, and we will also m the first instance neglect the mutual 
attraction of the particles of the water The mathematical conditions of the 

* The points marked - 1, 0, + 1 on the diagram eonespond to the times i /c - r, i /c, i/c + t, 
respectively 
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question are then exactly the same as in the acoustical problem of the 
vibrations of spherical layers of aii^ 

Let a be the radius of the globe, h the depth of the fluid, we assume 
that h IS small compared with a, but not (as yet) that it is uniform The 
position of any point on the sheet being specified by the angular co-ordinates 
6^ 0 ), let u be the component velocity of the fluid at this point along the 
meridian, in the direction of 9 increasing, and v the component along the 
parallel of latitude, in the direction of co increasing Also let ^ denote the 
elevation of the free surface above the undistuibed level The horizontal 
motion being assumed, for the reasons explained in Art. 171, to be the same 
at all points in a vertical line, the condition of continuity is 

^{iLhaBm6Sco)S9 + ^(vhaS9)8co — --aiim6Sco aB9 


where the left-hand side measures the flux out of the columnar space 
standing on the element of area a sin OSco aBdy whilst the right-hand member 
expresses the rate of diminution of the volume of the contained fluid, owing 
to fall of the surface Hence 


9 f 1 (9 (hu sm 9) d (hv)] 

dt a sm d9 dco ) 


( 1 ) 


If we neglect terms of the second older in u, v, the dynamical equations 
are, on the same principles as in Arts 168, 187, 


dt~ ^ add add’ 


dv _ 9^ 90 

dt ^ a sin 9dco a sm 9doo ' 


where O denotes the potential of the extraneous forces. 
If we put 

these may be written 


?=- 
^ 9 ’ 


du 

u'' 




dv 

u'' 


g _ 9_ 

a sin d dm 


(?-?) 


(3) 


.(4) 


Between (1) and (4) we can eliminate u, v, and so obtain an equation in t 
only. 


In the case of simple-harmonic motion, the time-factor being the 

equations take the forms 


V (9 Qin sin 6) 9 {hv) j 

era sm ^1 dd 






day y 
9 9 


era sin 9 day 


(^-0 


(3) 

• ( 6 ) 


Discussed in Lord Rayleigh’s Theory of Sound, c, xTiii, 
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198 We will now consider more particularly the case of uniform depth 
To find the free oscillations we put ^=0, the equations (5) and (6) of the 
preceding Art then lead to 


1 d 
sin<90<9 



1 

sin^ 6 dcD^ gh 


...( 1 ) 


This IS identical in form with the general equation of spherical surface- 
harmonics (Art. 83 (2)) Hence, if we put 


a solution of (1) will be 


gh 


= 1 ), 

.. .. 


.. ( 3 ) 


where 8n is the general surface-harmonic of order n 

It was pointed out in Art 86 that will not be finite over the whole 
sphere unless n be integral Hence, for an ocean covering the whole globe, 
the form of the free surface at any instant is, in any fundamental mode, that 
of a ' harmonic spheroid ’ 

r - Sn cos {at -he), (4*) 


and the speed of the oscillation is given by 

o- = {n(»i + l)}i (5) 

the value of n being integral. 


The characters of the various normal modes are best gathered from a 
study of the nodal lines {8n = 0) of the free surface Thus, it is shown in 
treatises on Spherical Harmonics^ that the zonal harmonic Pn{f) vanishes 
for n real and distinct values of //. lying between ± 1, so that in this case 
we have n nodal circles of latitude When n is odd one of these coincides 
with the equator. In the case of the tesseral harmonic 




cos) 


dfji^ 


smj 


(SCO, 


the second factor vanishes for n — s values of a, and the trigonometrical 
factor for 2s equidistant values of co The nodal linos therefore consist of 
— s parallels of latitude and 2s meridians Similarly the sectorial liarinonic 




^cos 

sin 


nco 


has as nodal lines 2n meridians 


These are, however, merely special cases, for since there arc 27i 4* 1 
independent surface-harmonics of any integral order n, and since the 


Por references, see p. 102. 
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frequency, determined by (5), is the same for each of these, there is a 
correspondmg degree of indetermmateness in the normal modes, and in the 
configuration of the nodal lines 

We can also, by superposition, build up various types of progressive 
waves , e g taking a sectorial harmonic we get a solution in which 

^oc (1 — /[i^^i^cos (w® — o-t + e), (6^ 

this gives a series of meridional ridges and furiows travelling round the 
globe, the velocity of propagation, as measured at the equator, being 



It is easily verified, on examination, that the orbits of the particles are now 
ellipses having their principal axes in the directions of the meridians and 
parallels, respectively At the equator these ellipses reduce to straight 
lines 

In the case n = l, the harmonic is always of the zonal type The 
harmonic spheroid (4) is then, to our order of approximation, a sphere 
excentric to the globe. It is important to remark, however, that this case 
IS, strictly speaking, not included in our dynamical investigation, unless we 
imagine a constraint applied to tlie globe to keep it at rest, for the de- 
formation in question of the free surface would involve a displacement of 
the centre of mass of the ocean, and a consequent reaction on the globe 
A corrected theory for the case where the globe is free could easily be 
investigated, but the matter is hardly important, first because in such a 
case as that of the Earth the inertia of the solid globe is so enormous 
compared with that of the ocean, and secondly because disturbing forces 
which can give rise to a deformation of the typo in question do not as a 
rule present themselves in nature It appears, for example, that the first 
term in the expression for the tide-generating potential of the sun or moon 
IS a spherical harmonic of the second order (see the Appendix to this 
Chapter). 

When n = 2, the free surface at any instant is approximately ellipsoidal. 
The correspondmg period, as found from (5), is then 816 of that belongmg 
to the analogous mode in an equatorial canal (Art 180) 

For large values of n the distance fiom one nodal line to another is 
small compared with the radius of the globe, and the oscillations then take 
place much as on a plane sheet of water For example, the velocity, at the 
equator, of the sectorial waves represented by (6) tends with increasing n to 
the value {gh)^, in agreement with Art. 169. 


L. 


19 
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From a comparison of fhe foregoing investigation with the general theory of Art 167 
we are led to infer, on physical grounds alone, the possibility of the expansion of any 
arbitrary value of f in a series of surface harmonics, thus 

0 

the coefS.cients of the various independent harmonics being the normal coordinates of the 
system Again, since the products of these coefficients must disappear from the expressions 
for the kinetic and potential energies, we are led to the ^ conjugate ’ properties of spherical 
harmonics quoted in Art 87 The actual calculation of the energies will be given in the 
next Chapter, in connection with an independent treatment of the same problem 


The eifect of a simple-harmomc disturbing force can be written down at 
once from the formula (13) of Art. 167. If the surface value of H be 
expanded m the form 

( 8 ) 

wheie Hn IS a surface-harmonic of integral order n, the various terms are 
normal components of force, in the generalized sense of Art 135 , and the 
equilibrium value of f corresponding to any one teim is 

= •• ( 9 ) 

Hence, for the forced oscillation due to this term, we have 





. ( 10 ) 


where a measures the ‘ speed ’ of the disturbing force, and o-^ that of the 
corresponding free oscillation, as given by (5) There is no difficulty, of 
course, in deducing (10) directly from the equations of the preceding Art 


199 We have up to this point neglected the mutual attraction of the 
parts of the liquid In the case of an ocean covoimg the globe, and with 
such relations of density as we meet with in the actual earth and ocean, this 
IS not insensible To investigate its effect in the case of the free oscillations, 
we have only to substitute for in the last formula, the gravitation- 
potential of the displaced water If the density of this be denoted by p, 
whilst pQ represents the mean density of the globe and liquid combined, we 
have^ 


-- “ 


4i7rfypa 

‘2n + l ' 


. . ( 11 ) 


and 5r=:|ry7rapo, 

7 denoting the gravitation-constant, whence 




2 ??, + 1 Pq 




( 12 ) 

(13) 


See, for example, Boutb, Analytical Statics^ 2nd ed., Cambridge, 1902, t n pp 146-7 



291 


198 - 200 ] Effect of Mutual Gravitation 


Substituting in (10) we find 




t\ 

2n + 1 pj ’ 


(14) 


where is now used to denote the actual speed of the oscillation, and <r^ 
the speed calculated on the former hypothesis of no mutual attraction Hence 
the corrected speed is given* by 




( 15 ) 


For an ellipsoidal oscillation {n= 2), and for pjp^ = 18 (as m the case of 
the Earth), we find from (14) that the effect of the mutual attraction is to 
lower the frequency in the ratio of 94 to 1 


The slowest oscillation would correspond to ?i= 1, but, as already indicated, 
it would be necessary, in this mode, to imagine a constraint applied to the 
globe to keep it at rest This being premised, it appears from (15) that if 
p > Po "tfie value of <t^ is negative. The circular function of t is then replaced 
by real exponentials , this shews that the configuration in which the surface 
of the sea is a sphere concentric with the globe is one of unstable equilibrium. 
Since the introduction of a constraint tends in the direction of stability, we 
infer that when p > po the equilibrium is a fortiori unstable when the globe 
is free In the extreme case where the globe itself is supposed to have no 
gravitative power at all, it is obvious that the water, if disturbed, would tend 
ultimately, under the influence of dissipative forces, to collect itself into 
a spherical mass, the nucleus being expelled 

It IS obvious fiom Art 167, or it may easily be verified independently, 
that the foiced vibrations due to a given periodic disturbing force, when the 
gravitation of the water is taken into account, will be given by the formula 
(1 0), provided now denote the potential of the extraneous forces only, and 
<Tn have the value given by (15) 


200. The oscillations of a sea bounded by meridians, or parallels of 
latitude, 01 both, can also be treated by the same method*]* The spherical 
harmonics involved are however, as a rule, no longer of integral order, and it 
IS accordingly difficult to deduce numerical results 

In the case of a zonal sea bounded by two parallels of latitude, wo assumo 

+ ... . ( 1 ) 

* This result was given by Laplace, M^camque G6leste, Lxvre 1% Art 1 (1799) The free and 
the forced oscillations of the type w=2 had been previously investigated m his “Eecherches sur 
quelques points du syst^me du monde,” de VAcad roy des Sciences, 1775 [1778] [Oeuures 
Computes, t. ix pp. 109, ] 

t Of Lord Bayleigh, I c ante p 287 


19-^2 
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where /i—cos 6, and q are the two functions of /x, containing (1 — as a factor, 
which are given by the formula (2) of Art 86 It will be noticed that p (/i) is an even, and 
q {fj) an odd function of fx 


If we distinguish the limiting parallels by suffixes, the boundary conditions are that 
^=0 for /x=/xi and fi—ix^ For the free oscillations this gives, by Art 197 (6), 



(l^i) + (/^i) 


•(2) 

whence 


p' (ft)> 
p' (M 2 ). 

S' (Ml) 
9''(M2) 

=0, 

..(3) 


which IS the equation to determine the admissible values of n The speeds (a*) correspond- 
ing to the various roots are given as before by Art 198 (5) 

If the two boundaries are equidistant from the equator, we have ^ 2 = - The above 
solutions then break up into two groups , viz for one of these we have 

B — 0, p (^j)— 0, (4) 

and for the other A = 0, q' (/xi)=0 . (5) 

In the former case f has the same value at two points symmetrically situated on opposite 
sides of the equator , in the latter the values at these points are numerically equal, but 
opposite in sign 

If we imagine one of the boundaries to be contracted to a point (say /X 2 =l), we pass to 
the case of a circular basin The values of (1) and (1) are infinite, but their ratio can 
be evaluated by means of formulae given m Art 84 This gives, by (3), the ratio A B, 
and substituting in (2) wo get the equation to determine n A simpler method of treating 
this case consists, however, in starting with a solution which is known to be finite, what- 
ever the value of n, at the pole ix—l This involves a change of variable, as to which theie 
is some latitude of choice 

We might take, for instance, the expression for P^«(cos 6) in Art. 86 (6), and seek to 
determine n from the condition that 

^gPr>’{00Sd) = Q. . .. . ( 6 ) 

for 

By making the radius of the sphere infinite, we can pass to the plane problem of 
Art 189t The steps of the transition will be understood from Art 100 

If the sheet of water considered have as boundaries two meridians (with or without 
parallels of latitude), say <i) = 0 and <o=a, the condition that -y=0 at these restricts us to 
the factor cos sa>, and gives sa^mir, where m is integral This determines the admissible 
values of s, which are not in general integral J 

* This question has been discussed by Macdonald, Proc Land Math Soc , t xxxi p 264 
(1899) 

t Of Lord Eayleigh, Theory of Sound, Arts 336, 338 

X The reader who wishes to carry the study of the problem further in this direction is 
referred to Thomson and Tait, Natural Philosophy (2nd ed ), Appendix B, “ Spherical Harmonic 
Analysis ” 
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Tidal Oscillations of a Rotating Sheet of Water 

201. The theory of the tides on an open sheet of water is seriously 
complicated by the fact of the earth's rotation If, indeed, we could assume 
that the periods of the free oscillations, and of the disturbing forces, were 
small compared with a day, the preceding investigations would apply as 
a first approximation, but these conditions are far from being fulfilled in the 
actual circumstances of the Earth 

The difficulties which arise when we attempt to take the rotation into 
account have their origin in this, that a particle having a motion in latitude 
tends to keep its angular momentum about the earth's axis unchanged, and 
so to alter its motion in longitude This point is of course familiar in 
connection with Hadley's theory of the trade-winds Its bearing on tidal 
theory seems to have been first recognised by Maclaurinf 

Owing to the enormous inertia of the solid body of the earth compared 
with that of the ocean, the effect of tidal reactions in producing periodic 
changes of the angular velocity is quite insensible This angular velocity 
will therefore for the present be treated as constant^ 

The theory of the small oscillations of a dynamical system about a state 
of equilibrium relative to a solid body which rotates with constant angular 
velocity about a fixed axis differs in some important particulars from the 
theory of small oscillations about a state of absolute equilibrium, of which 
some account was given in Art 167. It is therefore worth while to devote 
a little space to it before entering on the consideration of special problems. 

202 Let us take rectangular axes x, y, z fixed relatively to the solid, of 
which the axis of ,3^ coincides with the axis of rotation, and let o) be the angular 
velocity of the rotation The equations of motion of a particle m relative to 
these movmg axes are known to be 

rn {x — • 2oL)y — co^x) = X, m (y + 2cox — co'^y) = F, mz = 2, (1) 

where X, F, Z are the impressed forces. From these wo derive 
Sm {xAx + yAy + ziikz) -h (.^'Ay — y!\x) 

— {x/\x -h yAy) = 2 (XAx + FAy + Zdkz), . . .(2) 

where the symbol A has the same meaning as m Art 135 


* “ The Cause of the General Trade Winds,” FhU. Trans , 1735 

t I)e Causa Physicd Jh'luxus et JReJluxus Mans, Prop vii “ Motus aejufle tuibatur ex inseciuali 
velocitate qu4 corpora circa axem Terrfe motu dmrno deferuntur” (1740) 

t The secular effect of tidal friction in this respect will be noticed later (Chap xi.) 
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Let us now suppose that the relative coordinates (m, y, z) of each particle 
can be expressed in terms of a certain number of independent quantities 
and let us write 

^ (x^ + + z% ^0 = -J (co^ + y% — (3) 

Here % denotes the energy of the relative motion, which we shall suppose 
expressed as a homogeneous quadratic function of the generalized velocities 
with coefficients which are functions of the generalized cooidmates 
whilst Tq denotes the energy of the system when rotating with the solid, 
without relative motion, in the configuration (gi, As in the 

proof of Lagrange’s equations (cf Art 135) we find 


V / A I** A l••A \ ( ^ A I / ^ A 

Sm (.a* + sAy + *A*) . 5- - - j A,. + (^ 5^ - A,. 


' d 0® 0®\ 


+ 


d 0® 
dt dqn 


0 ®\ A 

■ dqj ’ 


whilst 


Also 


co^Sm (xAcc + yAy) = ^ Agj -f 


■=’'*Ay.+ 


9^0 A 


(4) 


.(5) 


+ ^mqn) Agi 
+ Ag-a 

H" ^nnqii) ^qn 


where 


2co 2m (iAy - = (^11 gi + + 

+ (Aiffi + /322g2 + 

+ 

+ (^niji + Ai2?2 + 

/3., = 2a,2m|^^ 

d (g®, gr) 

and it IS particularly to be noticed that 

^rs ~ ^srj ~ 9 

Finally, we put 

2 (XA^ + FAy + FA^) = ■- AF+ Q, Ag, + Q, Ag, + 

where F is the potential energy, and Q^, Qj, are the generalized 

components of disturbing force 

If we substitute from (4), (5), (6) and (9) in (2), and equate separately to 
zero the coefficients of Agi, Aq^, . . Ag„, we obtain n equations of the type* 

dm d'^ . ^ . „ . , . . ^ 

dqr^ 


..( 6 ) 

(0 

( 8 ) 

+ C»Ag„, .. (9) 


dtdqr 02 ^ + • + ^mqn— — ■^{y—Ta) + Qr- -( 10 ) 


It may be noticed that these equations may be obtained as a particular 
case of Art 141 (24), with the help of Art 142, by supposing the rotating 
solid to be free, but to have an infinite moment of inertia 


Cf Thomson and Tait, Natural Philosophy (2nd ed ), Part i p 319 
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The conditions for relative equilibrium, in the absence of disturbing 
forces, are found by putting g-i, ... ?»= 0 in (10), or more simply from (2). 
In either way we obtain 

A(F-r„) = o, . (11) 

0(lt 

which shews that the equilibrium value of the expression F— To 
' stationary.’ 

If T denote the total kinetic energy of the system, we have 
T = {(i) - oyyy + (y H- oixf + ^ T, 4- caSm {xy - yx), (12) 

whence, on reference to (1), 

^ {T+ F) = ^ (® + To+ r') + w2m (ot) - yoo) 

= ^^{%^V-T,) + <ot{xY-yX) ... (13) 

This 18 to be equated to the rate at which the disturbing forces do work, 


%e io 

0) 2 {xY — 2/-X") 4" Qi^x 4" 4" 4" Qri^n 

Hence ^ ('SD 4- F— Tq) = Qiqi 4- Q^q 2 4- • 4- Qoi^n 0-^) 

This might also be deduced from the equations (10) 

When there are no disturbing forces, we have 

® 4 - F— jPo = const (15) 


203 We will now suppose the coordinates qt to be chosen so as to vanish 
in the undisturbed state. In the case of a small disturbance, we may then 
write 

2'2[/ = d" . - 4" ^Ot^iqiq^ 4" • > (f ) 

2(F-- 1 \)= Cnr/4 4 ... 4 2 ci,M‘2 + • •> (^) 

where the coefficients may be treated as constants The terms of the 
first degree in F— To have been omitted, on account of the ‘stationary’ 
property. 

In order to simplify the equations as much as possible, we will further 
suppose that, by a linear transformation, each of these expressions is reduced, 


as in Art 167, to a sum of squares , viz: 

2® = chqi^ 4 a^qi 4 . + anqn\ (3) 

2 (F — To) = d* c^q^ 4 ... 4“ o^qn (^) 
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The quantities qn niay be called the ‘principal coordinates' of the 

system, but we must be on our guard against assuming that the same 
simplicity of properties attaches to them as in the case of no rotation The 
coefficients Ui, ag, . .. a.nd Ci, C 2 , . Cn may be called the ‘ principal coeffiicients’ 
of inertia and of stability, respectively The latter coefficients are the same 
as if we were to ignore the rotation, and to introduce fictitious ‘centrifugal’ 
forces {mco^x, mco^y, 0 ) acting on each particle in the direction outwards from 
the axis. 

The equations (10) of the preceding Art become, in the case of mflmtcly 
small motions, 

^qi + CiQ'i + A 2?2 “h ‘t’ • “b ^mqn = Qu ' 

+ 02^2 + /SaiSl + / 923?3 4 • • + Mn = 62,1 ... (5) 

(^nqn + Gnqn + /^ni^x + /5n2?2 + /3n3?j + • =Qn‘ 

If we multiply these by q^, .. 5 ^ in order and add, we find, taking 

account of the relation yQrs = — A,, 

+ V —To) = Qiqi + $2^2 + 4 (6) 

as has already been proved without approximation 

204 To investigate the free motions of the system, we put Qi , . . . Qn = 0, 
in (5), and assume, in accordance with the usual method of treating linear 
equations, 

q^^ JL^e^ty q^i^ A.%e^t (7) 

Substituting, we find 

((Xi\^ + Ci)Ai + 4 . 4 = 0, ^ 

/32iAAi + (a 2 X^ + C 2 ) -d. 2 4 • • +l32n'^An = 0, ^ ...... ( 8 ) 

/^ni)^Ai 4 • 4 4 c^T,) Ayj, = 0 ^ 

Eliminating the ratios A^ we get the equation 


4 Cl, 

/3i2X, . 

• ^171^ 




0^2^^ 4 C2, 


= 0 , 

( 9 ) 



. 4 C/fi 




or, as we shall occasionally write it, for shortness, 

A (X) = 0 


( 10 ) 
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The determinant A (X) comes under the class called by Cayley ^ skew- 
determinants/ m virtue of the relations (8) of Art. 202 If we reverse the 
sign of \ the rows and columns are simply interchanged, and the value of the 
determinant is therefore unaltered Hence, when expanded, the equation (9) 
will involve only even powers of X, and the roots will be in pairs of the form 

X = ± (p + ^c^). 

In order that the configuration of relative equilibrium should be stable 
it IS essential that the values of p should all be zero, for otherwise terms of 
the forms cos at and e^f"^ sin at would present themselves in the realized 
expression for any coordinate qr This would indicate the possibility of an 
oscillation of continually increasing amplitude 

In the theory of absolute equilibrium, sketched in Art 167, the necessary 
and sufficient condition of stability (in the above sense) was simply that the 
potential energy must be a minimum in the configuration of equilibrium In 
the present case the conditions are more complicated*, but it is easily 
seen that if the expression for V—Tq be essentially positive, in other words 
if the coefficients Ci, Cg, . Cn m (4) be all positive, the equilibrium must be 
stable This follows at once from the equation 

® + (F— To) = coiist, ... ... (11) 

proved in Art 202, which shews that under the present supposition neither 
® nor V—Tq can increase beyond a certain limit depending on the initial 
circumstances It will be obseived that this argument does not involve 
the use of approximate equations 

Hence stability is assured if F— To is a minimum m the configuration 
of relative equilibrium But this condition is not essential, and there may 
even be stability (from the pi esent point of view) with V ^ maximum, 
as will be shewn presently in the particular case of twm degrees of freedom 
It IS to be remarked, however, that if the system be subject to dissipative 
forces, however slight, affecting the relative coordinates q^, . jn, the equi- 
librium will be permanently or ‘secularly’ stable only if F— Tq is a minimum 
It IS the characteristic of such forces that the work done by them on the 
system is always negative Hence by (6) the expression ® + (F — iTo) will, so 
long as there is any relative motion of the system, continually diminish, m 
the algebraical sense. Hence if the system be started from relative rest in a 
configuration such that F — 1\ is negative, the above expression, and therefore 


* They have been investigated by Ronth, On the Stalility of a Gwen State of Motion ; see 
also his Advanced Eigid Dynamics, c vi 

t The argument was originally applied to the theory of oscillations about a configuration of 
absolute equilibrium (Ait 167) by Dmchlet, ‘‘XJeber die Stabilitat des G-leiohgewiohts,” Cielle, 
t xxxii (1816) [We') he, Berlin, 1889-97, t ii p 3] 
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a fort%OT% the part Y — will assume continually increasing negative values, 
which can only take place by the system deviating more and more from its 
equilibrium-configuration 

This important distinction between 'ordinary’ or kinetic, and ‘secular’ 
or practical stability was first pointed out by Thomson and Tait^ It is to 
be observed that 4he above investigation presupposes a constant angular 
velocity (o)) maintained, if necessary, by a proper application of force to the 
rotating solid When the solid is free, the condition of secular stability takes 
a somewhat different form, to be referred to later (Ohap xii ) 


To examine the character of a free oscillation, in the case of stability, we 
remark that if \ be any root of (10), the equations (8) give 


•^1 _ -^2 _ -^3 

Ayi (a) A^2(A) A^)(A) 


p 

An. (A) " 


...( 12 ) 


where A^, A^g, A^^, . A^. are the minois of any row in the determinant A, 

and G is arbitrary It is to be noticed that these minors will as a rule involve 
odd as well as even powers of A, and so assume unequal values for the two 
oppositely signed roots ( ± A) of any pair If wc put X = ±^c^, the general 
symbolical value of qs conospondmg to any such pair of roots may be 
written 

qs = CAis H- G'A,s (- ^o") 

If we put 2Ars (%cr) = Fg (or®) -f icrfg (o'®), 

G = Ke^\ = 


we get a solution of our equations in real foim, involving two arbitrary 
constants K, e, thusf 

?1 = -^1 (cf^ cos {o-t -1- e) — cr/i (cr®) . K sm {at -f e), 

q^ = F^ (or®) . K cos {at -h e) — 0/2 (o-®) K sm {at -H e), 

q^ = F^ (cr®) K cos {at -f e) - afg (a*®) K sm {at -f e), ^ ... (13) 


qn - Fn (or®) . K COS {at 4- e) - afn (cr®) . K sm {at -h e) / 

These formulae express what may be called a ‘ natural mode’ of oscillation 
of the system The number of such possible modes is of course equal to the 
number of pairs of roots of (10), ^e to the number of degrees of freedom of 
the system 


Natuial Philoso!phy (2nd ed ), Part i p 391. See also Pomcai^, “ Sur r6quilibre d’tine 
masse fliiide anim6e d’un mouvement de rotation,” Acta Mathematical t vn. (1885), and ojp cit 
ante p 140 

t We might have obtained the same result by assuming, m (5), 
where is real, and rejecting, in the end, the imaginary parts. 
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If I, 77 , f denote the component displacements of any particle from its 
equilibrium position, we have 


dec 

dx 

dx 

p == q ^ q ^ 

dqx ^ dq^ ^ 


dy , 9y 


dz 

dz 

dz 




Substituting fiom (13), we obtain a result of the form 

^ = P . If' cos {at + 6 ) + P' K sin {at + e), ) 

77 = Q . P' cos (<ji 4- e) -h Q' J2' sm (o-^ -f e), r ... . (15) 

^ == P P cos {at -f e) + P' K sin {at + e), J 

where P, P', Q, Q', P, P' are determinate functions of the mean position of 
the particle, involving also the value of cr, and therefore different for the 
different normal modes, but independent of the arbitrary constants K, e. 
These formulae represent an elliptic-harmonic motion of period 27 r/cr, the 
directions 

^ -L and L-H-L (16) 

P~Q~R’ P' Q' R' ^ ’ 

being those of two conjugate semi-diameters of the elliptic orbit, of lengths 

and {F^ + Q'^+ 

respectively The positions and forms and relative dimensions of the elliptic 
orbits, as well as the relative phases of the particles in them, are accordingly 
in each natural mode determinate, the absolute dimensions and epochs being 
alone arbitrary^ 


205 The symbolical expressions for the forced oscillations duo to a 
periodic disturbing force can easily be written down If we assume that 
Qu Qa? ‘ Qn ^^11 vary as where a is prescribed, the equations (5) give, 
if we omit the time-factors. 


_ ^11 (^cr) ^ Ai2 ('Z'Cr) ^ Am {^a) ^ 

n — f) _L ^22 ('^^ ) r\ y , ^ 271 r\ 

Aiia) A(^0■) + ~A{%a) 


A,^i {%a) ^ ^ A,, 2 (^cr ) ^ ^ 

A(^a■) 


+ 


^nn ('^*^) 

A (^c^) 


Q?i 


.(17) 


^ The theory of the fiee modes has been tuithei developed by Lord Bayleigh, “ On the Tree 
Vibrations of Systems affected with Small Botatory Terms,’’ P/uZ ikfa <7 (0),t v p 293 (1903), 
for the case where the rotatory coefficients are relatively small 
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The most important point of contrast with the theory of the 'normal 
modes ’ in the case of no rotation is that the displacement of any one type is 
no longer affected solely by the disturbing force of that type As a con- 
sequence, the motions of the individual particles are, as is easily seen from 
(14), now m general elliptic-harmonic Again, there are m general diffeiences 
of phase, variable with the frequency, between the displacements and the force 

As in Art 167, the displacement becomes very great when A (^Gr) is very 
small, 1.6 whenever the 'speed' a of the disturbing force approximates to 
that of one of the natural modes of free oscillation 


When the period of the disturbing forces is infinitely long, the displace- 
ments tend to the ' equilibrium- values ' 



— 


On 


(18) 


as is found by putting <T=0m (17), or more simply from the fundamental 
equations (5) This conclusion must be modified, however, when one or 
more of the coefiScients of stability Ci, Cg, . Cn is zero If, for example, Ci — 0, 
the first row and column of the determinant A (X) are both divisible by X, so 
that the determinantal equation (10) has a pair of zero roots In other words 
we have a possible free motion of infinitely long period The coefficients of 
^ 2 ? Qs, •• Qn oil "^he right-hand side of (17) then become indeterminate for 
(7 = 0, and the evaluated results do not as a rule coincide with (18) This 
point IS of some importance, because in the hydrodynamical applications, as 
we shall see, steady circulatory motions of the fluid, with a constant deforma- 
tion of the free surface, aie possible when no extraneous forces act, and as 
a consequence forced tidal oscillations of long period do not necessarily 
approximate to the values given by the equilibrium theory of the tides. 
Of Arts 213, 216 


In order to elucidate the foregoing statements we may consider inoie in detail the case 
of two degrees of freedom The equations of motion are then of the foims 

a^qi -1- Ml + = Qi, - ^qi = ^2 (19) 

The equation determining the periods of the free oscillations is 

ai -f (cciCg 4- a^Ci + =0 . ... (20) 

For ‘ ordinary’ stability it is sufficient that the roots of this quadratic in X^ should bo real 
and negative Since are essentially positive, it is easily seen that this condition is 
in any case fulfilled if Ci, aie both positive, and that it will also be satisfied even when 
Cl, Cg are both negative, provided be sufficiently great It will bo shewn later, however, 
that in the latter case the equilibrium is rendered unstable by the introduction of 
dissipative forces 

To find the forced oscillations when Qi, have, omitting the 

time-factor. 


(Ci - (T^ai) qi + = 6i > “ - <^^<^ 2 ) 2'2 = ^2 j 


(21) 
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whence 


_ (c2-or%2) ^ _ ^cr^gi + fa-q-^Qti) gg 

(Cl ~ 0-%i) (C2 - 0-%2) - (Cl - cr^i) (Cg - cr%2) “ ‘ 


( 22 ) 


Let us now suppose that C 2 = 0 , or, in other words, that the displacement g'g <ioes not 
affect the value of V-T^ We will also suppose that $ 2 =^? extraneous 

forces do no work during a displacement of the type The above formulae then give 


9!i'- 


^2 


12 §1> 2^2 — 




a2{Ci-(r^a^)+(3^ 


«i 


(23) 


In the case of a disturbance of long period we have (r=0, approximately, and therefore 


^1= 


Ci + /3!^/a2 


22 = 


/3 


0^2 <^1 + ^2 


«1 


(24) 


The displacement q^ is therefore less than its equilibrium- value, in the ratio 1 
and it IS accompanied by a motion of the type ^2 although there is no extraneous force of 
the latter type (cf Art 216) We pass, of course, to the case of absolute equilibrium, 
considered in Art 167, by putting /3=0 


It should be added that the determination of the ' principal coordinates ’ 
of Art 203 depends on the original forms of ® and V — To, and is therefore 
affected by the value of which enters as a factor of To The system of 
equations there given is accordingly not altogether suitable for a discussion 
of the question how the character and the frequencies of the respective 
principal modes of free vibration vary with co One remarkable point which 
IS thus overlooked is that types of circulatory motion, which are of infinitely 
long period in the case of no rotation, may be converted by the slightest 
degree of rotation into oscillatory modes of periods comparable with that of 
the rotation Cf Arts 211, 221 


To illustrate the matter m its simplest form, we may take the case of two degrees of 
freedom If vanishes for cd = 0, and so contains as a factor in the general case, the 
two roots of equation (20) are 

X2=-^, 

approximately, when is small The latter root makes Xcc a>, ultimately 


206. Proceeding to the hydrodynamical examples, we begin with the 
case of a plane horizontal sheet of water having in the undisturbed state a 
motion of unifomi rotation about a vertical axis^ The results will apply 
without serious qualification to the case of a polar or other basin, of not too 
great dimensions, on a rotating globe 

Let the axis of rotation be taken as axis of ^ The axes of oc and y being 
now supposed to rotate in their own plane with the prescribed angular 
velocity CD, let us denote by u, v, w the velocities at time t, relative to these axes, 


* Sir W Thomson, “ On Gravitational Oscillations of Eotating 'Water,” Proc B 8 Edin , 
t X p 92 (1879) iPhil. Mag , (5) t x p 109 (1880)] 
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of the particle which then occupies the position (x, y, z) The actual velocities 
of the same particle, parallel to the instantaneous positions of the axes, will 
be -li — ay, v + cox, w, and the accelerations in the same directions will be 

^^-2av-co^x, ^^ + 2<ou-a-y, 

In the present application, the relative motion is assumed to be infinitely 
small, so that we may replace DjDt by djdt 

Now let Zq be the ordinate of the free surface when there is relative 
equilibrium under gravity alone, so that 


Zo = i —(x^ + y") + const , (1) 

9^ 

as m Art 26 For simplicity we will suppose that the slope of this surface 
IS everywhere very small, in other words, if r be the greatest distance of any 
part of the sheet from the axis of rotation, co^r/g is assumed to be small 


If + ^ denote the ordinate of the free surface when disturbed, then on 
the usual assumption that the vertical acceleration of the water is small 
compared with g, the prcssuie at any point (x, y, z) will be given by 


f~Po = 9p{^o + K-^) 


( 2 ) 


whence 


1 

p dx 


= - CO‘^X ■ 


S 

dx’ 


1 

' pdy' 


■oT-y -g 


dy 


The equations of horizontal motion are therefore 


du ^ dSl 


s« an 


where 11 denotes the potential of the disturbing forces 

XI 


If we write 




9 


these become 
du 


dt 


dv 

dt 


•+• ^oou - 




The equation of continuity has the same form as m Art 191, viz 


• -(3) 

•• (4) 

• (5) 


dt dx' dy 

where h denotes the depth, from the free surface to the bottom, in the 
undisturbed condition This depth will not, of course, he uniform unless the 
bottom follows the curvature of the free surface as given by (1) 



303 


206] Rotating Sheet of Water 


If we eliminate f f from the equations (5), hj cross-differentiation, we find 


0 

dt 



or, writing u—d^jdt, v=dr)ldt, and integrating with respect to t, 


dv 

0^ 


du ^ fd^ dr)\ 

5 -+ 2 <i) + ^ )=const. . 

d7j \d:v dijJ 


(V) 


- • ( 8 ) 


This IS merely the expression of von Helmholtz’ theorem that the product of the angular 
velocity 


Q)-f^ 



and the cross-section 


C'-i+l) 




of a vortex-filament, is constant 


In the case of a simple-harmomc distui'bance, the time-factor being 
the equations (5) and (6) become 

0 - 

icru — 2cov === — g icv-{-2cou 

and 

oos oy 

From (9) we find 
“ " 0-2 - ^ ^ ~ 

■ -(ll) 

and if we substitute from these in (10), we obtain an equation in ^ only 
In the case of umform depth the result takes the foim 

....( 12 ) 

w^here = d^/dcc^ -f- d^/dy% as before 

When f=0, the equations (5) and (6) can be satisfied by comtant values of w, 'v^ f 
provided certain conditions are fulfilled We must have 

2(» 3y’ 2co 0^’ * ' 

and therefore ^J^lX)==:0 .. 

0 {x, y) 

The latter condition shews that the contour-lines of the free surface must be everywhere 
parallel to the contour-lines of the bottom, but that the value of ^ is otherwise arbitrary. 
The flow of the fluid is everywhere parallel to the contour-lines, and it is therefore 
further necessary for the possibility of such steady motions that the depth should be 
uniform along the boundary (supposed to be a vortical wall) When the depth is every- 
where the same, the condition (14) is satisfied identically, and the only limitation on the 
value of C IS that it should be constant along the boundary. 


(13) 

(14) 




(10) 
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207 A simple application of these equations is to the case of free waves 
m an infinitely long uniform straight canal 

If we assume ^ ^ ae^m-^)+my ^ ^ = 0, (1) 

the axis of x being parallel to the length of the canal, the equations (9) of 
the preceding Art , with the terms m ^ omitted, give 

cu = g^, 2cou = —gm^, ( 2 ) 

whilst, from the equation of continuity (Art 206 (6)), 

c^ = hu .... ( 3 ) 

2ct) 

We thence derive c^ = gh, m = ... • • (4) 

The former of these results shews that the wave-velocity is unaffected by the 
rotation 

When expressed m real form, the value of f is 

l^—ae~-^y'^co^[k{ct — x) + e] . .( 5 ) 

The exponential factor indicates that the wave-height increases as we 
pass from one side of the canal to the other, being least on the side which 
IS forward, in respect of the rotation. If we take account of the directions 
of motion of a water-particle, at a crest and at a trough, respectively, this 
result is easily seen to be m accordance with the tendency pointed out m 
Art 201 f 

The problem of determining the free oscillations in a rotating canal of 
finite length, or in a rotating rectangular sheet of water, has not yet been 
solved J 

208 We take next the case of a circular sheet of water rotating about 
its centre! 

If we introduce polar coordinates r, 6, and employ the symbols R, @ to 
denote displacements along and perpendicular to the radius vector, then since 
R = iaR, @ = the equations (9) of Art 206 are equivalent to 

a-B + 2ico<r<& = g^{^-t), -2icoaB = g ...( 1 ) 

^ Sir W Thomson, Lc ante p 301 

t For applications to tidal phenomena see Sir W Thomson, Nature, t xix pp 154, 571 (1879) 

X Except in the case where the angular velocity of rotation is relatively small For this see 
Lord Rayleigh, “ On the Yibrations of a Rectangular Sheet of Rotating Liquid,” PhiL 3£ag (6), 
t V p 297 (1903) 

§ The investigation which follows is a development of some indications given by Lord Kelvin 
m the paper referred to 



207-209] Circular Basin 

■whilst the equation of continuity (10) becomes 

^ h,Rr) __ 9 (A®) 
?"9?" rbQ 
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Hence 
R = 


... ( 2 ) 


9 


cr^ — 4(w^ \jdr 


2ico 3 ^ - 


— 4ci>2 y ^ ^ r30/ 


and substituting in (2) we get the differential equation in 
In the case of umform depth we find 

(V,H 


where 


and 


v^= 

* 9r- rdr r^dd^’ 


K- =- 


cr^ — 


(?-a 

.(3) 

. (4) 

■ • (-5) 

■ -(e) 


This might have been written down at once from Art 206 (12) 

The condition to be satisfied at the boundary {r = a, say) is i2 = 0, or 


9 2ia> 9 


(^-f) = 0 


(T) 


209 In the case of the free oscillations we have f = 0 The way in 
which the imaginary ^ enters into the above ecpations, taken in conjunction 
with Fourier’s theoiem, suggests that B occurs in the form of a factor 
where s is integral On this supposition, the dififeiential equation (4) becomes 

= ( 8 ) 

and the boundary -condition (7) gives 

9^ 2sc» 

(9) 

For r = a. 

The equation (8) is of Bessel’s form, and the solution which is finite for 
►" = 0 may therefore be written 

K = A Jj (rer) , (10) 

but it IS to be noted that is not, in the present problem, necessanly 
positive When is negative, we may replace J,(Kr) by 4(«V), where 
■«' IS the positive square root of - a’‘)jgh, and 


Is — ; 


1 + 


2«.s!| 2(2s-r2)‘^2.4(2sq-2)(2s-h4)' 


( 11 ) 


* The functions I, (z) have been tabulated by Prof A Lodge, Bnt Ass Rep 1889. 

^ 20 
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In the case of symmetry about the axis (s — 0), we have, m real form, 

^—AJo{ict) COs(cr^ + e), (12) 

where k is determined by 

Jo'(^^) = 0 ... . ..(13) 

The corresponding values of cr are then given by (6) The free surface has, 
in the various modes, the same forms as in Art 189, but the frequencies arc 
now greater, viz we have 

+ ... . (14) 

where o-q is the corresponding value of o- when there is no rotation. It is 
easily seen, moreover, on reference to (3), that the relative motions of the fluid 
particles are no longer purely radial , the particles describe, in fact, ellipses 
whose major axes are in the direction of the radius vector. 

For s > 0 we have 

A/g (a:'?') cos (<7^ + 4* e), (15) 

where the admissible values of /c, and thence of cr, are determined by (9), 
which gives 

/ca//(«a)+^j;(«a) = 0 (16) 

The formula (15) represents a wave rotating relatively to the water with 
an angular velocity tr/s, the rotation of the wave being m the same direction 
with that of the water, or the opposite, according as a-ja is negative or 
positive 


Some indications as to tho values of (t may be gathered from a graphical construction. 
If we write 1 ^ 0 ^= x, we have, from (6), 



where 

If we further put 


4o)%2 

gh 


S/g (fCa) 
KaJ^ {kco) 


= <^)(kV)^ 


• (18) 


the equation (16) may be written 

4>{x)±(l+^^=0 .. (19) 

The curve . (20) 


can be readily traced by means of the tables of the functions Jg {z), /^(s) , and its inter- 
sections with the parabola 

y'=i+| . . (21) 

will give, by their ordinates, the values of cr/^o) The constant on which tho positions 
of the roots depend, is equal to the square of the ratio 2o>al{gfhf which the period of 
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a wave travelling round a circular canal of dei^th h and perimeter bears to the 
half-period (tt/oo) of the rotation of the water 

The accompanying figures indicate the relative magnitudes of the lower roots, in the 
cases 5=1 and 6 = 2, when /3 has the values 2, 6, 40, respectively^ 



With the help of these figures we can trace, in a general way, the changes in the 
character of the free modes as fi increases from zero. The results may be interpreted as 
due either to a continuous increase of o, or to a continuous diminution of h We will use 
the terms ‘positive’ and ‘negative’ to distinguish waves which travel, relatively to the 
water, in the same direction as the lotation and the opposite. 

When ^ IS infinitely small, the values of x are given by (^^)=0 , these correspond 
to the vortical asymptotes of the curve (20) The values of a- then occur in pairs of 
equal and oppositely-signed quantities, indicating that there is now no difference between 
the velocity of positive and negative waves The case is, in fact, that of Art 189 (12) 

As /3 increases, the two values of o- forming a pair become unequal in magnitude, and 
the corresponding values of x separate, that being the greater foi which o-/2ci) is positive. 
When /3 =5 (5 4-1) the curve (20) and the parabola (21) mwh at the point (0, -1), 
the corresponding value of a being -26) As /3 increases beyond this critical value, 
one value of x becomes negative, and the corresponding (negative) value of cr/26) becomes 
smaller and smaller 

Hence, as /3 increases from zero, the lelative angular velocity becomes greater for a 
negative than for a positive wave of (apjiroximately) the same typo , moreover the value 
of o- for a negative wave is always greater than 2© As the rotation increases, the two 

* For clearness the scale of y has been taken to be 10 times that of x. 


20—2 
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kinds of wave become more and more distinct in chaiacter as well as in ‘speed ’ With a 
sufficiently great value of /S we may have one, but never more than one, positive wave for 
which 0 - IS numerically less than 2 q) Finally, when ^ is very great, the value of a- 
corresponding to this wave becomes very small compared with oj, whilst the remaining 
values tend all to become more and more nearly equal to ±2co 



where refers to the proper asymptote of the curve (20) This gives the ‘ Sliced’ of any 
free mode in terms of that of the corresponding mode when there is no rotation. 

210 As a sufficient example of forced oscillations we may assume 


f==o(^ye»(”-<+*»+'), (23) 

■where the value of tr is now prescribed 

This makes 0, and the equation (4) then gives 

^ = AJs {icr) (24) 
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where A is to be determined by the boundary-condition (7), viz 



icaJ:{ica)^^Js{fca) 


(25) 


This becomes very great when the frequency of the disturbance is nearly 
coincident with that of a free mode of corresponding type. 


Trom the point of view of tidal theory the most interesting cases are those of s=l 
Tvith (r = a), and ^=2 with or==2<», respectively These would represent the diurnal 
and semidiurnal tides due to a distant disturbing body whose proper motion may be 
neglected in comparison with the rotation co 

In the case of s=l we have a umfo'tm horizontal disturbing force Putting, m 
addition, <r = co, wo find without difficulty that the amplitude of the tide-elevation at the 
edge {T=a) of the basin has to its ‘ equilibrium- value ’ the ratio 

. ( 26 ) 

iM+zi,{zy ^ ^ 

where ;s==i\/(3/3) With the help of Lodge’s tables wo find that this ratio has the values 

1 000, 638, 396, 

for /3= 0, 12, 48, respectively 

When or=2<u, we have /c=0, and thence, by (23), (24), (25), 

(27) 

^ e the tidal elevation has exactly the equilibrium-value 

This remarkable result can be obtained in a more general manner ; it holds whenever 
the disturbing force is of the type 

^ = ^ ^ ^ ... (28) 

provided the dejith h bo a function of r only If we revert to the equations (1), we notice 
that when o-=2ft) they are satisfied by To determine as a function 

of r, we substitute in the equation of continuity (2), which gives 

hR=-x(f) • •• (29) 

The arbitrary constant which appears on integration of this equation is to be determined 
by the boundary-condition 

In the present case we have ^(r) — 07'^la^ Integrating, and making R=>0 for r—a, 
wo find 

(30 

2a« ^ ' 

The relation 0 — iR shews that the amplitudes of R and © are equal, while their phases 
differ by 90° , the relative orbits of the fiuid particles are in fact circles of radii 



described each about its centre with angular velocity 2© in the negative direction We 
may easily deduce that the path of any particle in 8'pace is an ellipse of semi-axes r±r 
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described about the origin, ■with harmonic motion in the positive direction, the period 
being 27r/o This accounts for the peculiar features of the case For if f have always the 
eqmlibrmm-value, the horizontal forces due to the elevation exactly balance the disturbing 
force, and there remain only the forces due to the undisturbed form of the free surface 
(Art 206 (1)) These give an acceleration gdzjdr, or a)%, to the centre, where r is 
the radius-vector of the particle in its actual position Hence all the conditions of the 
problem are satisfied by elliptic-harmomc motion of the individual particles, provided the 
positions, the dimensions, and the ‘epochs’ of the orbits can be adjusted so as to satisfy 
the condition of continuity, with the assumed value of f The investigation just given 
resolves this pomt 


211 We may also briefly notice the case of a circular basin of variable 
depth, the law of depth being the same as m Art 191, viz 

'‘-'-('-5) W 


Assuming that ©, ( all vary as d function of r only, 

we find, from Art 208 (2), (3), 


{a^^-4:co^)C+g 


dh /d . 2o)5' 


dr \dr err 




+1 

^ 7 dr 


(f-f)=o 


Introducing the value of /^ from (1), we have, for the free oscillations 

/dY . ^ oc A , 2 / 

\ 




dr^ r dr r^^ 






( 2 ) 


.(3) 


This IS identical with Art 191 (6), except that we now have 


(T^ — 4a)^ 4 cds 


in place of ar^lgh^ The solution can therefore be written down from the results of that 
Art, VIZ if we put 


we have 


(0*2 — 4c«)2)a2 

Wo 


40)5 


’■n(n- 2) -52^ 



(<r35+S0 + e) 

a^J ’ 


(4) 

(5) 


where a=-|7H-i5, ^=l^-Js--|?^, y=5-l-l , 

and the condition of convergence at the boundary r = a requires that 


^=54-2^, (6) 

where y is some positive integer The values of o- are then given by (4) 

The forms of the free surface are therefore the same as in the case of no rotation, but 
the motion of the water-particles is different The relative orbits are in fact now ellipses 
having their principal axes along and perpendicular to the radius vector , this follows 
easily from Art 208 (3) 


In the symmetrical modes (s=0), the equation (4) gives 

o-2=(rQ2 4-4o)5ij . . . (7) 

where o-q denotes the ‘speed’ of the corresponding mode in the case of no rotation, as 
found in Art 191 
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For any value of s other than zero, the most important modes are those for which 
^1=54-2 The equation (4) is then divisible by cr+2£o, but this is an extraneous factor ; 
discarding it, we have the quadratic 

( 8 ) 

whence <r==<>i± { ) .* • (9) 


(72-W=2s2^“ 


r2 J 


J 

This gives two waves rotating lound the origin, the relative wave-velocity being greater 
for the negative than for the positive wave, as in the case of uniform depth (Art 209) 
With the help of (8) the formulae reduce to 

the factor 0^(0'^+^^+®) being of course understood in each case Since the relative 

orbits are all circles The case 5 = 1 is noteworthy , the free surface is then always plane, 
and the circular orbits have all the same radius 

When > 5 4-2, we have nodal circles The equation (4) is then a cubic in (tI^2co , it is 
easily seen that its roots are all real, lying between -co and -1,-1 and 0, and +1 
and 4-00, respectively As a numerical example, in the case of 5=1, ^=5, corresponding 
to the values 

of 4(o%V^^oi 

cr 

2(0 

The first and the last root of each triad give positive and negative waves of a somewhat 
similar character to those already obtained in the case of uniform depth The smaller 
negative root gives a comparatively slow oscillation which, when the angular velocity a is 
infinitely small, becomes a steady rotational motion, without elevation or depression of the 
surface* 


3, 

6> 

40 

-t-2 889 

-1-1874 

-H180, 

-0125 

-0100 

-0 037, 

-2 764 

-1774 

- 1 143. 


The most important type of forced oscillations is such that 


(7 (LY g»(«rt+s®+«) 


We readily verify, on substitution in (3), that 

^gh 




( 11 ) 


( 12 ) 


" isgh^ - (cr^ — 2<»(r) a* 

We notice that when cr=2a) the tide-height has exactly the equilibrium- value, in agree- 
ment with Art 210 

If o-j, 0-2 denote the two roots of (8), the last formula may be written 

1 

^ (1 -<r/ori)(l-(r/cr2) 


( 13 ) 


The possibility o£ oscillations ot this type has been pointed out m Art 206, ad ft. 
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Tides on a Rotating Qlohe. 

212. We proceed to give some account of Laplace’s problem of the tidal 
oscillations of an ocean of (comparatively) small depth covering a rotating 
globe ^ In order to bring out more clearly the nature of the approximations 
which are made on various grounds, we adopt a method of establishing the 
fundamental equations somewhat different from that usually followed 

When in relative equilibrium, the free surface is of course a level-surface 
with respect to gravity and centrifugal force , we shall assume it to be 
a surface of revolution about the polar axis, but the ellipticity will not in 
the first instance be taken to be small 


We adopt this equilibrium-form of the free surface as a surface of 
reference, and denote by 6 and <\> the co-latitude (^ e the angle which the 
normal makes with the polar axis) and the longitude, respectively, of any 
point upon it We shall further denote by z the altitude, measured outwards 
along a normal, of any point above this surface 

The relative position of any particle of the fluid being specified by 
the three orthogonal coordinates 6, (p, z, the kinetic energy of unit mass 
IS given by 

^T=:{R + zf6‘^^-^^^{cz + 4>y-^z^ ( 1 ) 

where R is the radius of curvature of the meridian-section of the surface of 
reference, and tjcr is the distance of the particle from the polar axis. It is to 
be noticed that is a function of 6 only, whilst 'ey is a function of both 6 and 
z , and it easily follows from geometrical considerations that 




(jK -f- z^ ()6 


^ = cos^, 


d'UT 

dz 


= sin 9. 


....( 2 ) 


The component accelerations are obtained at once from (1) by Lagrange’s 
formula. Omitting terms of the second order, on account of the restriction 
to infinitely small motions, we have 


1 (ddT dT\ 1 / . o .X 


96>/ 


E- 


R + 2 \dtd0 

-(y^-^ = -sT$ + 2a) (^—e+ — e), 
'ST\dtdS dd)/ \d6 dz / 


d'UT 

de ’ 


^dtd<}> def) 
ddT dT 


dz 

d'Ts- 


..(3) 




^ “ Eecherohes sur quelques points du systeme du monde,” Mem de VAcad wy des Scienceb, 
1775 [1778] and 1776 [1779]; Oeuvres Com^lHes, t. ix pp 88, 187 The investigation is lepro- 
duced, with various modifications, m the MScanique Gileste, Livie 4”^°, c i (1799). 
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Hence, if we write u, v, w for the component relative velocities of a 
particle, VIZ 

u = {R+ z) 6, = w = z, (4) 

and make use of (2), the hydrodynamical equations may be put in the forms 

^ — 2o)V cos 6 = — p ^ ^ 4- + o'] , 

^ +2a)UCOsd + 2(ow Sind = — iA/'-H-l-'vp' — + oV I . ( 5 ) 

9 ^ '^o(p\p } 

^--2a)vsm0 = — ^ H- 4- O^ , 

where ^ is the gravitation-potential due to the earth’s attraction, whilst O 
denotes the potential of the disturbing forces 

So far the only appioximation has consisted m the omission of terms of 
the second order in u, v, w In the present application, the depth of the sea 
being small compared with the dimensions of the globe, we may replace 
jBq- ^ by R We will further assume that the effect of the relative vertical 
acceleration on the pressure may be neglected, and that the vertical velocity 
IS small compared with the horizontal velocity. The last of the equations (5) 
then reduces to 

^ ^ -qr _ ^(^2^2 ^ ^ Q 

Let us integrate this between the limits z and where f denotes the 
elevation of the disturbed surface above the surface of reference At the 
surface of reference {z = 0) we have 

T'' “ = const., 

by hypothesis, and therefore at the free surface (^= f) 

'T - = const 4- 

provided g— (7) 

Here g denotes the value of apparent gravity at the surface of reference , 
it IS of course, m general, a function of 6. The integration in question 
then gives 

- 4- 'T' — 4- H = const. 4- 4- H, (8) 

the variation of H with ^ being neglected. Substituting from (8) in the 
first two of equations (5), we obtain, with the approximations above 
indicated, 

|-2a)«cos0 = -5r |+2.,t.cos0 = -^ ...(9) 
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where ... (10) 

These equations are independent of z, so that the horizontal motion may be 
assumed to be sensibly the same for all particles in the same vertical line 


As in Art 197, this last result greatly simplifies the equation of continuity. 
In the present case we find without difficulty 


1 { dQi'^u) d{hvy \ 

dt 'uy\ RdO j * ' ^ ^ 

It IS important to notice that these equations involve no assumptions 
beyond those expressly laid down , in particular, there is no restriction as to 
the ellipticity of the meridian, which may be of any degree of oblateness 


213 In order, however, to simplify the question as far as possible, 
without sacrificing any of its essential features, we now take advantage 
of the circumstance that in the actual case of the earth the ellipticity is 
a small quantity, being in fact comparable with the ratio (co^ajg) of centrifugal 
force to gravity at the equator, which ratio is known to be about Subject 

to an erroi of this order of magnitude, we may put jR = a, -ccr = a sm 6, const , 
where a is the earth’s mean radius We thus obtain* 






With 


07 usin 0 1 dd d(j> ) ' 


this last equation being identical with Art 197 (1). 


Two conclusions of some interest in connection with our previous work 
follow at once from the form of the equations (1) In the first place, if u, v 
denote the velocities along and perpendicular to any horizontal direction 5, 
we easily find, by transformation of coordinates 


g-2a)VCOS^ = -i,g? (r-f) 


( 8 ) 


In the case of a narrow canal, the transverse velocity v is zero, and the 
equation (3) takes the same form as in the case of no rotation this has been 
assumed by anticipation in Art 182 The only effect of the rotation in such 
cases IS to produce a slight slope of the wave-crests and furrows in the 
direction across the canal, as investigated in Art 207. 

Again, by comparison of (I) with Art 206 (5), we see that the oscillations 
of a sheet of water of relatively small dimensions, in colatitude 0, will take 


Laplace, Z c ante p 312 
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place according to the same laws as those of a plane sheet rotating about 
a normal to its plane with angular velocity co cos 6. 


As m Art 206, free steady motions are possible, subject to certain 
conditions Putting |■=0, we find that the equations (1) and (2) are 
satisfied by constant values of v, provided 


and 


g ^ ^ g ^ 

26oasin0 cos ^ ^ ^(oaoohddd' 

0(/isec0, 


...(4) 


.. (5) 


The latter condition is satisfied by any assumption of the form 

f=/(Asec0), (6) 

and the equations (4) then give the values of u, v It appears from (4) that 
the velocity in these steady motions is everywhere parallel to the contoui- 
lines of the disturbed surface. 


If h is constant, or a function of the latitude only, the only condition 
imposed on f is that it should be independent oi m other words the 
elevation must be symmetrical about the polar axis. 


214 We shall suppose henceforward that the depth A is a function of 6 
only, and that the barriers to the sea, if any, coincide with parallels of 
latitude 


We take first the cases where the disturbed form of the water-surface 
IS one of revolution about the polar axis When the terms involving cjb arc 
omitted, the equations (1) and (2) of the preceding Art take the forms 

^‘-2co«;cos0 = -2^(f-f), ^ + 2(»m cos ^ = 0, (1) 


With 


dQiusmd) 
dt a^mddd 


Assuming a time-factor and solving for u, v, wo find 
~ 9 /y cos 6 d 




.(3) 


with 


0 (/m sin 6) 
a sm 6d6 


(4) 


The formulae for the component displacements (|, 77, say) can be written 
down from the relations u = ^, = 77, or u — %cr^, v = lar) It appears that the 
fluid particles describe ellipses having their principal axes along the meridians 
and the paiallels of latitude, respectively, the ratio of the axes being 
cr/2a) sec d In t]xe forced oscillations of the present type the ratio o-/2ft) is 



316 


Tidal Waves [ chap , viii 


very small , so that the ellipses are very elongated, with the greatest length 
from E. to W , except in the neighbourhood of the equator. 

Eliminating u and v between (3) and (4), and writing, for shortness, 





coxt 



(5) 


we find 




hwxO 9 ^^' 


a sin <90<9 - cos" <9 9(9 

In the case of uniform depth, this becomes 

9 

diJL — d/jL/ 


+ 4mf ' = — 4m^ 


where im = cos 9, and 


/3 = 


4}ma 

"T“ 


_ 4a)"a" 
“■ gh 


.( 6 ) 

(7) 

(B) 


215 First, as regards the free oscillations Putting ^=0, we have 


9 9n 


+ /3^=0, ... . 


( 9 ) 


and we notice that in the case of no rotation this is included in (1) of Art 198, 
as may be seen by putting /3/" = crW/^A, /*= oo The general solution of (9) 
is necessarily of the form 

+ ( 10 ) 

where F(yu) is an even, and /{g) an odd, function of g, and the constants 
A, B are arbitrary In the case of a zonal sea bounded by two parallels of 
latitude, the ratio A B, and the admissible values of f (and thence of the 
frequency cr/27r) are determined by the conditions that u = 0 at each of these 
parallels If the boundaries are symmetrically situated on opposite sides 
of the equator, the oscillations fall into two classes, viz. m one of these 
5 = 0, and in the other A = 0. By supposing the boundaries to contract to 
points at the poles, we pass to the case of an unlimited ocean, and the 
admissible values of / are now determined by the condition that must be 
finite for g=^±l. The argument is, in principle, exactly that of Art 200, 
but the application of the last-mentioned condition is now more difficult, 
owing to the less familiar form in which the solution of the differential 
equation is obtained 


In the case of symmetiy with respect to the equator, wo assume, 
following the method of Lord Kelvin* and Prof G H Darwinf, 

■^rZy*2 ^ (11) 


* Sir W Thomson, “Note on the ‘Oscillations ol the Past Species’ m Laplace’s Theoiy of 
the Tides,” Phil Mag (4), t. 1 p 279 (1876) 

t “ On the Dynamical Theory of the Tides of Long Peiiod,” Pwc Roy t. xli p. 337 
(1886), Pneye Bntann ^Axt “Tides” 
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This leads to 

r = ^ - + i (B, -fB,) fi* + , 

where A is arbitrary , and makes 




( 12 ) 


— Bi + B (J^3 — jBi) /i^+ ... +(2y + 1) — By^i) + 


.(13) 


Substituting in (9), and equating coefficients of the several powers of //, 
we find 

B,-^A = 0, 




and thenceforward 

B-g+i — ( 1 — 


BP 


Btu—i 


B B _ A 
2 y(2y + l)^^^-’-^ 


(14) 

(15) 

(16) 


2y(2y + l)) 

These equations determine B^ B^, ..B^j+i, ■■ m succession, m terms of 
and the solution thus obtained would be appropriate, as already explained, 
to the case of a zonal sea bounded by two parallels in equal N and S latitudes 
In the case of an ocean covering the globe, it would, as we shall prove, give 
infinite velocities at the poles, except for certain definite values of/ 

Let us write = iV)+i ; (17) 

we shall shew, in the first place, that as j increases iV] must tend either to 
the limit 0 or to the limit 1 The equation (16) may bo written 

Bf . B I 


2y(2y + l)+2y(2y + l)i^,- 


Hence, whenj is large, either 


= 

2y(2y + l)’ 


(18) 


... (19) 


approximately, or iV)+i is not small, in which case will be nearly equal 
to 1 , and the values of Nj+s, iVj+ 4 , . will tend more and more nearly to 1 , 
the approximate formula being 

BiP-i) 




.( 20 ) 


" 2;(2y + l) 

Hence, with increasing y, JV) tends to one or other of the forms (19) and (20). 

In the former case (19), the series ( 11 ) will be convergent for /*= + 1, and 
the solution is valid over the whole globe 
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In the other event (20), the product and therefore the 

coefficient tends with increasing j to a finite limit other than zero. 

The series (11) will then, after some finite number of terms, become comparable 
with 1+ fjJ^+ , or (1 — so that we may write 

( 21 ) 

where L and M are functions of /x which remain finite when //, = + !. Hence 
from (3), 

» - - I - £ 1(1 - ^ + (1 - ''■(-* (^'‘> 

which makes u infinite at the poles 

It follows that the conditions of our problem can be satisfied only if 
tends to the limit zero , and this consideiation, as we shall see, restricts us to 
a determinate series of values of f 

The relation (18) may be put in the form 

’ • • 

and by successive applications of this we obtain Nj in the form of a 
convergent continued fraction 

^ /3 _ /3 

.r 2y(2y + l) (2^ + 2) (2y + 3~) (2y +~4) (2y + 5) 

1 , ’ 

2y(2f+l)'" (2y+2)(2y + 3)"' (2y + 4) (2; + 6) 

• • (24) 

on the present supposition that Nj+tc tends with increasing k to the limit 0, 
in the manner indicated by (19) In particular, this formula determines the 
value of Now from (15) we must have 

= •• • 


whence 


. , 4 5 6 7 

2 . 3 -^ 

4 5"^ 6 7 


■ = 0, (26) 


which is equivalent to ifj = oo . This equation determines the admissible 
value of /(=<r/2G)) The constants in (11) are then given by 

= = B, = N,N,^A, , ..(27) 

where A is arbitrary. 
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It IS easily seen that when ^ is infinitesimal the roots of (26) are given by 
^ = ^/^ = «(n+l), . .. (28) 

where n is aa even integer , cf Art 198 

One arithmetically remarkable point remains to be noticed It might 
appear at first sight that when a value of / has been found from (26) the 
coefScients B^, could be found in succession from (15) and (16); or 

by means of the equivalent formula (18) But this would requite us to start 
with exactly the light value of / and to observe absolute accuracy in the 
subsequent stages of the woik The above argument shews, in fact, that any 
other value, differing by however little, if adopted as a starting point for the 
calculation will inevitably lead at length to values of A) which approximate 
to the limit 1 ^ 


216 It IS shewn in the Appendix to this Chapter that the tide- 
generating potential, when expanded m simple-harmonic functions of the 
time, consists of terms of three distinct types 


The first type is such that the equilibrium tide-height would be given by 
f = jff' (^— cos*^ ^) , cos (a^ -|-€)f .. . . .(29) 


The corresponding forced waves are called by Laplace the ' Oscillations of the 
First Species' , they include the lunar fortnightly and the solar semi-annual 
tides, and generally all the tides of long period. Their characteristic is 
symmetry about the polar axis, and they form accoidingly the most important 
case of forced oscillations of the present type 


If we substitute from (29) in (7), and assume for 




r 


expressions of the forms (11) and (12), we have, in place of (14), (15), 

(30) 

= ( 31 ) 

whilst (16) and its consequences hold foi all the higher coefficients It may 
be noticed that (31) may be included under the general formula (16), provided 
we write =— 2H' It appeals by the same argument as befoio that the 
only admissible solution for an ocean covering the globe is the one that makes 


* Sir W. Thomson, I c ante p 316 

1* In strictness, 6 here denotes the geocentric latitude, but the difiference between this and the 
geographical latitude may be neglected consistently with the assumptions introduced in Art 213 



320 


Tidal Waves 


[OHAP. VIII 

JV^ = 0, and that accordingly must have the value given by the continued 
fi action in (24), where /is now prescribed by the frequency of the disturbing 
forces 

In particular, this formula determines the value of Now 
and the equation (30) then gives 

.... (32) 

in other words, this is the only value of A which is consistent with a zero 
limit of Nj , and therefore with a finite velocity at the poles Any other value 
of A, if adopted as a starting point for the calculation of jBi, ... in 

succession, by means of (30), (31), and (16), would lead ultimately to values 
of Nj approximating to the limit 1 Moreover, since absolute accuracy in the 
initial choice of A and in the subsequent computations would be essential to 
avoid this, the only practical method of calculating the coefficients is to use 
the formulae 

or B^jH' = - 2Ai, B.jH' = - B.jH' = ~ 2iViAWi, 

(33) 

where the values of -A3, . are to be computed from the continued 

fraction (24) It is evident a posteriori that the solution thus obtained will 
satisfy all the conditions of the problem, and that the series (12) will converge 
with great rapidity The most convenient plan of conducting the calculation 
is to assume a roughly approximate value, suggested by (19), for one of the 
ratios Nj of sufficiently high order, and thence to compute 

A, ^3, . . F,, F, 

in succession by means of the formula (23) The values of the constants 
A, £1, jBg, . , in (12), are then given by (32) and (33). For the tidal elevation 
we find 

= - 2A”v/3 ^ (1 a . 

- y . . JV,_, (1 -pNj) (34) 

In the case of the lunar fortnightly tide, / is the ratio of a sidereal day 
to a lunar month, and is therefoie equal to about or more precisely 0365. 
This makes /^= 00133 It is evident that a fairly accurate representation 
of this tide, and dj fortiori of the solar semi-annual tide, and of the remaining 
tides of long period, will be obtained by putting /-O, this materially 
shortens the calculations 
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The results will involve the value of /3, = ^a^a^jgh. For /8 = 40, which 
corresponds to a depth of 7260 feet, we find in this way 

^jH'= 1515-10000yu,2 + 15153/i'‘-12120yu,« + -6063/a»- 2076/i“ 

H- 0516yai2- 0097;a“+ 0018ya“- 0002/i“ . . . (35)* 

whence, at the poles (/i = ± 1), 

r=-|ir'x 154, 

and, at the equator (/u. = 0), 

S’ = \S' X ‘455 

Again, for /3 = 10, or a depth of 29040 feet, we get 

^IH= 2359-l-pOOO/i,2+ 5898/1^- 1623/1' 

+ 0258/1® - 0026/4“+ 0002/1“ . .(36) 

This makes, at the poles, 

r=-|ir'x 470, 

and, at the equator, 

?= ^ff'x 708 
For /3 = 5, or a depth of 58080 feet, we find 
tIH' = 2723 - 1 0000/1® + 3404/i' 

- 0509/1® + ■0043/1® --0004/1“ (37) 

This gives, at the poles, 

^ = -lH'x 651, 

and, at the equator, 

r= ^H' X 817 

Since the polar and equatorial values of the equilibrium tide are — ^H' 
and \H', respectively, these results shew that for the depths in question 
the long-period tides are, on the whole, d%rect, though the nodal circles will, 
of course, be shifted more or less from the positions assigned by the equi- 
librium theory It appears, moreover, that, for depths comparable with the 
actual depth of the sea, the tide has loss than half the equilibrium value. 
It IS easily seen from the form of equation (5) that with increasing depth, 
and consequent diminution of the tide height will approximate more and 
more closely to the equilibrium value This tendency is illustrated by the 
above numerical results 


The coefficieute in (36) and {(i6) differ only shghtly from the numerical values obtained by 
Prof Darwin for the case /= 0365. 


L 


21 
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It IS to be remarked that the kinetic theory of the long-period tides was 
passed over by Laplace, under the impression that practically, owing to the 
operation of dissipative forces, they would have the values given by the 
ec^uilibrium theory He proved, indeed, that the tendency of frictional forces 
must be in this direction, but it has been pointed out by Darwin* that in 
case of the fortnightly tide, at all events, it is doubtful whether the effect 
would be nearly so great as Laplace supposed We shall return to this point 
later 


217 When the disturbance is no longer restricted to be symmetrical 
about the polar axis, we must recur to the general equations (1) and (2) of 
Art 213 We retain, however, the assumptions as to the law of depth and 
the nature of the boundaries introduced in Art 214 


If we assume that H, u, it, ? all vary as where s is integral, the 

equations referred to give 

isg 


lau ■ 


. 2«it cos ^ = -f ^ + 2comcos ^ ^ (?- ?). 

( 1 ) 
( 2 ) 




with = W 

Solving for u, i?, we find 




4m - ooa ' }) {w * f^' ’ 

» - - STi/* ‘f" “““ ' , 


where we have written 

as before 


cr « 

— = — = m, 

2(0 9 


..(3) 


.(4) 


It appears that in all cases of simple-harmonic oscillation the fluid 
particles describe ellipses having their principal axes along the meridians 
and parallels of latitude, respectively 

Substituting from (3) in (2) we obtain the differential equation in 


sin ddO 


h sin 0 /9?' s f,, 

^lcot^^+s^i:'cosec“0^ + 4wMi?' = -4maf. .(5) 


— cos^ 6 \f 


l c, ante p. B16 
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218 The case s = 1 includes, as forced oscillations, Laplace’s ‘ Oscillations 
of the Second Species,’ where the disturbing potential is a tesseial harmonic 
of the second order , viz 

f = H" sin e cos 0 cos (o-t + ^ + e), (1) 

where o- differs not very greatly from w This includes the lunar and solar 
diurnal tides 

In the case of a disturbing body whose proper motion could he neglected, 
we should have o- = «, exactly, and therefore / = | In the case of the moon, 
the orbital motion is so rapid that the actual period of the pnncipal lunar 
diuinal tide is very appreciably longer than a sidereal day*, but the sup- 
position that f= J simplifies the formulae so materially that we adopt it in 
the following investigationf. We find that it enables us to calculate the 
forced oscillations when the depth follows the law 

A = (l-g’Cos2d)7i.„, (2) 

where q is any given constant 


Taking an exponential factor and therefore putting s = l,/= -I-, 

in Art 217 (3), and assuming 



= G sin 6 cos 6, . . 

- (3) 

WO find 

G G . 

U — — %<j — , = — . COS d ... 

m m 

• (4) 

Substituting 

m the equation of continuity (Art. 217 (2)), we get 



G dh 



^ 

- -(5) 

which IS consistent with the law of depth (2), provided 



n ^ TTff 

1 — 2qhQlma ' ’ 

• (6) 

This gives 

f __ _ -p 

1 — 2qh^lma ^ 

0) 


One remarkable consequence of this formula is that in the case of uniform 
depth {q = 0) there is no diurnal tide, so far as the rise and fall of the surface 
18 concerned Ihis result was first established (in a different manner) by 
Laplace, who attached great importance to it as shewing that his kinetic 
theory was able to account for the relatively small values of the diurnal tide 
which are given by observation, in striking contrast to what would be 
demanded by the equilibnum-theory 

* It IS to be remarked, howevei, that there is an important term m the harmonio develop- 
ment of fi for which <r—u exactly, provided we neglect the changes in the plane of the disturbing 
body s orbit This period is the same for the sun as for the moon, and the two partial tides thus 
produced combine into what is called the ‘luni-solar’ diuinal tide 

t Taken with very slight alteration fiom Airy (“ Tides and Waves,” Arts. 95 ), and Darwin 
{Encyc Bnt., t xxiii p 359) 


21—2 
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But, although with a uniform depth there is no rise and fall, there are 
tidal currents It appears from (4) that every particle describes an ellipse 
whose major axis is in the direction of the meridian, and of the same length 
in all latitudes The ratio of the minor to the major axis is cos 6, and so 
varies from 1 at the poles to 0 at the equator, where the motion is wholly 
N andS 

219 In the case s == 2, the forced oscillations of most importance are 
where the disturbing potential is a sectorial harmonic of the second order. 
These constitute Laplace’s ‘ Oscillations of the Third Species,’ for which 

f z=: H'" sin^ 6 . cos {at + 2(f> + e), (1) 

where a is nearly equal to This includes the most important of all the 
tidal oscillations, viz. the lunar and solar semi-diurnal tides 

If the orbital motion of the disturbing body were infinitely slow we should 
have cr = 2a), and therefore /= 1 , for simplicity we follow Laplace in making 
this approximation, although it is a somewhat rough one in the case of the 
principal lunar tide^ 

A solution similar to that of the preceding Art can be obtained for the 
special law of depth f 

1i — ho sm^ 6 (2) 


Adopting an exponential factor a^nd putting therefore /= 1, 5 = 2, 

we find that if we assume 



• (3) 

the equations (3) of Art 217 give 


n ^ n a ^ sin 9 

U — —Ccotd, T , > 

m 2m 1 + cos^ e 

•• • (4> 

whence, substituting in Art 217 (2), 


f-— " Gsin^e 

ma 

(5> 

Putting ?=?'+?, and substituting from (1) and (3), we find 


C= , H'", 

1 — 2holma 

.. . (6> 

1 2/io/ma p 

and therefore ^ = 

- • .(7) 

For such depths as actually occur m the ocean 2ho < ma, and the tide is 
therefore inverted It may be noticed that the formulae (4) make the velocity 
infinite at the poles, as was to be expected, since the depth there is zero 


* There is, however, a ‘ luni-solar ’ semi-diurnal tide whose speed is exactly 2c«j if we neglect, 
the changes m the planes of the orbits Cf p 323, first footnote 
t Cf Airy and Darwin, ll cc 
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220 For any other law of depth a solution can only he obtained in the 
form of a series In the case of uniform depth we find, putting s = 2, /= 1, 
4ma/A = /3 in Art 217 (5), 

- 2ja= - 6) r = - ^ (1 - I (8) 

where /a is written for cos 6 In this form the equation is somewhat intract- 
able, since it contains terms of four different dimensions m fi It simplifies 
a little, however, if we transform to 

V, =sme, 

as independent variable , viz we find 

which IS of three different dimensions in v 

To obtain a solution for the case of an ocean covering the globe, we assume 

+ ( 10 ) 

Substituting in (9), and equating coefficients, we find 

Bo = 0, ^2 = 0, 0 jB 4 = 0, (11) 

165s~10J?4 + /3Jy''' = 0, (12) 

and thenceforward 

(2j + 6) •^2^+4 ~ 2; (2; + 3) + /35^ = 0 . . (13) 

These equations give Bq, B^, B^j, .. in succession, in terms of B 4 ,, which is 
so far undetermined It is obvious, however, from the nature of the problem, 
that, except for certain special values of h (and therefore of yS), which are 
such that there is a free oscillation of corresponding type {s = 2) having the 
speed 2ct), the solution must be unique. We shall see, in fact, that unless B 4 , 
have a certain definite value the solution above indicated will make the 
meridian component (z^) of the velocity discontinuous at the equator^ 

The argument is in some respects similar to that of Art 216 If we 
denote by the ratio of consecutive coefficients, we have, from (13), 

+ 6 2j(2y-l-6)AV ^ ^ 

from which it appears that, with increasing 7, must tend to one or other 
of the limits 0 and 1 More precisely, unless the limit of be zero, the 
limiting form of will be 

(2j + 3)/(2j + 6), or 1-|. 

* In the case of a polar sea bounded by a small circle of latitude whose angular radius is 
<47r, the value of J ?4 is determined by the condition that u=0, or 0^/0j' = O, at the boundary 
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approximately The latter is identical with the limiting form of the ratio 
of the coefficients of and in the expansion of (1 We infer that, 

unless JB4 have such a value as to make = 0, the terms of the senes (10) 
will become ultimately comparable with those of (1 — so that we may 
write 

= i + . (15) 

where X, M are functions of v which do not vanish for p=l Near the 
equator (v = 1) this makes 

w 

Hence, by Art 21T (3), u would change from a certain finite value to an 
equal but opposite value as we cross the equator 


It IS therefore essential, for our present purpose, to choose the value of B 4 
so that = 0 This is effected by the same method as in Art. 216 Writing 
(13) in the form 




IV % (^7 + 

2 ; + 6 


;+l 


(17) 


we see that N'j must be given by the converging continued fraction 

^ 

y 2y (2y + 6) (2; + 2) (2y + 8) (2j + 4) (2; + 10) 

’ 2j+3 2j + 5 2y + r ' ' 

2^ + 6 2y + 8 2j + 10 

This holds fromy = 2 upwards, but it appears from (12) that it will give also 
the value of Ni (not hitherto defined), provided we use this symbol for 
We have then 


B, = N,H"\ B, = N,B„ B, = NA,... 

Finally, writing ^ = f+ we obtain 

^IH"' = V* + + (19) 

As in Art. 216, the practical method of conducting the calculation is to 
assume an approximate value for A(,+i, where j is a moderately large number, 
and then to deduce W), ... N^, Ni m succession by means of the 

formula (17) 
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The above investigation is taken substantially from the very remarkable paper written 
by Lord Kelvin* in vindication of Laplace’s treatment of the problem, as given in the 
Mkamque Gdeste In the passage more especially in question, Laplace determines the 
constant by means of the continued fraction for without, it must be allowed, 
giving any adequate justification of the st^p , and the soundness of this procedure 
had been disputed by Airyt, and after him by PerrelJ 

Laplace, unfortunately, was not in the habit of giving specific leferences, so that few of 
his readers appear to have become acquainted with the original presentment § of the 
kinetic theory, where the solution for the case m question is put in a very convincing, 
though somewhat different, form Aiming in the first instance at an approximate 
solution by means of a finite senes, thus 

(20) 

Laplace remarks H that in order to satisfy the differential equation, the coefficients would 
have to fulfil the conditions 

16Bq-10B^+^E'" = 0, 

4:0Bg — 28jS 0 Hr ^B^ — 0, 

I .. .. (21) 

(2^ — 2) (2^ + 4) B^k + 2 (2^ — 2) (2^ + 1) = 0, 

-2^(2^H-3)J52ifc+2 + /3^2ft =0, 

pB2Jc + 2 = 0, > 

as is seen at once by putting ^ 2 *;+ 4=0, •^2fc+6=0, m the general relation (13) 

We have here h^l equations between k constants The method followed is to 
determine the constants by moans of the first h relations , we thus obtain an exact 
solution, not of the proposed differential equation (9), but of the equation as modified by 
the addition of a term right-hand side This is equivalent to an 

alteration of the disturbing force, and if we can obtain a solution such that the required 
alteration is very small, we may accept it as an approximate solution of the problem 
in its original form IF 

Now, taking the first k relations of the system (21) in reverse order, we obtain i? 2 fc +2 
in terms of thence terms of B^ic-u so on, until, finally, B^ is expressed in 

terms of E'" , and it is obvious that if k be large enough the value of i? 2 Ji:+ 2 , and the 
consequent adjustment of the disturbing force which is required to make the solution 
exact, will be very small This will be illustrated presently, after Laplace, by a numerical 
example 

The piocess just given is plainly equivalent to the use of the continued fraction (17) 
in the manner already explained, starting with ^H-1=X, and iVfc=^/2^ (2^+3) The 
continued fraction, as such, docs not, however, make its appearance in the memoir here 
referred to, but was introduced in the Mkaniqm Gdeste^ probably as an after-thought, as a 
condensed expression of the method of computation originally employed 

* Sir W. Thomson, “On an Alleged Error in Laplace's Theory of the Tides,” Phil. Mag, 
(4), t 1 p 227 (1875) 

t “ Tides and Waves,” Art. Ill 

X “ Tidal Eesearohes,” U S Coast Survey Bep , 1874, p 164. 

§ “Kecherches sui quelques points du syst^me du monde,” M6m de VAcad roy des Sciences^ 
1776 [1779] {Oeuvres Computes, t ix. pp 187 ] 

11 Oeuvres, t ix p 218 The notation has been altered 

If It IS remarkable that this argument is of a kind constantly employed by Airy himself m 
his researches on waves 
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The following table gives the numerical values of the coefficients of the 
several powers of v in the formula (19) for in the cases ,S = 40, 20. 10, 

5, 1, which correspond to depths of 7260, 14520, 29040, 58080, 290400, feet, 
respectively* The last line gives the value of for v= 1, i e the ratio 
of the amplitude at the equator to its equilibrium-value. At the poles 
(r = 0), the tide has in all cases the equilibrium-value zero 



^8 = 40 

/3=20 

(3=10 

^=5 

/3 = 1 


+ 1 0000 

+ 1 0000 

+ 1 0000 

+ 1 0000 

+ ] 0000 

1/4 

+ 20 1862 

-0 2491 

+6 1915 

■f 0 7504 

+0 1062 


+ 10 1164 

- 1 4056 

+ 3 2447 

-1-0 1566 

+ 0 0039 

1/8 

- 13 1047 

- 0 8594 

+0 7234 

+ 0 0157 

+0 0001 

j,10 

- 15 4488 

~ 0 2541 

+ 0 0919 

H-0 0009 


1,12 

- 7 4581 

-0 0462 

+ 0 0076 




- 2 1975 

- 0 0058 

-1-0 0004 



j/lb 

- 0 4501 

- 0 0006 




1,18 

- 0 0687 





1/20 

- 0 0082 






- 0 0008 





1/24 

- 0 0001 






- 7 434 

-1 821 

-hll 259 

+ 1 924 

+ 1 110 


We may use the above results to estimate the closeness of the approximation in each 
case For example, when ^=40, Laplace finds ^ 26 = - 000004ir"' , the addition to the 
disturbing force which is necessary to make the solution exact would then be - 00002 
and would therefore bear to the actual force the ratio - 00002x28 

It appears from (19) that near the poles, where v is small, the tides are 
in all cases direct For sufficiently great depths, ^ will be very small, and 
the formulae (17) and (19) then shew that the tide has everywhere sensibly 
the equilibrium-value, all the coefficients being small except the first, which 
IS unity As h is diminished, ^ increases, and the formula (17) shews that 
each of the ratios Nj will continually increase, except when it changes sign 
from + to - by passing through the value oo No singularity m the 
solution attends this passage of JV) through oo, except in the case of JV,, 
since, as is easily seen, the product remains finite, and the coefficients 

in (19) are therefore all finite But when Ni = oo, the expression for f 
becomes infinite, shewing that the depth has then one of the critical values 
already referred to 

The table above given indicates that for depths of 29040 feet, and 
upwards, the tides are everywhere direct, but that there is some critical 
depth between 29040 feet and 14520 feet, for which the tide at the equator 

* The first three oases were calculated by Laplace, I c ante p 312, the last by Loid Kelvin 
The numbers relating to the third case have been slightly corrected, in accordance with the com- 
putations of Hoxigli ; see p 329 
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changes from direct to inverted. The largeness of the second coefiScient m 
the case ^ = 40 indicates that the depth could not be reduced much below 
Y260 feet before reaching a second critical value 

Whenever the equatorial tide is inverted, there must be one or more pairs 
of nodal circles (f=0), symmetrically situated on opposite sides of the 
equator In the case of /3 = 40, the position of the nodal circles is given by 
95, or ^ = 90° ± 18°, approximately^ 


221 The dynamical theory of the tides, in the case of an ocean covering 
the globe, with depth uniform along each parallel of latitude, has m recent 
times been greatly improved and developed by Hough f, who, taking up an 
abandoned attempt of Laplace, has substituted expansions in spherical 
harmonics for the series of powers of ya (or v) This has the advantage 
of more rapid convergence, especially, as might be expected, in cases where 
the influence of the rotation is relatively small , and it also enables us to take 
account of the mutual attraction of the particles of water, which, as we have 
seen in the simpler problem of Art. 199, is by no means insignificant. 

If the surface-elevation and the conventional equilibrium tide-height f 
(in which the effect of mutual attraction is not included), be expanded in 
series of spherical harmonics, thus 

(1) 

the complete expression for the disturbing potential will be 

cf Art 199 The factor — p is to be substituted foi f in the equations of 
Alts 213 , this will be allowed for if we write 

r = 2(«„U-W, (2) 


where 


«« = 1 


.(3) 


2n + 1 po ' 

in modification of the notation of Art 214 (5) or Art. 217 (4) 

In the oscillations of the ‘ First Species,’ the differential equation may be 
written 


9 /^ \P - 9 /*' 


+ / 8 ?= 0 . 


..(4) 


If we assume 

we have ^' = 2 (a„ — jn) Pn (l^)- 



* For a fuller discussion of these points reference may be made to the original inyestigation 
of Laplace, and to Lord Kelvin’s papers 

I* “ On the Application of Harmonic Analysis to the Dynamical Theory of the Tides,” JPhil. 
Trans , A t clxxxix p 201, and t cxci p 139 (1897) 
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Substituting in (4), and integrating between the limits — 1 and fjb, we find 

/7 p r/A 

S {oinGn - 7„) (1 - /^^) ^ + {(/= - 1) + (1 - J _P„ (i/. = 0 .(7) 

Now, by known formulae of zonal harmonics^, 




n (n + 1 ) 

and J" PndiM = (P«+i - P«-i) 




(B) 


M 1 

/ dP n+2 


1 1 

fdPn 

dP n—^ 1 

2/2, -j- X {^71 + 3 

V djM 

dfji ) 

2n-l' 

K dfi 

dfi J} 

1 

dP 


2 

dPn 


(2n+l)(2w + 3) dfi 

(2n - 

- 1) (2n + 

3) d/jb 



+ 


1 C?Pn~2 

(2?^ — l)(2?z -h 1) d/z, 


(9) 


dP 

Substituting in (7), and equating to zero the coefficient of {1- fjF) -- 3 —, 

U/jJ/ 

we find 


where 


Ln — 


^n+2 L>fiCn + ^ 


( 2 n + 3) ( 2 n + 6 ) ' ( 2 n - 3 ) ( 2 « - 1 ) 


= ..( 10 ) 


. + 


( 11 ) 


n(w + l) ( 2 n — l)( 2 n+ 3 ) y 3 

The relation ( 10 ) will hold from n = 1 onwards, provided we put 

(7_i = 0, G, = 0. 

The further theory is based substantially on the argument of Laplace, 
given in Art. 220 , and the work follows much the same lines as in 
Arts 215, 216, 220. 

In the free oscillations we have = 0 , and the admissible values of / 
are determined by the transcendental equation 


r 5.7^ 9 9 11M3 ^ 

^ A,-&c “ 


or 


r 3.5“ 7 7 9“ 11 ^ 

^ X 3 - X-&C 


.. ( 12 ) 

.. .(13) 


See Todhunter, Functions of Laplace, dc , a r., Whittakei, Modern Analysis, Art 117. 
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according as the mode is symmetrical or asymmetrical with respect to the 
equator Alternative forms of the period equations aie given by Hough, 
suitable for computation of the higher roots, and it is shewn that close 
approximations are given by the equations = 0 or 

— = 1 + w (w + 1) |(^l - 2 ^ J 4^2 - (2n -1) (2« + 3)} ’ 
except for the first two or three values of n 

The following table gives the periods (m sidereal time) of the slowest 
symmetrical oscillation {%e the one in which the surface-elevation would 
vary as P^if) if there were no rotation), corresponding to various depths^ 



Depth 

(feet) 

0-2 

40 )^ 

Period 

h m 

Period 
when w=0 
h m. 

40 

7260 

44155 

18 3 5 

32 49 

20 

14520 

62473 

15 11 0 

23 12 

10 

29040 

92506 

12 28 6 

16 25 

5 

58080 

1 4785 

9 52 1 

11 35 


The results obtained for the forced oscillations of the ' First Species ’ are 
very similar to those of Art 216 The limiting form of the long-period tides 
when <7 = 0 shews the following results 


1 

(3 

p/Po= 181 

p//)o^=0 

Pole 

Equator 

^Pole 

Equatoi 

40 

140 

426 

154 

455 

20 

266 

551 



10 

443 

681 

470 

708 

5 

628 

796 

651 

817 


The second and third columns give the ratio of the polar and equatorial 
tides to the respective equilibrium- values f The numbers in the fourth and 
fifth columns are repeated from Art 216 The comparison shews the effect 
of the mutual gravitation of the water m reducing the amplitude. 


* The slowest asynametncal mode has a much longei period It involves a displacement of 
the centre of mass of the water, so that a correction would he necessary if the nucleus were free, 
cf Art 198 

The numbers are deduced from Hough^s results. The paper referred to includes a discus- 
sion of many other interesting points, including an examination of oases of varying depth, with 
numerical illustrations 
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222 In the more general case, where symmetry about the axis is not 
imposed, the surface-elevation f is expanded by Hough in a series of tesseral 
harmonics of the type 

(m) .... (1) 

In relation to tidal theory the most important cases are where the disturbing 
potential is of the form (1), with 2 and 5 = 1 or 5 = 2 

The calculations are necessarily somewhat intricate, and it must suffice 
here to mention a few of the more interesting results, which will indicate 
how the gaps in the previous investigations have been filled. 

To understand the nature of the/ree oscillations, it is best to begin with 
the case of no rotation (ca = 0) As o) is increased, the pairs of numerically equal, 
oppositely-signed, values of a which were obtained m Art 198 begin to 
diverge in absolute value, that being the greater which has the same sign 
with ct) The character of the fundamental modes is also gradually altered 
These oscillations are distinguished as ' of the First Class ' 

At the same time certain steady motions which are possible, without 
change of level, when there is no rotation, are converted into long-period 
oscillations with change of level, the speeds being initially comparable with 
<0 The corresponding modes are designated as ^of the Second Class’^; 
cf. Art. 205 

The following table gives the speeds of those modes of the First Class 
which are of most importance in i elation to the diurnal and semi-diurnal 
tides, respectively, and the corresponding periods, in sidereal time. The last 
column repeats the corresponding periods in the case of no rotation, as 
calculated from the formula (15) of Art. 199 



Second Species 


Third Species 





is = 

= 1] 


[s = 

= 2] 




Depth 

(feet) 

<r 

<a 

Peiiod 

bl 3 

Period 

Period 
when w = 0 



h 

m 


h 

m 

h 

ra 

7260 

1 6337 

14 

41 

1 3347 

17 

59 

1 

■ 32 

49 

-0 9834 

24 

24 

- 0 6221 

38 

34 

j 

14520 

1 8677 

12 

51 

16133 

14 

52 

1 

- 23 

12 

-1 2450 

19 

16 

-0 8922 

26 

54 

j 

29040 

2 1641 

11 

5 

1 9968 

12 

1 


16 


-16170 

14 

50 

- 1 2855 

18 

40 


25 

58080 

2 6288 

9 

8 

2 6535 

9 

24 

1 


35 

-2 1611 

11 

6 

-18575 

12 

55 

J 


* These two classes of oscillations have been already encountered m the plane problem of 
Art 211 
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The quickest oscillation of the Second Class has in each case a period of 
over a day , and the periods of the remainder are very much longer 

As regards the forced oscillations of the ‘ Second Species,’ Laplace’s 
conclusion that when cr= w, exactly, the diurnal tide vanishes in the case of 
uniform depth, still holds The computation for the most important lunar 
diurnal tide, for which 92700, shews that with such depths as we have 

considered the tides are small compared with the equilibrium heights, and 
are in the main inverted 

Of the forced oscillations of the ‘ Third Species,’ we may note first the 
case of the solar semi-diurnal tide, for which (x—2g> with sufiScient accuracy. 
For the four depths given m our tables, the ratio of the dynamical tide-height 
to the conventional equilibrium tide-height at the equator is found to be 

4- 7 9548, - 1 5016, - 234 87, + 2 1389, 

respectively 

‘‘ The very large coefficients which appear when ligl^oo^a^ = indicate 
that for this depth there is a period of free oscillation of semi-diurnal type 
whose period differs but slightly from half-a-day. On reference to the 
tables it will be seen that we have, in fact, evaluated this period as 
12 hours 1 minute, while for the case = we have found a period 

of 12 hours 5 minutes* We see then that though, when the period of 
forced oscillation differs fiom that of one of the types of free oscillation by as 
little as one minute, the forced tide may be nearly 250 times as great as the 
corresponding equilibrium tide, a difference of 5 minutes between these 
periods will be sufficient to reduce the tide to less than ten times the 
corresponding equilibrium tide It seems then that the tides will not tend 
to become excessively large unless there is very close agreement with the 
period of one of the free oscillations 

‘^The critical depths for which the forced tides here treated of become 
infinite are those for which a period of free oscillation coincides exactly with 
12 hours They may be ascertained by putting [cr = 2(»] m the period- 
equation for the free oscillations and treating this equation as an equation 
for the determination of h The two largest roots are , and the corre- 
sponding critical depths are about 29,182 feet and 7375 feet .. 

It will be seen that m three cases out of the four here considered the 
effect of the mutual gravitation of the waters is to increase the ratio of the 
tide to the equilibrium tide [cf Art 220] In two of the cases the sign m 
also reversed This of course results from the fact that when [p/p;^=:0 18093] 
one of the periods of free oscillation is rather greater than 12 hours, when 
[p/pi = 0] the corresponding period will be less than 12 hoursf.” 

* [Belonging to a mode which comes nextm sequence to the one having a period of I7h. 59 m ] 

t Hough, Phil Trans , A. t cxci. pp 178, 179. 
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Hough has also computed the lunar semi-diurnal tides for which 

= 0 96350 
2a) 

For the four depths aforesaid the ratios of the equatorial tide-heights to their 
equilibrium values aie found to be 

~ 2*4187, -18000, +110725, +19225, 

respectively 

‘‘On comparison of these numbers with those obtained for the solar 
tides . , we see that for a depth of 7260 feet the solar tides will be direct 
while the lunar tides will be inverted, the opposite being the case when the 
depth IS 29,040 feet This is of course due to the fact that m each of these 
cases there is a period of free oscillation intermediate between twelve solar 
(or, more strictly, sidereal) hours and twelve lunar hours The critical depths 
for which the lunar tides become infinite are found to be 26,044 feet and 
6448 feet 

“ Consequently this phenomenon will occur if the depth of the ocean be 
between 29,182 feet and 26,044 feet, or between 7375 feet and 6448 feet 
An important consequence would be that for depths lying between these 
limits the usual phenomena of spring and neap tides would be reversed, the 
higher tides occurring when the moon is in quadrature, and the lower at new 
and full moon^ ” 


223 It IS not easy to estimate, m any but the most general way, the 
extent to which the foregoing conclusions of the dynamical theory would 
have to be modified if account could be taken of the actual configuration of 
the ocean, with its irregular boundaries and irregular variation of depth f 
One or two points may however be noticed 

In the first place, the formulae (17) of Art. 205 would lead us to expect 
for any given tide a phase-difference, variable from place to place, between 
the tide-height and the disturbing force Thus, m the case of the lunar 
semi-diurnal tides, for example, high-water or low-water need not synchronize 
with the transit of the moon or ' anti-moon ’:j: across the meridian More 
precisely, in the case of a disturbing force of given type for which the 
equilibrium tide-height at a particular place would be 

^=acoscr^, . . (1) 

the dynamical tide-height will be 

^ = Acos(o-^-€), (2) 

where the ratio Aja, and the phase-ditference e, will be functions of the 
speed cr. 

* Hough, Ic , where reference is made to Lord Kelvin’s Popular Lectwes and Addresbes, 
London, 1894, t ii p 22 (1868) 

t As to the general mathematical problem reference may be made to Pomcar^, “ Sur lAqui- 
libre et les mouvements des mers,” Liowbille (5), t n pp 57, 217 (1896) 

X This term is explained in the Appendix to this Chapter (p 340) 
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Again, consider the superposition of two oscillations of the same type but 
of slightly different speeds, e g the lunar and solar semi-diurnal tides. If the 


origin of t be taken at a syzygy, we have 

f = a cos at -h a' cos at, (3) 

and ^ = A cos (at — e) 4- A' cos (at — e) (4) 

This may be written 

^=(A+A' cos cos (at -e) + A' sin ^ sm (at - e), ... (5) 

where (j> — (a — a)t — e + e' . (6) 


If the first term in the second member of (4) represents the lunar, and the 
second the solar tide, we shall have a < a\ and A > A' If we write 


we get 
where 


A -f A' cos ^ — Ceos a, A" sin </> = C sm a, ... ( 7 ) 

^ == (7 cos (at — 6 — a), • • ( 8 ) 

0 = (A^ + 2AA'co8<p + A'^)i, a = ..(9) 


This may be described as a simple-harmonic vibration of slowly varying 
amplitude and phase The amplitude ranges between the limits A ± A\ 
whilst a may be supposed to lie always between ± The ' speed ' must 
also be regarded as variable, viz. we find 


doL _ aA^ (a a) AA^ cos -f a'A'^ 
dt A^ + ~2AA' cos <j> + A'^ 


.. . ( 10 ) 


This ranges between^ 


Aa A A' a 

■ A + Ar 


and 


Aa^A'a' 

A -A' 


.(11) 


The above is the well-known explanation of the phenomena of the spring- 
and neap-tidesf, but we aie now concerned further with the question of 
phase On the equilibrium theory, the maxima of the amplitude G would 
occur whenever 

(cr' — a) t = 2wir, 

where n is integral. On the dynamical theory the corresponding times of 
maximum are given by 

(a — cr) ^ — (e' — e) = 2n7r, 

%s. the dynamical maxima follow the statical by an interval^ 

(e' - 6)/(o-' - cr). 

If the difference between < 7 ' and a were infinitesimal, this would be equal to 
dejda 

* Helmholtz, Lehre von den Tonerwpfindungen (2® Aufi ), Braunschweig, 1870, p. 622. 

+ Of. Thomson and Tait, Natural rhiloso^hy, Art 60. 

J This interval may of course he negative 
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The fact that the time of high-water, even at syzygy, may follow or 
precede the transit of the moon or anti-moon by an interval of several hours 
IS well known * The interval, when reckoned as a retardation, is, moreover, 
usually greater for the solar than for the lunar semi-diurnal tide, with the 
result that the spring-tides are m many places highest a day or two after 
the corresponding syzygy The latter circumstance has been usually ascribed 
to the operation of Tidal Friction (for which see Chap xi), but it is evident 
that the phase-differences which are incidental to a complete dynamical 
theory, even in the absence of faction, cannot be ignored in this connection. 
There is reason to believe that they are, indeed, far more important than 
those due to friction. 

Lastly, it was shewn in Arts 205, 216, that the long-period tides may 
deviate very consideiably from the values given by the equilibrium theory, 
owing to the possibility of certain steady motions in the absence of disturbance 
It has been pointed out by Lord Rayleigh f that these steady motions may 
be impossible in certain cases where the ocean is limited by perpendicular 
barriers Referring to Ait. 213 (6), it appears that if the depth h be 
constant, f must (in the steady motion) be a function of the co-latitude d 
only, and therefore by (4) of the same Art, the eastward velocity must 
be a function of the latitude This is inconsistent with the existence of 
a perpendicular barrier extending along a meridian The objection would 
not apply to the case of a sea shelving gradually from the central parts 
to the edge 


224 We may complete the investigation of Art 199 by a bnef notice 
of the question of the stability of the ocean, m the case of rotation. 

It has been shewn in Art. 204 that the condition of secular stability is 
that V- To should be a mimnium in the equilibrium configuration If we 
neglect the mutual attraction of the elevated watei, the application to the 
present problem is very simple The excess of the quantity V— 1\ over its 
undisturbed value is evidently 

/ f |/o ~ d/Sf, ( 1 ) 

where denotes the potential of the earth’s attraction, is an element of 
the oceanic surface, and the rest of the notation is as before Since T' - 
is constant over the undisturbed level (z= 0), its value at a small altitude 
may be taken to be gz+ coast , where, as in Art 212, 

( 2 ) 

The values of the retardations (which we have denoted by e) for the various tidal com- 
ponents, at a number of ports, are given by Baird and Darwin, “Results of the Harmonic 
Analysis of Tidal Observations, P?oc R S , t xxxix p 135 (1885), and Darwm, “Second 
Series of Results Rroc R S ,t xlv p 556 (1889) 

t “Note on the Theory of the Fortnightly Tide,’’ P;iiZ Mag (6), t v. p 136 (1903) 
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Since JJfcZ/S = 0, on account of the constancy of volume, we find from (1) that 
the increment oiV — Tq is 

\H9^^dS (3) 

This IS essentially positive, and the equilibrium is therefore secularly stable^. 

It is to be noticed that this proof does not involve any restriction as to 
the depth of the fluid, or as to smallness of the ellipticity, or even as to 
symmetry of the undisturbed surface with respect to the axis of rotation 

If we wish to take into account the mutual attraction of the water, the 
problem can only be solved without difficulty when the undisturbed surface 
is nearly spherical, and we neglect the variation of g The question (as to 
secular stability) is then exactly the same as in the case of no rotation 
The calculation for this case will find an appropriate place m the next 
chapter The result, as we might anticipate from Art 199, is that the 
necessary and sufficient condition of stability of the ocean is that its density 
should be less than the mean density of the earth*. 

225 This is perhaps the most suitable occasion for a few additional 
remarks on the general question of stability of dynamical systems We 
have in the mam followed the ordinary usage which pronounces a state of 
equilibiium, or of steady motion, to be stable or unstable according to the 
character of the solution of the approximate equations of disturbed motion 
If the solution consist of series of terms of the type where all the 

values of X are puie imaginary {%e of the form ^c^), the undisturbed state is 
usually reckoned as stable, -whilst if any of the X's are real, it is accounted 
unstable In the case of disturbed eqioihbrium, this leads algebraically to 
the usual criterion of a minimum value of F as a necessary and sufficient 
condition of stability 

It has m recent times been questioned whether this conclusion is, from 
a practical point of view, altogether warranted It is pointed out that since 
Lagrange's equations become less and less accurate as the deviation from the 
equilibrium configuration increases, it is a matter for examination how far 
rigorous conclusions as to the ultimate extent of the deviation can be drawn 
from themf 

The argument of Dirichlet, which establishes that the occurrence of 
a minimum value of F is a sufficient condition of stability, in any practical 
sense, has already been referred to No such simple proof is available to 
shew without qualification that this condition is necessary. If, however, we 
recognize the existence of dissipative forces, which are called into play by 
any motion whatever of the system, the conclusion can be drawn as in 
Art 204 

* Of Laplace, MScamque CSleste, Lme Arts 13, 14 
t See papers by LiapounofE and Hadamard, Liouville (5), t. iii (1897) 

L 22 
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A little consideration will shew that a good deal of the obscurity which 
attaches to the question arises from the want of a sulSSciently precise 
mathematical definition of what is meant by 'stability.' The difficulty 
IS encountered in an aggravated form when we pass to the question of 
stabilit}^ of motion The various definitions which have been propounded 
by different writers are examined critically by Klein and Sommerfeld in 
their book on the theory of the top^ Rejecting previous definitions, they 
base their criterion on the character of the changes produced in the path of 
the system by small arbitrary disturbing impulses If the undisturbed path 
be the hrmting form of the disturbed path when the impulses are indefinitely 
diminished, it is said to be stable, but not otherwise For instance, the 
vertical fall of a particle under gravity is reckoned as stable, altliough for 
a given impulsive disturbance, however small, the deviation of the particle’s 
position at any time t from the position which it occupied in the original 
motion increases indefinitely with t Even this criterion, as the writers 
referred to themselves recognize, is not free from ambiguity unless the phrase 
'limiting form,' as applied to a path, be strictly defined It appears moreover 
that a definition which is analytically precise may not in all cases be easy to 
reconcile with geometrical prepossessions'!* 

The foregoing considerations have reference, of course, to the question of 
'ordinary' stability The more important theory of 'secular' stability (Art 204) 
IS not affected We shall meet with the criterion for this, under a somewhat 
modified form, at a later stage in our subjeetj 

* Ueler die Theorie des Kieisels^ Leipzig, 1897 , p 342. 

+ Some good illustrations are furnished by Particle Dynamics Thus a particle moving m a 
circle about a centre of force varying inversely as the cube of the distance will if slightly disturbed 
either fall into the centre, oi recede to infinity, after describing in either case a spiral with an 
infinite number of convolutions Each of those spirals has, analytically, the circle as its 
^limiting form,’ although the motion m the latter is most naturally desciibed as unstable 
Of. Korteweg, Wiener Ber , May 20, 1886 

A narrower definition has been given by Love, and applied by Bromwich to several dynamical 
and hydrodynamical problems , see Broc Lond Mdth Soc , t xxxiii p, 325 (1901) 

t This summary is taken substantially from the Art “Dynamics, Analytical,” m Bhicyc. 
JBiit ,i xxvii (1902) 
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TO CHAPTER VIII 


ON TIDE-GENERATINO EORCES. 

a. Ip, m the annexed figure, 0 and C be the centies of the earth and of the disturbing 
body (say the moon), the potential of the moon’s attraction at a point P near the earth’s 
surface will be — ylf/PP, where M denotes the moon’s mass, and y the giavitation- 



constant If we put OC—D^ and denote the moon’s (geocentric) zenith-distance 

at P, VIZ the angle POP, by this potential is equal to 

yJT 

(P‘^ — 2rP cos S -h 

We require, however, not the absolute accelerative efitect at P, but the acceleration 
relative to the earth Now the moon produces in the whole mass of the earth an 
acceleration yMjJF^ paiallel to OP, and the potential of a uniform field of force of this 
intensity is evidently 

yM . 

- 'i cos ^ 

IF 


Subtracting this from the former result we get, for the potential of the relative attraction 
at P, 


yM 

(P‘'^-2ri:)cos^-f^2)i 


yM 

IF 


r cos 


( 1 ) 


This function H is identical with the ^disturbing-function’ of planetary theory 


E\imnding in poweis of which is in our case a small quantity, and retaining only 
the most important term, we find 

( 2 ) 


Considered as a function of the position of P, this is a zonal harmonic of the second 
degree, with 00 as axis 


* The effect of this is to produce a monthly inequality m the motion of the earth’s centre 
about the sun The amplitude of the inequality in radius vector is about 3000 miles , that of 
the inequality in longitude is about 7"; see Laplace, Mecaimixie CSleste, Livre O’®®, Art 30, and 
Livre 13™®, Art 10 
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The reader will easily verify that, to the order of approximation adopted, Q is equal to 
the joint potential of two masses, each equal to placed, one at (7, and the other at a 
point O' in GO produced such that OC'=^OG'^, 

b. In the ‘equilibrium-theory’ of the tides it is assumed that the free surface takes 
at each instant the equilibrium-form which might be maintained if the disturbing body 
were to retain unchanged its actual position relative to the rotating earth In other 
words, the free surface is assumed to be a level-surface under the combined action of 
gravity, of centrifugal force, and of the disturbing force The equation to this level- 
surface IS 

^ --1 6)20*2 +ii = const , (3) 

where oo is the angular velocity of the rotation, ur denotes the distance of any point from 
the earth’s axis, and ^ is the potential of the earth’s attraction If we use square 
brackets [ ] to distinguish the values of the enclosed quantities at the undisturbed level, 
and denote by J the elevation of the water above this level due to the disturbing 
potential il, the above equation is equivalent to 


^6)2 u: 2)J f + O = const , 


( 4 ) 


approximately, where djdz is used to indicate a space-differentiation along the normal 
outwards The first term is of course constant, and we therefore have 




where, as in Art 212, 




(5) 

(( 5 ) 


Evidently, g denotes the value of ‘aiiparent gravity’ , it will of course vary more or less 
with the position of P on the earth’s surface 

It IS usual, however, in the theory of the tides, to ignore the slight vauations in the 
value of and the effect of the ellipticity of the undisturbed level on the surface- value 
of Q Putting, then, r—a, g^yEja^ where E denotes the earth’s mass, and a the mean 
radius of the surface, we have, from (2) and (5), 

?=P^(cos2^-J)-h(7, . . (V) 


where 




f ©■ 


a, 


(8) 


as in Art 179 Hence the equilibrium-form of the free surface is a harmonic spheroid of 
the second order, of the zonal type, having its axis passing through the disturbing body 

C. Owing to the diurnal rotation, and also to the orbital motion of the disturbing 
body, the position of the tidal spheroid relative to the earth is continually changing, 
so that the level of the water at any particular place will continually rise and fall. 
To analyse the character of these changes, let d be the co -latitude, and <56 the longitude, 
measured eastward from some fixed meridian, of any place P, and let A be the north-polar- 
distance, and a the hour-angle west of the same meridian, of the disturbing body. 
We have, then, 

cos^ = cos Acos d-f sin Asin^cos(a-!-<56), . (9) 


* Thomson and Tait, Art 804 
‘ anti-moon,’ respectively 


These two fictitious bodies are designated as ‘ moon ’ and 
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and thence, by (7), 

(cos2 A — J) (cos^ d - 4) 

•\-\H sm 2 a sm 2^ cos (a + <l>) 

+|jErsm2 A sin^ ^cos2(a+<#>) + ^7 ... .(10) 

Each of these terms may be regarded as representing a partial tide, and the results 
superposed. 

Thus, the/r^^ term is a zonal harmonic of the second order, and gives a tidal spheroid 
symmetrical with respect to the earth’s axis, having as nodal lines the parallels for which 
cos2 ^ or d = 90'’ ± 35“ 16' The amount of the tidal elevation in any particular latitude 
varies as cos^ A - J In the case of the moon the chief fluctuation in this quantity has 
a period of about a fortnight, we have here the origin of the ‘lunar fortnightly’ or 
‘declmational’ tide When the sun is the disturbing body, we have a ‘solar semi-annual’ 
tide It is to be noticed that the mean value of cos^ A - J with lespect to the time is not 
zero, so that the inclination of the orbit of the disturbing body to the equator involves as 
a consequence a permanent change of mean level Cf Art. 182 

The second term m (10) is a spherical harmonic of the type obtained by putting n=% 
in Art 86 (7) The corresponding tidal spheroid has as nodal linos the meridian 
which IS distant 90° from that of the disturbing body, and the equator The disturbance 
of level IS greatest in the meridian of the disturbing body, at distances of 45° N and S of 
the equator The oscillation at any one place goes through its period with the hour- 
angle a, ^ e m a lunar or solar day The amplitude is, however, not constant, but varies 
slowly with A, changing sign when the disturbing body crosses the equator This term 
accounts for the lunar and solar ‘diurnal’ tides 

The thi'id term is a sectorial harmonic {n=2, ^ = 2), and gives a tidal spheroid having 
as nodal lines the meridians which a, re distant 45° E and W from that of the disturbing 
body The oscillation at any place goes through its period with 2a, i e in half a (lunar or 
solar) day, and the amx-)litude vanes as sin^ A, being greatest when the disturbing body is 
on the equator We have hero the origin of the lunar and solar ‘semi-diurnal’ tides. 

The ‘constant’ 0 is to bo determined by the consideration that, on account of the 
invariability of volume, we must have 

. . ( 11 ) 

whore the integration extends over the surface of the ocean. If the ocean cover the 
whole earth we have (7=0, by the general property of spherical surface-harmonics quoted 
111 Art 87 It appears from (7) that the greatest elevation above the undisturbed level is 
then at the points -S=0, ^ = 180°, ze at the points where the disturbing body is m 
the zenith or nadir, and the amount of this elevation is t// The greatest depression is at 
places wheie ^=90°, ze the disturbing body is on the horizon, and is J//. The greatest 
possible range is therefore equal to II 

In the case of a limited ocean, G docs not vanish, but has at each instant a definite 
value depending on the position of the disturbing body relative to the earth This value 
may be easily written down from equations (10) and (11) , it is a sum of spherical 
harmonic functions of A, a, of the second order, with constant coefficients in the form of 
surface-integrals whose values depend on the distribution of land and water over the 
globe The changes in the value of C, due to relative motion of the disturbing body, 
give a general rise and fall of the free surface, with (in the case of the moon) fortnightly, 
diurnal, and semi-diurnal periods This ‘ correction to the equilibrium-theory ’ as usually 
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presented, was first fully investigated by Thomson and Tait* The necessity for a 
correction of the kind, m the case of a limited sea, had however been recognised by 
D Bernoulli + 


d. We have up to this point neglected the mutual attraction of the particles of the 
water To take this into account, we must add to the disturbing potential Cl the 
gravitation-potential of the elevated water In the case of an ocean covering the earth, 
the correction can be easily applied, as m Art 199 If we j)ut ^^ = 2 in the foiinulao of 
that Art, the addition to the value of Cl is -^p/po gl > and we thence lind without 
difficulty 




( 12 ) 


It appears that all the tides are increased^ in the ratio (l-^p/po) ^ If wo assume 
p/po= 18, this ratio is 1 12 


e. So much for the equilibrium-theory For the purposes of the kinetic theory 
of Arts 212 — 223, it is necessary to suppose the value (10) of f to bo expanded in a 
series of simple-harmonic functions of the time The actual expansion, taking account of 
the variations of A and a, and of the distance D of the distuibmg body, (winch enters 
into the value of is a somewhat complicated jiroblem of Physical Astronomy, into 
which we do not enter J. 

Disregarding the constant <7, which disapjiears in the dynamical ecpuitions (I) of 
Art 214, the constancy of volume being now secured by the equation of continuity (2), it 
IS easily seen that the terms in question will be of three distinct types 

First, we have the tides of long period, for which 

cos((riJ-l-0 

The most important tides of this class are the ‘lunar fortnightly’ for which, in degrees 
per mean solar hour, 0 -=!® 098, and the ‘ solar semi-annual’ for which a = 0® 082. 

Secondly, we have the diurnal tides, for which 

f=^"sindcos^ + ... . .(14) 

where cr differs but little from the angular velocity w of the earth’s rotation, Thom 
include the ‘lunar diurnal’ (o-= 13° 943), the ‘solar diurnal’ (o-= 14° 959), and tho ‘him- 
solar diurnal ’ (o-=: « = 15° 041) 


* Natural Philosophy, Art 808, see also Prof G H Darwin, “On the Collection to tho 
Equilibrium Theory of the Tides for the Contments,” Pioc Iloy Soc , April 1, 1886 It appears 
as the result of a numerical calculation by Prof H H Turner, appended to this papei, that 
with the actual distribution of land and water the correction is of little importance 

t Traite sur le Flux et Reflux de la Me,,o xi (1740) This essay, as well as the one by 
Maolaurin cited on p 293, and another on the same subject by Euler, is reprinted in Le Senr and 
Jacquier s edition ot Newton’s Prmcipia 

t Eeference may be made to Laplace, Micamque CUeste, Livre Art 2 , to the investiga- 
tions of Loid Kelvin and Prof G H Darwin in the But Ass Beports for 1868, 1872, 1876,*" 1B8B 

1885, and to the Arts on “Tides,” by the latter author, m the Fncj/c Bntann (9thed),tt xxxii ' 
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Lastly, we have the semi-diurnal tides, for which 

'l=E'’'^YD?e cos (o-jf-f 20 + 6),. (15)^ 

where <t differs but little from Sw These include the ‘lunar semi-diurnar (or = 28® 984), 
the ‘solar semi-diurnal’ (a-=30®), and the ‘luni-solar semi-diurnar (o-=2o) = 30° 082) 

For a complete enumeration of the more important partial tides, and for the values 
of the coefficients IF, E'\ E”' in the several cases, we must refer to the papers by 
Lord Kelvin and Prof G PI Darwin, already cited In the Harmonic Analysis of Tidal 
Observations, which is the special object of these investigations, the only result of 
dynamical theory which is made use of is the general principle that the tidal elevation at 
any place must be equal to the sum of a series of simple-harmonic functions of the time, 
whose periods are the same as those of the several terms in the development of the 
disturbing potential, and are therefore known d ^priori The amplitudes and phases 
of the various partial tides, for any particular port, are then determined by comparison 
with tidal observations extending over a sufficiently long period i. Wo thus obtain 
a practically complete expression which can be used for the systematic prediction of the 
tides at the port m question 

f. One point of special interest in the Harmonic Analysis is the determination of the 
long-period tides It has been already stated that owing to the influence of dissipative 
forces these must tend to approximate more or less closely to their equilibrium values 
Unfortunately, the only long-period tide, whose coefficient can be inferred with any 
certainty from the observations, is the lunar fortnightly, and it is at least doubtful whether 
the dissipative forces are sufficient to produce in this case any great effect in the direction 
indicated Hence the observed fact that the fortnightly tide has less than its equilibrium 
value does not entitle us to make any inference as to elastic yielding of the solid body of 
the earth to the tidal distorting forces exerted by the moon \ 


^ It IS evident that over a small area, near the poles, which may be treated as sensibly plane, 
the lormulae (14) and (15) make 

fccrQQB{(rt + ^ + €), and f cc r^oos {at + ^cp + e)^ 
respectively, where r, w are plane polar cooidmates These forms have been used by anticipation 
m Arts 190, 210 

t It IS ot interest to note, in connection with Art 185, that the tide-gauges, being situated 
in relatively shallow water, are sensibly affected by certain tides of the second order, which there- 
fore have to be taken account of m the general scheme of Harmonic Analysis 

i Prof G H Darwin, Ic ante p 316 See, however, the paper by Lord Eayleigh cited on 
p. 336 ante 
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SURFACE WAVES 


226 We have now to investigate, as far as possible, the laws of wave- 
motion in liquids when the vertical acceleration is no longer neglected The 
most important case not covered by the preceding theory is that of waves 
on relatively deep water, where, as will be seen, the agitation lapidly 
diminishes in amplitude as we pass downwards from the surface, but it 
will be understood that there is a continuous transition to the state of 
things investigated in the preceding chapter, where the horizontal motion 
of the fluid was sensibly the same from top to bottom. 

We begin with the oscillations of a horizontal sheet of water, and wo will 
confine ourselves in the first instance to cases where the motion is m two 
dimensions, of which one (^) is horizontal, and the other (y) vertical The 
elevations and depressions of the free surface will then present the appearance 
of a senes of parallel straight ridges and furrows, perpendicular to the 
plane xy. 


The motion, being assumed to have been generated originally from rest 
by the action of ordinary forces, will necessarily be irrotational, and the 
velocity-potential </> will satisfy the equation 


with the condition 
at a fixed boundary 


dx"^ dy^ ' 


( 1 ) 

( 2 ) 


To find the condition which must be satisfied at the free surface 
{p = const ), let the origin 0 be taken at the undisturbed level, and let Oy 
be drawn vertically upwards The motion being assumed to be infinitely 
small, we find, putting Q=gym the formula (4) of Art. 20, and neglecting 
the square of the velocity (5), 


p 

p dt 


-gy + F{t) 


..( 3 ) 
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Hence if t] denote the elevation of the surface at time t above the point {x, 0), 
we shall have, since the pressure there is uniform, 



...(4) 


provided the function Fit), and the additive constant, be supposed merged 
in the value of dc^jdt Subject to an error of the order already neglected, 
this may be written 


(5) 

2/=0 


Since the normal to the free surface makes an infinitely small angle 
(drjldx) with the vertical, the condition that the noimal component of the 
fluid velocity at the fiee surface must be equal to the normal velocity of the 
surface itself gives, with sufiScient approximation, 





.( 6 ) 


This IS in fact what the general surface condition (Art 10 (3)) becomes, if 
we put F (w, y, z,t) = y — t), and neglect small quantities of the second order 


Eliminating rj between (5) and (6), we obtain the condition 




■ ( 7 ) 


to he satisfied when y — 0 

In the case of simple-harmonic motion, the time-factor being this 


condition becomes 


(T^cf) = g 


d<f> 

dy' 


( 8 ) 


227 Let us apply this to the free oscillations of a sheet of water, or 
a straight canal, of uniform depth h, and let us suppose for the present that 
there are no limits to the fluid m the direction of x, the fixed boundaries, if 
any, being vertical planes parallel to xy 

Since the conditions are uniform in respect to x, the simplest supposition 
we can make is that ^ is a, simple-harmonic function of x , the most general 
case consistent with the above assumptions can be derived from this by 
superposition, in virtue of Fourier’s Theorem 


We assume then 

<j> = P cos kx . . (1) 

where P is a function of y only. The equation (1) of Art 226 gives 

dy^ 

P = Ad‘y + Be-^ 


-&^P = 0, 


whence 


•( 2 ) 

(3) 
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The condition of no vertical motion at the bottom is dj>jdy =0 for y = — 
whence 

— say. 

This leads to (^ == (7 cosh h{y Ah) cos hx . (4) 

The value of cr is then determined by Art 226 (8), which gives 

cr2 = y7{;tanhM (5) 

Substituting from (4) in Art. 226 (5), we find 


or, writing 


71 = cosh M cos 7^;^ 

9 

a = — — cosh hh, 
9 


( 6 > 


and retaining only the real part of the expression, 

rj — acoshx sm(crit+6). .. .. (7) 

This represents a system of 'standing waves,' of wave-length \=27r//<Ty 
and vertical amplitude a The relation between the period (27r/cr) and the 
wave-length is given by (5). Some numerical examples of this dependence 
are given on p. 350 

In terms of a we have 

ga cosh k {y A It) 




cosh kh 


cos kx cos (at A e), 


( 8 ) 


and it is easily seen from Art 62 that the corresponding value of the stream- 
function is 

w 

If X, y be the co-ordinates of a particle relative to its mean position 
(x, y), we have 

dt dx ' dt dy' ^ ^ 

if we neglect the differences between the component velocities at the points 
(x, y) and (x A '^>y A y), as being small quantities of the second order 

Substituting from (8), and integrating with respect to t, we find 


• - _ „ cosh A (y + A) 


smh kh 


sin hx sin (at + e), 


sinhAj(y-f-7i) , / . v 


( 11 ) 


where a slight reduction has been effected by means of (5). The motion of 
each particle is rectilinear, and simple-harmomc, the direction of motion 
varying from vertical, beneath the crests and hollows (fe = m 7 r), to horizontal, 
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beneath the nodes {kx = tt). As we pass downwards from the surface 

to the bottom the amplitude of the vertical motion diminishes from a cos kcc 
to 0, whilst that of the horizontal motion diminishes in the ratio cosh kh 1. 

When the wave-length is very small compared with the depth, kh is large, 
and therefore tanh M= The formulae (11) then reduce to 

X = — ae^'^ sin kx sin {at -j- e), y = cos kx sin {at -he), ... (12) 

with a^ = gk (13) 

The motion now diminishes rapidly from the surface downwards , thus at 
a depth of a wave-length the diminution of amplitude is in the ratio or 
1/535 The forms of the lines of (oscillatory) motion (a/t = const ), for this 
case, are shewn m the annexed figure 



In the above investigation the fluid is supposed to extend to infinity in 
the direction of x, and there is consequently no lestriction to the value of k 
The formulae also, give, however, the longitudinal oscillations m a canal of 
finite length, provided k have the proper values If the fluid be bounded by 
the vertical planes ir = 0, x^l (say), the condition d(hldx = 0 is satisfied at 
both ends provided sin kl = 0, or kl == onTr, where m = 1, 2, 3, . The wave- 

lengths of the normal inodes are therefoie given by the formula X = 2i/?/i. 
Of Art 177 

228 The investigation of the preceding Art relates to the case of 
‘standing’ waves, it naturally claimed the first place, as a stiaightforward 
application of the usual method of treating the free oscillations of a system 
about a state of equilibrium 

In the case, however, of a sheet of water, or a canal, of uniform depth, 
extending horizontally to infinity m both directions, we can, by super- 
position of two systems of standing waves of the same wave-length, obtain 
a system of progressive waves which advance unchanged with constant 
velocity For this, it is necessary that the crests and troughs of one 
component system should coincide (horizontally) with the nodes of the other, 


* This case may of course be more easily investigated independently 
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that the amplitudes of the two systems should be equal, and that their 
phases should differ by a quarter-period 

Thus if we put V • (^) 

where 'r]i = a sin kx cos crt, — a cos kx sin at, . . (2) 

we get 7 ] — asm(kx±at), .. • 

which represents an infinite tram of waves travelling in the negative or 
positive direction of x, respectively, with the velocity c given by 

c = ^ tanh /c/^y , .... . .(4) 

where the value of a has been substituted fiom Art 227 (5) In teims of 
the w^ave-length (X,) we have 

■■ ■ 

When the wave-length is anything less than double the depth, we have 
tanh kh = 1, sensibly, and theiefore * 



On the other hand when X is moderately largo compared with h we have 
tanh kh — kh, nearly, so that the velocity is independent of the wave-length, 
being given by 

o=^(ffh)K (7) 

as in Art 169 This result is here obtained on the assumption that the 
wave-profile is a curve of sines, but Fouriei's theoicm shews that the 
restriction is now to a great extent unnecessary 

It appears, on tracing the curve 3/ = (tanh a')/®, or from the numerical 
table to he given presently, that for a given depth h the wave-velocity 
increases constantly with the wave-length, from zero to the asymptotic 
value (7) 

Let us now fix our attention, for definiteness, on a train of simple-harmonic 
waves travelling in the positive direction, %e we take the lower sign in (1) 
and (3). It appears, on comparison with Art 227 (7), that the value of 7)1 is 
deduced by putting e = ^ 7 r, and subtracting ^tt from the value of kx-f, and 
that of rj^ by putting e = 0, simply. This proves a statement made above as 
to the relation between the component systems of standing waves, and also 
enables us to write down at once the proper modifications of the remaining 
formulae of the preceding Art 

* Green, “Note on the Motion of Waves in Canals,” Camh Trans , t. vii (1889) \Math 
Pampers, p 279]. ' 

t This is merely equivalent to a change of the origin from which x is measured. 
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Thus, we find, for the component displacements of a particle, 

cosh k{y-{-h) ,, . ^ 

X = Xi - X 2 = a cos ikx — (Tt\ 

sinh kh ^ ' 

sinh yfc ( 2 / + A.) . ^.1 

y = y.-y.-<. s.ii(fa,-rf) J 


.( 8 ) 


This shews that the motion of each particle is elliptic-harmonic, the 
period (2'irlcr, =X/c) being that in which the disturbance travels over a wave- 
length The semi-axes, horizontal and vertical, of the elliptic orbits are 


cosh k(y-^ h) 
^ smh kh 


and 


sinh k {y H- h) 
^ sinh kh ’ 


respectively These both dimmish from the surface to the bottom (t/ = — h), 
where the latter vanishes The distance between the foci is the same for all 
the ellipses, being equal to acosechAA It easily appears, on comparison 
of (8) with (3), that a surfacc-particle is moving in the direction of wave- 
propagation when It IS at a crest, and in the opposite direction when it is m 
a trough* 

When the depth exceeds half a wave-length, is very small, and the 
formulae (8) reduce to 

X = ae^ oos (kx — crt), y = sm (kx — at), (9) 

so that each particle describes a circle, with constant angular velocity 
a, = { 27 rgl\)^’f The radii of these circles are given by the formula ae^^, 
and therefore diminish rapidly downwards 

In the first table on the next page, the second column gives the values 
of sech kh corresponding to vaiious values of the latio hjX This quantity 
measures the ratio of the horizontal motion at the bottom to that at the 
surface The third column gives the ratio of the vertical to the horizontal 
diameter of the elliptic orbit of a surface particle The fourth and fifth 
columns give the ratios of the wave-velocity to that of waves of the same 
length on water of infinite depths and to that of 'long’ waves on water of 
the actual depth, respectively. 

The tables of absolute values of periods and wave-velocities, which are also 
given on p 350, are abridged from Airy’s treatise| The value of g adopted 
by him is 32T6 fs.s 

The possibility of progressive waves advancing with unchanged form is 
limited, theoretically, to the case of uniform depth, but the numerical 
results shew that a variation in the depth will have no appreciable influence, 
provided the depth everywhere exceeds (say) half the wave-length. 


* The results of Arts 227, 228, for the case of finite depth, were given, substantially, by Airy, 
“ Tides and Waves,” Arts 160 (1845) 

f Green, Z c ante p 348 


X “ Tides and Waves,” Arts 169, 170 
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hjX 

sech hh 

tanh kh 

cl{gk-^)i 

cl{gh)i 

0 00 

1000 

0 000 

0 000 

1000 

01 

998 

063 

250 

999 

02 

992 

125 

354 

997 

03 

983 

186 

432 

994 

04 

969 

246 

496 

990 

05 

953 

304 

552 

984 

06 

933 

360 

600 

977 

07 

911 

413 

643 

970 

08 

886 

464 

681 

961 

09 

859 

512 

715 

951 

10 

831 

557 

746 

941 

20 

527 

850 

922 

823 

30 

297 

955 

977 

712 

40 

161 

987 

993 

627 

50 

086 

996 

998 

563 

60 

046 

999 

999 

515 

70 

025 

1000 

1 000 

477 

80 

013 

1000 

1 000 

446 

90 

007 

1000 

1000 

421 

1 00 

004 

1000 

1 000 

399 

00 

000 

1000 

1000 

000 


Depth of 



Length of 

wave, m feet 

watei , 







m feet 

1 

10 

100 

1000 

10,000 





Peiiod of wave, ni seconds 

1 

0 442 

1873 

17 645 

176 33 

1763 3 


10 

0 442 

1 398 

5 923 

55 80 

557 62 


100 

0 442 

1398 

4 420 

18 73 

176 45 


1000 

0 442 

1398 

4 420 

13 98 

59 23 


10,000 

0 442 

1398 

4 420 

13 98 

44 20 











Depth of 



Length of 

wave, m feet 


water, 







in feet 

1 

10 

100 

1000 

10,000 

00 

— 


Wave- velocity, 

m feet pei 

second 


1 

2 262 

5 339 

5 667 

5 671 

5 671 

5 671 

10 

2 262 

7154 

16 88 

17 92 

17 93 

17 93 

100 

2 262 

7154 

22 62 

53 39 

56 67 

56 71 

1000 

2 262 

7154 

22 62 

71 54 

168 8 

179 3 

10,000 

2 262 

7154 

22 62 

71 54 

226 2 

567 1 


We remark, finally, that the theoiy of progressive waves may be obtained, 
without the intermediary of standing waves, by assuming at once in place 
of Art. 227 (1), 


( 10 ) 
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The coTiditions to be satisfied by P are exactly the same as before, and we 
easily find, in real form, 

->7 = a sm (te — c7^), . (11) 

ga QOs\ikiy -\-h) 




cos (lex — at), 


( 12 ) 


with the same determination of a as before From (12) all the preceding 
results as to the motion of the individual particles can be inferred without 
difficulty 

229 The energy of a system of standing waves of the simple-harmonic 
type IS easily found If we imagine two vertical planes to be drawn at unit 
distance apart, parallel to xy, the potential energy per wave-length of the 
fluid between these planes is, as in Ait 173, 

rA 

r)^dx. 




Substituting the value of rj from Art 227 (7), we obtain 

sin^ (o-^ + e) . . . . 
The kinetic energy is, by the formula (1) of Art 61, 


( 1 ) 


^i: 


<!> 


d4>' 


dx 


Substituting from Art 227 (8), and remembering the relation between a and 
h, we obtain 

\gpoFK cos^(c7^ + 6) . (2) 

The total energy, being the sum of (1) and (2), is constant, and equal to 
\gpa‘^X We may express this by saying that the total energy per unit area 
of the water-surface is \gpd^ 

A similar calculation may be made for the case of progressive waves, or 
we may apply the more general method explained in Art 173 In either 
way wo find that the eneigy at any instant is half potential and half kinetic, 
and that the total amount, per unit area, is \gpar. In other words, the 
energy of a progressive wave-system of amplitude a is equal to the work 
which would be required to raise a stratum of the fluid, of thickness a, 
thiough a height \a 

230 The theory of progressive waves may be investigated, m a very 
compact manner, by the method of Art. 174^ 

Thus if (j), '\(r be the velocity- and stream-functions when the problem has 
been reduced to one of steady motion, we assume 

— = — (^ -f %y) 4- 




* Lord Bayleigh, I c ante p 246 
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whence ^ = — x — (ae“*s/ — yge*y) sin kx, 

" [ ( 1 ) 

^ = — y + (ae~^ + /Se*^) cos kx 

C / 

This represents a motion which is periodic in respect to x, superposed on 
a uniform current of velocity c We shall suppose that ka and k^ are small 
quantities, m other words, that the amplitude of the disturbance is small 
compared with the wave-length 

The profile of the free surface must be a stream-line , we will take it to 
be the line = 0 Its form is then given by (1), viz to a first approximation 
we have 

y = (a + /3) cos kx, (2) 

shewing that the origin is at the mean level of the surface Again, at the 
bottom (y = — A) we must also have 'xir = const , this requires 

(xe^^ -h = 0 


The equations (1) may therefore be put in the forms 

+ 0 cosh k(y + h) sin kx, 
c 

r 

'\J/' 

-1- = — 2 / 4 - Csm]ik(y + h) cos Lx 

c j 

The formula for the pressure is 

= const - - - {1 - 2kc cosh k (y 4- h) cos kx], 


.. .( 3 ) 


if we neglect k^C^ Since the equation to the stream-line '\/r = 0 is 

y = G sinh kh cos kx, (4) 

approximately, we have, along this line. 


= const -f (kc^ coth kh — g) y. 

P 

The condition for a free surface is therefore satisfied, provided 


e = gh.- 


tanh kh 


This determines the wave-length {2-Trjk') of possible stationary undulations on 
a stream of given uniform depth h, and velocity c. It is easily seen that the 
value of kh is real or imaginary according as c is less or greater than {gh)^. 

If we impress on everything the velocity - c parallel to x, we get 
progressive waves on still water, and (5) is then the formula for the wave- 
velocity, as in Art 228 
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^ = -x + ^e^vsmkx, ^ = - y + jSe’^y cos kx, . . (6) 

leading to ^ = const. cos kx + 

If we neglect kf‘^^, the latter equation may be written 


•• ■ ( 7 ) 


P 


Hence if 


= const. + (* 0 “ -g)y + kcyjr. 
c^-S. 

" ~yfc' •• •• 


• (8) 
(9) 


the pressure will he uniform not only at the upper surface, but along every 
stream-line f = const * This point is of some importance , for it shews that 
the solution expressed by (6) and (9) can be extended to the case of any 
number of liquids of different densities, arranged one over the other in 
horizontal strata, provided the uppermost surface be free, and the total depth 
infinite And since there is no limitation to the thinness of the strata we 

may even include the case of a heterogeneous liquid whose density varies 
continuously with the depth. ^ vanes 

231 The method of the preceding Art can be readily adapted to a 
number of other problems ^ 

1“ For example, to find the velocity of propagation of waves over the 
common honzontal boundary of two masses of fluid which are otherwise 
unlimited, we may assume 


'^ = -y + /3e^y cos kx, ^ = - y -t- cos kx, 


( 1 ) 


where the accent relates to the upper fluid For these satisfy the condition 
of irrotational motion, = 0 , and they give a uniform velocity c at a great 
distance above and below the common surface, at which we have = =0 

say, and therefore y = /3 cos kx, approximately ^ ’ 


The piessure-equations are 


P 

“ = const 


— cos hx), 


p' 

= const 


~ 2 U + 2/ryQe~^ cos kx), 


.( 2 ) 


L 

23 
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which give, at the common surface, 

= const —(g— Icd^) 2/, 

P 

= const — (g H- Icc^) y, 

P ^ 


( 3 ) 


the usual approximations being made The condition ^ — p' thus leads to 


c 


2 =^ P^P 

k p + p'’ 


.. (4) 


a result first obtained by Stokes 

The presence of the upper fluid has therefore the effect of diminishing 
the velocity of piopagation of waves of any given length in the ratio 
{(1 — s)/(l 4- 5 )}^, where s is the ratio of the density of the upper to that of 
the lower fluid This diminution has a two-fold cause , the potential energy 
of a given deformation of the common surface is diminished in the ratio 
1 whilst the inertia is increased in the ratio As a numerical 

example, m the case of watei over mercury ( 5 ”''^ = 13G) the wave-velocity 
IS diminished in the latio 929 


It IS to be noticed, in this and in other problems of the kind, that there 
is a discontinuity of motion at the common suifaco The normal velocity 
{d'\{rldx) IS of course continuous, but the tangential velocity (- d'fjdy) changes 
from c (1 -7{;/3 cos/a*) to c ( l-H Z*/3 cos fe) as we cross the surface, in other 
words we have (Art 151) a voitex-sheet of strength — 27;c/3 cos 7.^6' This is 
an extreme illustiation of the remark, made in Art 17, that the fiee oscil- 
lations of a liquid of vaiiable density aie not nccessanly motational 


If p < p', the value of c is imaginary The undisturbed c(iuilibnum- 
arrangement is then unstable 

2° The case where the two fluids are confined between ligid horizontal 
planes y — y = N, is almost equally simple We have, m place of (1), 

c - y ^ sinhM' 

■ ■ 0 ) 

c“. = 2 P-P' 

k p coth /cA *f p' coth 


•C 


sinh kh 


leading to 


( 6 ) 


* This explains why the natural peiiods of oscillation of the common surface of two IkiuuIh 
of veiy nearly eqLual density aie very long compared with those of a free surface of similai extent 
The fact was noticed hy Benjamin Franklin in the case of oil over watei , see a letter dated 
1762 {Complete Works, London, n d , t 11 . p 112) 

Again, near the mouths of some of the Norwegian fiords there is a lay 01 of fresh ovei salt 
water Owing to the comparatively small potential energy involved in a given deformation of the 
common boundary, waves of considerable height in this boundary are easily produced. To this 
cause IS ascribed the abnormal resistance occasionally experienced by ships in those waters See 
Bkman, “ On Dead-Water,” Scientific Besults of the Norwegian North Polar Expedition, pt xv , 
Christiania, 1904 
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When Ml and Mi are both very great, this reduces to the form (2). When 
W IS large, and Mi small, we have 

= ( 7 ) 

the main effect of the presence of the upper fluid being now the change in 
the potential energy of a given deformation 

3“ When the upper surface of the upper fluid is free, we may assume 




0 
'xjjr 


■ 3 / + (^ cosh ky + -y smh ky) cos kx, 


.( 8 ) 


and the conditions to bo satisfied at the common boundary, and at the free 
surface, then lead to the equation 

c* (p coth kh coth kh! + p') — c^p (coth kh' + coth kh)^ + (p _ _ 0 _ 

Since this is a quadratic in , there are two possible systems of waves of any 
pven length (27r//.) This is as we should expect, since when the wave- 
length IS prescribed the system has virtually two degrees of freedom, so that 
^ere are two independent modes of oscillation about the state of equilibrium 
For example, in the extreme case where p'jp is small, one mode consists 
mainly in an oscillation of the upper fluid which is almost the same as if 
the lower fluid weie solidified, whilst the other mode may bo desciibed as an 

oscillation of the lower fluid which is almost the same as if its upper surface 
wore free ^ 

The ratio of the amplitudes at the uppei and lower surfaces is found to be 

he- 

hd^ qob\\ Ml' -- g fm.xh. Ml * ‘ * (^^0 

Of the various special cases that may bo considered, the most interostinv 
IS that in which kh IS large , i , the depth of the lower fluid is groat compared 
with the wave-length Putting coth kh = 1, we see that one root of (9) is now 

( 11 ) 

exactly as in the case of a single fluid of infinite depth, and that the ratio of 

he amplitudes is e ‘ This is merely a particular case of the general result 

stated at the end of Ait 230, it will m fact be found on examination that 

there is now no slipping at the common boundary of the two fluids The 
second root of (9) IS ^wo nums ine 

p~p' g 

— ( 12 ) 




p coth. kh' + p' k’ 
and for this the ratio (10) assumes the value 




l]e 


>—kh* 


.(13) 


23--2 
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If in (12) and (13) we put W = <x>, we fall back on a former case , whilst if 
we make hh' small, we find 

0^={l-PL^gh\ (14) 

and the ratio of the amplitudes is 

-(r^) 

These problems were first investigated by Stokes^ The case of any 
number of superposed strata of different densities has been treated by Webbf 
and GreenhillJ For investigations of the possible rotational oscillations in 
a heterogeneous liquid the reader may consult the papers cited below§ 


232 As a further example of the method of Art 230 let us suppose that 
two fiuids of densities p, p', one beneath the othei, aie moving parallel to oo 
with velocities U, respectively, the common surface (when undisturbed) 
being of course plane and horizontal This is virtually a problem of small 
oscillations about a state of steady motion 


The fluids being supposed unlimited vertically, we assume, for the lower 
fluid 

U[y — coskx], . . . (1) 


and for the upper fluid 


— ?7' (y — cos koo], 


( 2 ) 


the origin being at the mean level of the common surface, which is assumed 
to be stationary, and to have the form 


y = y8 cos hx 

The pressure-equations give 


P 

P 


= const — py - I (7^ (1 — cos kx), 


t 

P 


const — gy — \ U'^ (1 + 2/c/3e”"^2^ cos kx), 


( 3 ) 

(4) 


* “ On the Theory of Oscillatory Waves,” Cam!) Trans , t vin (1847) {Math and Phys. 
Papers, tip 212] 

i Math Tripos Papers^ 1884 

t ‘Wave Motion in Hydrodynamics,” Amer Journ Math , t ix (1887) 

§ Lord Rayleigh, “ Investigation of the Character of the Equilibrium of an Incompressible 
Heavy Eluid of Variable Density,” Proc Lond Math Soc., t xiv p 170 (1883) [Sc Papers, t ii 
p 200], Burnside, “On the small Wave-Motions of a Heterogeneous Fluid under G-ravity,” 
Pioc Lond Math Soc , t xx p 392 (1889), Love, “Wave-Motion in a Heterogeneous Heavy 
Liquid,” Pioc Lond Math Soc , t xxii p 307 (1891). 



231-232] Waves on the Boundary of Two Currents 

whence, at the common surface, 


P 


P 


= const + — g) y, 


7 = const — g)y 

r 

Since we must have p' over this surface, we get 

pU^ + p'U'^- = l(p-p') .. 


35r 


(5) 


.( 6 ) 


This IS the condition for stationary waves on the common surface of the 
two currents U, U' It may be written 

(pU + p'Uf 


V p+p' 


-3. P~P 


PP 




■ 0 ) 


The quantity 


k p + p (p + p'Y 
pTI+p'U' 

P + p' 

may be called the mean velocity of the two currents , and it appears that 
relatively to this the waves have velocities + c, given by 


— Co^ * 


■ (U- 

(P + Pf^ 


UJ, 


.( 8 ) 


where Co denotes the wave- velocity in the absence of currents (Art 231) 

If the relative velocity \JI—U'\ of the cuirents exceed a certain limit, 
given by 




g p--p^ 


h pp' 


(9) 


the value of c is imaginary, indicating instability This uppei limit diminishes 
indefinitely with the wave-length 

This result would indicate that, if there were no modifying circumstances, 
the slightest breath of wind would be suflficient to rufile the surface of water. 
We shall give, later, a more complete investigation of the present problem, 
taking account of capillary forces, which act in the direction of stability. 


It appeals from (7) that if p = p\ or if ^^ = 0, the plane form of the 
surface is unstable for all wave-lengths This result illustrates the state- 
ment, as to the instability of surfaces of discontinuity m a liquid, made in 
Art 79^ 


When the currents are confined by fixed horizontal planes y = — A, we assume 






smh k (y-f-A) 
smh kh 


cos^^ 






smh k (y - A') 
smh khf 


cos > 


( 10 ) 


The instability was first remarked by Helmholtz, I c. ante p 20 
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The condition for stationary waves on the common surface is then found to be 


pZ72cothXA+p'?7'2coth (p-p') . . (11)^ 


It appears on examination that the undisturbed motion is stable or unstable, according 


as 


U- U'\ 


p coth Hi + p' coth Hi' 

(pp' coth Hi coth Hi')^ ^ ’ 


( 12 ) 


where is the wave-velocity m the absence of currents When h and h' both exceed half 
the wave-length, this reduces practically to the former result (9) 


233 These questions of stability are so important that it is worth while 
to give the more direct method of treatment f 


If cj> be the velocity-potential of a slightly disturbed stream flowing with 
the general velocity U parallel to x, we may write 


where <pi is small 


(f> — — Ux <pi, 

The pressure-formula is, to the first order, 




(1) 

..( 2 ) 


and the condition to be satisfied at a bounding surface y = 77 , where rj is small, 

IS 


^ , rr ^ _ d<pi 

dt'^ dx'^ 0y 


(3) 


To apply this to the problem stated at the beginning of Art. 232, we 
assume, for the lower and upper fluids, respectively, 


= CQfsy^i(hx-(rt)^ _ Qf ^ 

With, as the equation of the common surface, 


(4) 


rj = • (5) 

The continuity of the pressure at this surface requires, by (2), 

p{i{cr-hlI)C-\-ga\ = p'[i{(r-k’U')G'-\-ga}, ( 6 ) 

■whilst the surface-condition (3) gives 

i(<7-kU)a = JcG, i{a-kU')a = -kG' (7) 

Eliminating a, G, G', we get 


whence 


p(<r- kUf + p' (cr - kUy =gk{p- p'), 


<r 

V 


pU + p'U' 
p + p 


p-p 
p + p' 


pp 


ip+pl 


(V- UJ 


..( 8 ) 

..(9) 


* Greenhill, I c ante p 356 

t Sir W Thomson, “ Hydrokmetic Solutions and Observations,” P/wJ Mag (4), t xh (1871) 
[Balttmore Lectures^ p 590], Lord Bayleigh, “On the Instability of Jets,” Proc Lond. Math, 
;Soc , t X p 4 (1878) [Sc, Papers, t i p 361] 
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leading to the same conclusions as in Art 232 If 

(u-uy>^-p^c,\ (10) 

where Co is the wave-velocity in the absence of currents, <t is imaginary, of 
the form a ± ^/3. The complete solution then contains a term with as 
a factor, indicating indefinite increase of amplitude 

If p = p\ it is evident from (8) that <r will be imaginary for all values of Jc 
Putting U' = — Uj we get 

(r = ±ikU . ... ( 11 ) 

Hence, taking the real part of (5), we find 

7 ] = cos hx (12) 

The upper sign gives a system of standing waves whose height continually 
increases with the time, the rate of increase being greater, the shorter the 
wave-length. 

The case of p = p\ with U = U\ is of some interest, as illustrating the 
flapping of sails and flags* We may conveniently simplify the question by 
putting Z7 = TJ' = 0 , any common velocity may be superposed afterwards if 
desired On these suppositions, the equation (8) reduces to = 0 On 
account of the double root the solution has to be completed by the method 
explained in books on Differential Equations In this way we obtain the 
two independent solutions 

(56, = 0, (#)/ = 0, . .(13) 

and r) = ate^^^, = .. . (14) 

The former solution represents a state of equilibrium , the latter gives a 
system of stationary waves with amplitude increasing proportionally to the 
time In this form of the problem there is no physical surface of separation 
to begin with , but if a slight discontinuity of motion be artificially produced, 
eg by impulses applied to a thin membrane which is afterwards dissolved, 
the discontinuity will peisist, and, as we have seen, the height of the cor- 
rugations will continually increase 

The above method, when applied to the case where the fluids are confined between two 
rigid horizontal planes y= - 4, y=/i', leads to 

p((r--‘kir)^coihkh + p'(ar-kUyooihkh'=gk(p-p'\ . . (15) 

which IS equivalent to Art 232 (11) 


Lord Eayleigh, I c. 
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234 The investigations of the preceding Arts relate to a special 
type of waves, the profile is simple-harmonic, and the tram extends to 
infinity m both directions But since all our equations are linear (so long 
as we confine ourselves to a first approximation), we can, with the help of 
Fourier’s theorem, build up by superposition a solution which shall represent 
the effect of arbitrary initial conditions Since the subsequent motion is in 
general made up of systems of waves, of all possible lengths, travelling in 
either direction, each with the velocity proper to its own wave-length, the 
form of the free surface will continually alter The only exception is when 
the wave-length of every system ’which is present in sensible amplitude is 
large compared with the depth of the fluid The velocity of propagation 
{gKf IS then independent of the wave-length, so that in the case of waves 
travelling in one direction only, the wave-profile remains unchanged in form 
as it advances (Art. 169). 

The effect of a local disturbance of the surface, in the case of infinite 
depth, will be considered presently, but it is convenient to introduce in 
the first place the very important conception of ‘ group-velocity,’ which has 
application, not only to water-waves, but to every case of wave-motion 
where the velocity of propagation of a simple- harmonic tram varies with the 
wave-length 

It has often been noticed that when an isolated group of waves, of sensibly 
the same length, is advancing over relatively deep water, the velocity of the 
group as a whole is less than that of the waves composing it. If attention 
be fixed on a particular wave, it is seen to advance through the group, 
gradually dying out as it approaches the front, whilst its former place in 
the group is occupied m succession by other waves which have come forwaid 
from the rear* 

The simplest analytical representation of such a group is obtained by the 
superposition of two systems of waves of the same amplitude, and of neaily 
but not quite the same wave-length The corresponding equation of the 
free surface will be of the form 

97 = a sm (kx — cri) -f- a sm {k'x — at) 

= 2a cos (fc “ A') a; — (o- — a) it} sm (k -f- k') ic — ^ (cr -h a) ^ j 

( 1 ) 

If k, k' be very nearly equal, the cosine in this expression varies very slowly 
with X , so that the wave-profile at any instant has the form of a curve of 
sines in which the amplitude alternates gradually between the values 0 and 
2a. The surface therefore presents the appearance of a series of groups of 
waves, separated at equal intervals by bands of nearly smooth water The 
motion of each group is then sensibly independent of the presence of the 


Scott Bussell, “Eeport on Waves,’' J5?iC Ass Mej) 1844, p 369. 
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others. Since the distance between the centres of two successive groups is 
27r/(A;-/c'), and the time occupied by the system in shifting through this 
space IS 27r/(cr - tr'), the group-velocity ( U, say) is = (<r - o-')/(ifc - k'), or 



.( 2 ) 


ultimately 


In terms of the wave-length X (= 27r/A:), we have 


jj _d (kc) 

~W 


= c — X 


dc 

dX’ 


where c is the wave- velocity. 


( 3 ) 


This result holds for any case of waves travelling through a uniform 
medium In the present application we have 


-d 


tanh kh 


and therefore, for the group-velocity, 


d (kc) . /_ smh 2M\ 


..( 4 ) 


.(5) 


The ratio Avhich this bears to the wave-velocity c increases as hh diminishes, 
being J when the depth is very great, and unity when it is very small, 
compared with the wave-length. 


The above explanation seems to have been first given by Stokes^. The 
extension to a more general type of group was made by Kayleighf and 
Gouyl The argument of these writers admits of being put very concisely 
Assuming a disturbance 

y = XO cos (crt — + e), (6) 

where the summation (which may of course be replaced by an integration) 
embraces a series of terms in which the values of a-, and therefore also of fc, 
vary very slightly, we remark that the phase of the typical term at time 
t + At and place x-^-Ax differs from the phase at time t and place x by the 
amount a At — k Ax Hence if the variations of cr and k from term to term 
be denoted by So- and S/r, the change of phase will be sensibly the same for 
all the terms, provided 

hcTAt-ZkAx-=0 ( 7 ) 

The group as a whole therefore travels with the velocity 


Ax dcr 
At^ dk* 


...( 8 ) 


Smith’s Prize Ezamination, 1876 \Math, and Phys Papers^ t v p 362] See also Lord 
Rayleigh, Theory of Sound, Art 191. 

f Nature, t xxv p 52 (1881) [^c. Papers, 1 . 1 p 540] 

X “ Sur la Vitesse de la lumi^re,” Ann. de Chim et de Phys , t zvi p. 262 (1889) 
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Another derivation of (3) can be given which is, perhaps, more intuitive 
In a medium such as we are considering, where the wave- velocity varies with 
the frequency, a limited initial disturbance gives rise in general to a wave- 
system in which the different wave-lengths, travelling with different velocities, 
are gradually sorted out (Arts 236, 237) If we regard the wave-length X 
as a function of cc and t, we have 

1+ w 


Since X does not vary in the neighbourhood of a geometrical point travelling 
with velocity CT, this is, in fact, the definition of U Again, if we imagine 
another geometrical point to travel with the waves, we have 


dx dx dX dx ’ 


( 10 ) 


the second member expressing the rate at which two consecutive wave-crests 
are separating from one another Combining (9) and (10), we arc led, again, 
to the formula (3)^ 

The formula (3) admits of a simple geometrical representation If 
a curve be constructed with X as abscissa and c as ordinate, the group- 
velocity will be represented by the intercept made by the tangent on the 



axis of c. Thus, in the figure, PN represents the wave-velocity for the wave- 
length ON, and OT represents the group-velocity The frequency of 
vibration, it may be noted, is represented by the tangent of the angle PON 

In the case of gravity-waves on deep water, coc the curve has the 
form of the parabola = ^ax, and OT^\PN, ^ e , the group-velocity is one- 
half the wave-velocity. 

See a paper “ On Group- Velocity,” Proc Loud, Math Soe. (2), t i p 473 (1904) 

+ Manch Mem,, t xliv No 6 (1900) 
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235 The group- velocity has moreover a dynamical, as well as a geo- 
metrical, significance This was first shewn by Prof Osborne Reynolds^, in 
the case of deep-water waves, by a calculation of the energy propagated 
across a vertical plane In the case of infinite depth, the velocity-potential 
corresponding to a simple-harmonic train 


r) — a^ink{x — Gt), . ( 11 ) 

is (p = ace^^ cos Jc(x — ct), .. (12) 

as may be verified by the consideration that for y = 0 we must have 
drjidt = — d<j>ldy The variable pait of the pressure is pd(j)ldt, if we neglect 
terms of the second order, so that the rate at which woik is being done on 
the fluid to the right of the plane x is 

— J pa^k^c ^ sin- k(x— ct) J dy 


=^\gporcBm%{x — ct), , . . (13) 

since c^ = g/k The mean value of this expiession is ^gpo?c It appears on 
reference to Art. 229 that this is exactly one-half of the energy of the waves 
which cross the plane in question pei unit time Hence in the case of an 
isolated group the supply of energy is sufficient only if the group advance 
with half the velocity of the individual waves 


It IS readily proved in the same manner that in the case of a finite depth 
h the average energy transmitted per unit time isf 


T ^ 2kh \ 

Igpa-c [1 + . 

which IS, by (4), the same as 


•• ( 14 ) 


X - 


d{Jcc) 


dk 


(15) 


Hence the rate of transmission of energy is equal to the group-velocity, 
d(kc)ldlc, found independently by the former line of argument 

This identification of the kineraatical group-velocity of the preceding 
Art. with the rate of transmission of eneigy has been extended to all kinds 
of waves by Lord Rayleigh (I c) 

From a physical point of view the group-velocity is perhaps even more 


* “On the Kate of Progression of Groups of Waves, and the Bate at which Energy is 
Transmitted by Waves,” Nature, t xvi p 343 (1877) ISc Pa>:pers, t i p 198]. Piofessor 
Eeynolds has also constructed a model which exhibits in a very striking manner the distinction 
between wave-velocity and group-velocity in the case of the transverse oscillations of a row of 
eq[ual pendulums whose bobs are connected by a string. 

t Lord Bayleigh, “On Progressive Waves,” Proc Lond. Math, Soc , t ix. p 21 (1877) 
\_Sc Papeis, tip 322], Theory of Sound, t i , Appendix 
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important and significant than the wave-velocity The latter may he greater 
or less than the former, and it is even possible to imagine mechanical media 
m which it would have the opposite direction, ie d. disturbance might be 
propagated outwards from a centre m the form of a group, whilst the in- 
dividual waves composing the group were themselves travelling backwaids, 
coming into existence at the front, and dying out as they approach the 
rear* Moreover, it may be urged that even in the more familiar pheno- 
mena of Acoustics and Optics the wave- velocity is of importance chiefly 
so far as it coincides with the group-velocity 

236 The theory of the waves pioduced in deep water by a local 
disturbance of the surface was investigated in two classical memoirs by 
Cauchyf and Poisson^ The problem was long regarded as difficult, and 
even obscure, but m its two-dimensional form, at all events, it can be pre- 
sented in a comparatively simple aspect 

It appears from Arts 40, 41 that the initial state of the fluid is deter- 
minate when we know the foim of the boundary, and the boundary-values of the 
velocity-potential (j>, or of the normal velocity 3</)/9n Hence two forms of 
the problem naturally present themselves, we may start with an initial 
elevation of the free surface, without initial velocity, or we may start with 
the surface undisturbed (and therefoie hoiizontal) and an initial distiibution 
of surface-impulse (p</)o) 

If the oiigin be m the undisturbed surface, and the axis of y be drawn 
vertically upwards, the typical solution for the case of initial rest is 

7^ = cos 0 -^ cos (1) 

I sin 0“t r.. j / ir\\ 

g cos kx, . . ... .(2) 

provided (r^ = gJc^ . . (3) 

in accordance with the ordinary theory of '^standing’’ waves of simplc- 
harmonic profile (Art 227) 

If we generalize this by Fourier’s double-integral theorem 

f(x) = - / dk f (a) cos k{x— a) dot, (4) 

TT J 0 i -00 

then, corresponding to the initial conditions 

’?=/(<»)> ^0 = 0, . (5) 

* P)oc Lond Math Soc (2), t i p 473 
t I c ante, p 15 

X “ Memoire sur la theone des ondes,” M^m da VAcad Boy des Sciences, t i (1816) 
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whei’e the zero suffix indicates surface- value {y = 0), we have 

1 r°° 

t; = — / COS crtdh I /(a) cos k{a) — a) da, . .. (6) 

TT j 0 J — oQ 

= dk J f{a)Q>osk{x--a)da ( 7 ) 


If the initial elevation be confined to the immediate neighbourhood of 
the origin, so that /(a) vanishes for all but infinitesimal values of a, we have, 
assuming 



da—1, 


( 8 ) 


= cos hx dk. 

^ IT Jq a 

This may be expanded in the form 
.9^ 


</> = 


TT Jo 


9lj,.(9fl 


k + ~r~ — . . [ cos kx dk, 


where use is made of (3) If we write 

--- y^r cos 6, x = rBmd, . . 
we have, y being negative^, 


(9) 

.( 10 ) 

(11) 


j cos kx k'^ dk = cos ()^ + 1) 

so that (10) becomes 
gt fcos 6 




TT I r 




cos Z9 


( 12 ) 


...(13) 


a result which is easily verified From this the value of rj is obtained by 
Art 226 (5), putting ^ = + Thus, for x>Q, 


TTX \2x 


1 /gty 1 fgty 
3 5V2J "’’S 5.7 d\2w) 


... .(14) 


It IS evident at once that any particular phase of the surface disturbance, 
eg , a zero or a maximum or a minimum of 7j, is associated with a definite 
value of gfj^x, and therefore that the phase in question travels over the 
surface with a constant acceleration The meaning of this somewhat 
remarkable result will appear presently (Art 238) 


* This formula may be dispensed with It is sufficient to calculate the value of <p at points 
on the vertical axis of symmetry, its value at other points can then, be written down at once by a 
pioperty of harmonic functions (ef Thomson and Tait, Art 498) 
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The senes m (14) is virtually identical with one (usually designated by i¥*) which 
occurs in the theory of FresneFs diffraction-integials In its present form it is convenient 
only when we are dealing with the initial stages of the disturbance , it converges very 
slowly when is no longer small The series may, however, be summed as follows 

Writing, with a slight change from the usual convention, 




3 5 3 5 7 9 




13 135713579 11 


and 
we find 

or 


3'^1 3 5'^! 3 5 7 

26)4^==X+^<»(1+x)5 


+ 


dcti 


dti) Wfo) 


&)/ \\/«/ 


2^0) 


(15) 


(16) 


(17) 


The solution of this equation, subject to the condition that x ultimately vary as co, 
when 0 ) IS small, is 

ro) .-hiU 

(18) 


.0 




- dll 


Hence, equating separately imaginary and real parts, we obtain 


3 

> 

11 

cos ^ 0 ) J 

f cos \u -h sm Vo) j 

1 Sin ■ha—r ] 

0 " J'K'] 

\ 

" J 

1 

J 

f cos - COSTCO j 

0 - " J 

f ^ 1 du] 

sin iu , 

' 0 

i'l 


(19) 


which arc, virtually, well-known losults t 


The equation (14) is equivalent to 



^/co 
^ “ ~27rx 

^COS ^ 0 ) 

r“ 1 dti 1 

cos to -J- + sm ico 

/() Vw 


• .(20) 

where 



8 

11 

1 

. . 

. .(21) 


This agrees with a result given by Poisson The definite integials are 
practically of Fresnel’s forms, and may be considered as known functions , so 
that the present problem may be regarded as completely solved Moreover, 
Lommel, in his researches on Diffraction j., has given a table of the function 
M/co We are thus enabled to delineate the first nine or ten waves with great 
ease The fig on the next page shews the variation of rj with the time, at a 
particular place , for different places the intervals between assigned phases 


* Ci Eayleigh, Sc Papeis, t m p. 129 
f Cf Bayleigh, I c 

X “Die Beuguugserscheniungen geradlmiger hegrenztei Schirme,” Ahh d. k. Bayer, Akad, d, 
Wiss , 2<^ 01 , t XV (1886) 
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vary as whilst the corresponding elevations vary inversely as x The 
diagrams on p 368, on the other hand, shew the wave-profile at a particular 
instant, at different times, the horizontal distances between corresponding 
points vary as the square of the time that has elapsed since the beginning 
of the disturbance, whilst corresponding elevations vary inversely as the 
square of this time 



[The unit of the horizontal scale is \/(2%) That of the vertical scale is 
if Q be the sectional area of the initially elevated fluid ] 


When gt^l2x is large, the definite integrals m (19) approximate to the 
limit , and we then have 


m 

in agreement with a result of Poisson and Cauchy 

Expressions for the remainder are also given by these writers Thus 
Poisson obtains (virtually) the scmi-convergent expansion 

M = (cos \a) + sin - j- - — j ^ ^ - ... I (23) 

[co (0^ co^ J ^ 

This IS readily obtained from (18) Thus 


= (1 -iV’T 

ICD® (0^ CO^ J 


by a senes of partial integrations Since if is the real part of -fx, the result (23) follows 


^ cos ^ = 2^2 / coQvHv=:j7r, 


^ Thus 
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237 In the case of initial impulses applied to the surface, supposed 
horizontal, the typical solution is 

p 4> = cos crt ^ coshx, (26) 


r] = — - a sin at COS kx, 


with 0-2 = gk as before. Hence, if the initial conditions be 

p<f>o = F(x), v^O, 

we have (6 = — [ cnsati^dhf i.t ^ j.. 


. (27) 


j ^ cos at dk J F (a) cos k{x- a) da, . . ( 28 } 


"n-p J 0 J ^ wo n, ya, — U,M, . . 

1 /■” foo 

7 = - — ^Sin 0-id/cj (a) cos (a; -a) da. (29) 

For a concentrated impulse acting at the point a; = 0 of the surface, we 
nave, putting 

j_ F(a)da = l, (30) 


= ~J ^ cos ate^ coskxdk (31) 

This integral may be treated in the same manner as (9), hut it is evident 
that the results may be obtained immediately by performing the operation 
1/gp . djdt upon those of Art 236 Thus from (13) and (14) we derive 

), ( 32 , 



L 


24 
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The formula (33) may also he written 

t dM _ t M 

^ "TTpa? dm ^irpa? \ co ) ’ 

where M and JV are defined by (15), and a = gty2x, as before The function 
JV/ft) has also been tabulated by Lommel, so that the forms of the first few 
waves can be traced without difficulty The fig on p 369 shews the rise and 
fall of the surface at a particular place , for different places the time-intervals 
between assigned phases vary as V«. as in the former case, but the corre- 
sponding elevations now vary inversely as co^. In the diagrams on p 370, 
which give an instantaneous view of the wave-profile, the horizontal distances 
between corresponding points vary as the square of the time, whilst corre- 
sponding ordinates vary inversely as the cube of the time 


For large values of gtyix, we find, performing the 
upon (22), 


approximately. 




2^. 


TT^pOO^ 


gt^ . gt^ 

cos sin ^ 

, 4iX. 


operation Ijgp djdt 

(35) 


238 It remains to examine the meaning and the consequences of the 
results above obtained It will be suflficieiit to consider, chiefly, the case of 
Art 236, where an initial elevation is supposed to be concentrated in a line 
of the surface 

At any subsequent time t the surface is occupied by a wave-system whose 
advanced portions are delineated on p 368. For sufficiently small values of 
x the form of the waves is given by (22) , hence as we approach the origin 
the waves are found to dimmish continually in length, and to increase 
continually in height, m both respects without limit 

As t increases, the wave-system is stretched out horizontally, proportionally 
to the square of the time, whilst the vertical ordmates are correspondingly 
diminished, in such a way that the area 

^ t]dx 

included between the wave profile, the axis of x, and the ordmates corre- 
sponding to any two assigned phases (le., two assigned values of m) is 
constant* The latter statement may be verified immediately from the 
mere form of (14) or (20) 


* This statement does not apply to the case of an initial impulse The corresponding pro- 
position then is that 

taken between assigned values of w, is constant. This appears from ( 32 ) 


24—2 
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The oscillations of level, on the other hand, at any particular place, are 
represented on p 367. These follow one another more and more rapidly, with 
ever increasing amplitude For sufficiently great values of t, the course 
of these oscillations is given by (22) 

In the region where this formula holds, at any assigned epoch, the 
changes in length and height from wave to wave are very gradual, so that 
a considerable number of consecutive waves may be represented approxi- 
mately by a curve of sines The circumstances arc, in fact, all approximately 
reproduced when 

Af = 27r (30) 


Hence, if we vary t alone, we have, putting At = r, the period of oscillation. 


whilst, if we vary x 
we find 


T = 

alone, putting 


4}7rx ^ 

= ~ X, where X is 


(37) 

the wave-length, 


X = 




(38) 


The wave-velocity is to be found from 


this gives 


Ax 

At 




(30) 

.(40) 


by (38), as in the case of an infinitely long tram of simple haimomc waves 
of length X 

We can now see something of a reason why each wave should be con- 
tinually accelerated The waves in front are longer than those behind, and 
are accordingly moving faster. The consequence is tliat all the waves arc 
contmually being drawn out in length, so that their velocities of propagation 
continually increase as they advance. But the higher the rank of a wav e in 
the sequence, the smaller is its acceleration 

So far, we have been considering the progress of individual wave.s Hut, 
if we fix our attention on a group of waves, characterized as having (approxi- 
mately) a given wave-length X, the position of this group is regulated 
according to (40) by the formula 



i.e., the group advances with a constant velocity equal to haLf that of the 
component waves The group does not, however, maintain a constant 
amplitude as it proceeds, it is easily seen from (22) that for a given value 
of X the amplitude varies inversely as 
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It appears that the region in the immediate neighbourhood of the origin 
may be regarded as a kind of source, emitting on each side an endless 
succession of waves of continually increasing amplitude and frequency, whose 
subsequent careers are governed by the laws above explained This peisistent 
activity of the source is not paradoxical , for our assumed initial accumulation 
of a finite volume of elevated fluid on an infinitely narrow base implies an 
unlimited store of energy 

In any practical case, however, the initial elevation is distributed over 
a band of finite breadth , we will denote this breadth by I The disturbance 
at any point P is made up of parts due to the various elements, Sa, say, of 
the bieadth Z, these are to be calculated by the preceding formulae, and 
integrated over the breadth of the band In the result, the mathematical 
infinity and other perplexing peculiarities, which we meet with in the case 
of a concentiated line-source, disappear It would be easy to write down the 
requisite formulae, but, as they aie not very tractable, and contain nothing 
not implied in the preceding statement, they may be passed over. It is 
more instructive to examine, in a geneial way, how the previous results will 
be modified 

The initial stages of the disturbance at a distance oo, such that Ijoo is 
small, will evidently be much the same as on the former hypothesis , the 
parts due to the various elements Sa will simply reinforce one another, and 
the result will be sufficiently expressed by (14) or (22) provided we multiply 

[ f{a)da, 

le, by the sectional area of the initially elevated fluid The formula (22), 
in paiticular, will hold when is large, so long as the wave-length \ 

at the point considered is large compared with Z, i.e , by (38), so long as 
IJo) IS small But when, as t increases, the length of the waves at x 
becomes comparable with or smaller than Z, the contributions from the 
different parts of Z are no longer sensibly m the same phase, and we have 
something analogous to 'interference' in the optical sense The result 
will, of couise, depend on the special character of the initial distribution of 
the values of f(a) over the space Z*, but it is plain that the increase of 
amplitude must at length bo arrested, and that ultimately we shall have 
a gradual dying out of the disturbance. 

Tlliere is one feature genet ally characteristic of the later stages which 
must be more particularly adverted to, as it has been the cause of some 
perplexity , viz. a fluctuation in the amplitude of the waves. This is readily 
accounted for on 'interference' principles As a sufficient illustration, let 

* Of Burnside, “On Deep-water Waves resulting from a Limited Original Disturbance,” 
F7 0 C Lond Math Soc , t xx p 22(1888) 
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us suppose that the initial elevation is uniform over the breadth and that 
we are considering a stage of the disturbance so late that the value of X in 
the neighbourhood of the point x under consideration has become small 
compared with I We shall evidently have a series of groups of waves 
separated by bands of comparatively smooth water, the centres of these bands 
occurring whenever I is an exact multiple ot X, say I = nX Substituting in 
(38), we find 



1 e , the bands in question move forward with a constant velocity, which is, m 
fact, the group-velocity corresponding to the average wave-length in the 
neighbourhood * 

The ideal solution of Ait 236 necessarily fails to give any information as to what 
takes place at the origin itself To illustrate this point in a special case, we may assume 

(«) 

the formula (6) then gives 

(44) 

IT J Q cr 

The surface-elevation at the origin is 

71 = ~ /" cos dh = ^ ( cos crte'~ cr dcr . . (45) 

tt J 0 Try j 0 

The definite integral cannot bo expressed in finite terms, but its form shows that is 
always less than the initial value Q/n-ft, and tends with increasing t to the limit 0 It may 
be proved without difficulty that rj passes onco only through the value zero, and that its 
asymptotic value is 

approximately t 

239 From the effects of an instantaneous impulse we might by super- 
position pass to the case of a snrfacc-picssure varying with the time according 
to any assigned law The case of a periodic (simple-harmonic) pressure 
possesses a certain interest, but is more easily treated independently, as 
follows 

It IS to be noted that the problem is to a certain extent indeterminate, 
for on any motion satisfying the prescribed piessure-conditions we may 
superpose any system of free waves To isolate that part of the solution 

* This fluctuation was first pointed out by Poi&son, m the particular case where the initial 
elevation {or rather depression) has a parabolic outline 

t The preceding investigations have an inteiest extending beyond the present subject, as 
shewing how widely the efects of a single initial impulse in a dthpersive medium (i e one in 
which wave-velocity varies with wave-length) may differ from what takes place in the case of 
sound, or in the vibrations of an elastic solid 
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which IS due solely to the given disturbing force, we may avail ourselves of 
an artifice due to Lord Eayleigh , viz. we introduce a small frictional force 
proportional to the velocity This law of resistance does not profess to be 
altogether a natural one, but it serves to represent in a rough way the effect 
of small dissipative forces, and it has the great mathematical convenience 
that It does not interfere with the irrotational character of the motion For 
if we write, in the equations of Art 6, 

X = — fiu, ( 1 ) 

the investigation of Art. 33, when applied to a closed circuit, gives 


( jj \ r 

( ^ {udx + vdy H- wdz) = 0, (2) 


whence 


{udx + vdy + wdz) = Ge~^K 


Hence the circulation in a circuit moving with the fluid, if once zero, is 
always zero 

If <56 be the velocity-potential, the equations of motion have now the 
integral 

= (4) 


this gives 


1 3<^o , 

g dt gp 


where the suffixes indicate surface-values, as before The kinematical relation 
(6) of Art. 226 holds as always 

Hence, corresponding to an applied surface-pressure 

jpo = 6'°'* cos /f? (ir — a), (6) 

^icrt 7. -A /t7\ 


we find 


or, writing 1 


gk — cr‘^ 4- ^^c^ 


Qicrt 


k 

It will be noticed that 27r/A: would be the length of free waves having 
the imposed period 27r/a'. 

Generalizing (9) by Fourier’s method, we find that a surface-pressure 

p,=f(w)e^^ ( 10 ) 

produces a surface-elevation given by 
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or, as it may conveniently be written, 


1 , , 0 /■“ dk 
27n ^ dxj a k — (K — %iJh) 


rco 

/ {e**!*-*) -e-*'«(»-»)}/(a)cZa (12) 

J —00 


We shall suppose, for the most part, that /(a) is sensible only for values 
of a lying between certain finite limits At points of the surface beyond 
these limits, to the right of the origin, — a will be positive, and we then 
have 


roo 0-'ih{x-a) 


■ — 27^^ e «) 4- 


00 Q-m{x-a) 

0 m — 


J 0 k-(K-lfJLi) J 0 'Til- %fC - fij' 

roo __ . .. 

j Q k — (K-%fjia) J 0 m +%K + fjLi’ 

as will be shewn presently (Art. 241) in connection with a related problem 

Substituting in (12), and putting yu,i = 0, since the frictional term m (4) 
has now served its purpose, we find 


gprj = — ; 


^- Uix - a ) 


K f“ dm' 


TT j 0 4- 


— l/(a)da ..,(15) 


At distances from the seat of the applied pressure which are great 
compared with 27r//c, the definite integral with respect to m is negligible, 
and we have 


gpij=:i/cj = i(A 4- zB) ...(16) 

J —00 

provided 

1*00 roo 

A = f (a) cos KOL da, B = h: /(a)sm/cada. ..(17) 

J —CO J -CO 

Hence, taking the real parts of our expressions, we find that the waves 
produced by an applied surface-pressure 

p^—fix) cos at (18) 

are represented, at a sufficiently great distance on the positive side of the 
origin, by 

gprj = — A sin {at — kx) — B cos {at — kx) (19) ^ 

This represents a tram of progressive waves whose wave-length and wave- 
velocity are related m the usual way to the imposed peiiod. If the pressure 
Po be symmetrical with respect to the origin, jB == 0. 

When the surface-pressure (18) is concentrated at the origin, so that /(a) 
vanishes for all but infinitesimal values of a, we write 

[ f{a)da^P, (20) 

J ~oo 


Cambridge Mathematical Tripos, Part II , 1901, 



239 ] Local Periodic Pressure 

and obtain from (15) 

■n o(rrf fcP 

gprj = %kP I 

T Jo 
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TT 

kP 

= IkP 

TT 


^ _5_t^ _ 

{c^aP‘ 


.( 21 ) 


where the series in { } is semi-convergent 

In the case of an integral pressure Pe^^^ uniformly distributed over the 
space between x= ± a, we should obtain 


gprj = iP 


sin Ka 
a 




fcP 

■ ( 

Tra 


■/: 


CO ^-mx 

+ /c“ 


dm 


( 22 ) 


This is on the supposition that x is positive and greater than a li x lie 
between 0 and a, the details of the work require some modification , it will 
be found that 


9PV=- 


P ( . . kP 

— COS KX + e^ 

a Tra 


-/ 


a. e-ma cosh ma? 


0 + «■ 

At the point x = a the values of 17 given by ( 22 ) and (23) differ by 

P 


dm .(23) 


2gpa 


Mrt 


the amplitude of this discontinuity being exactly that which would be caused 
by a statical difference of pressure P/ 2 (X 


Again, if 


Po = 


we should find 


TT 6 ^ 4 - 

P 


^ ^ 

TT 


5 j Q~1cb ^24) 

Jo 


P 

gprj = IfcPe"'^^ ei{<rf~Kx) ^icrt 

TT J 0 


K COS mb + m sin mb 


m^ + «- 


e-^^mdm. . .(25) 


It is of some interest to calculate the mean rate at which an integral 
pressure P cos at does work in generating waves In the case of a con- 
centrated pressure, taking the real part of ( 2 l), we have, at the origin (x = 0 ), 

dr) _ fcaP 
dt 


9P 


■ cos <735 -f a term in sin at 


(26) 


The required mean rate is therefore 

fcaP^ 
‘^9P 


or 


Wp' 


.(27) 


varying as the cube of the frequency. The circumstance that the ineffectual 
term involving sm at, m (26), is infinite need not dismay us The difficulty 
does not occur when the pressure is diffused. Thus, in the case of a uniform 
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pressure distributed over the space between x — ± we easily find from 
(23) that the mean rate of work is 


/sm KaV 
2g^p V fca ) 

This agrees with (27) when tea is infinitely small 


(28) 


240. We may next calculate the effect of an aibitrary, but steady, 
application of pressure to the surface of a stream. We shall consider only 
the state of steady motion which, under the influence of dissipative forces, 
however small, will ultimately establish itself f. 

In the absence of such forces, the problem is, like that of Art 239, 
indeterminate, foi we can always superpose a tram of free waves, of arbitrary 
amplitude, and of wave-length such that their velocity relative to the water 
IS equal and opposite to that of the stream, in which case they will maintain 
a fixed position in space. 

To avoid this indeterminateness, we will assume that the deviation of any 
particle of the fluid from the state of uniform flow is rcsisted"^by a force 
proportional to the relative velocity, so that 

X = -/x(tt-c), Y=-rf-fiv, (1) 

where c denotes the velocity of the stream in the direction of ^-positive. 
We now have 

^ = const - (;y + ^i{coo + (p) - (2) 

r 

this being, m fact, the form assumed by Art. 21 (2) when wc write 

(3) 

m accordance with (1) above 

To calculate, in the first place, the effect of a simple-harmonic distribution 
of pressure we assume 

= + ^^Vsinkoc, ^ = - y + ySe*!/ cos ...(4) 

The substance of Arts 236—239 is taken fiom a papei “ On Doop-Water Waves,” Proc 
Lond Math Soc (2), t ii p. 371 (1904) 

t The first steps of the following investigation are adapted from a paper by Lord Rayleigh, 
“ The Porm of Standing Waves on the Surface of Running Water,” Proc Lond Math So( ' 
t XV p 69 (1883) [Sc Papers, tup 258], being simplified by the omission, foi the present, of 
all reference to Capillarity The definite integials involved arc treated, however, in a somewhat 
more genera) manner, and the discussion of the results necessarily follows a different course 
The problem had been treated by Popoff, “ Solution d’un probl^me sur les ondes permanentes,” 
Liouville (2) t 111 p 251 (1858), his analysis is correct, but regard is not had to the inde- 
terminate character of the problem (in the absence of friction), and the results are consequently 
not pushed to a practical interpretation 
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The equation (2) becomes, on neglecting the square of k^y 

• 2 = gy {kc^QO^kx-{- fjbc^mkx) . • (^) 


This gives for the variable part of the pressure at the upper surface ('yfr = 0) 
Po — pj3 {(/m- — g) cos kx + {jlc sm kx], ... (6) 

which IS equal to the real part of 

p/3 {k& ~ pr — %fjuc) 

If we equate the coefficient to G, we may say that to the pressure 

p^ = Ge^^^ . (7) 

coriesponds the surface-form 




/c 

k — K — ifjbi 




.( 8 ) 


where we have written k for so that 27r//^ is the wave-length of the free 
waves which could maintain their position against the flow of the stream 
We have also put At/c = for shortness 


Hence, taking the real parts, we find that the surface-pressure 


produces the wave-form 


Pq = G cos kx 


gpy = tcG 


{k — ic) cos kx — pui sin kx 
{k — Ky -h 


( 9 ) 

... . ( 10 ) 


This shews that if pu be small the wave-cressts will coincide in position 
with the maxima, and the troughs with the minima, of the applied pressure, 
when the wave-length is less than whilst the reverse holds in the 

opposite case This is in accordance with a general principle If we impress 
on everything a velocity — c parallel to x, the result obtained by putting 
= 0 m (10) IS seen to be merely a special case of Art 167 (13) 


In the critical case of k= k, we have 

kG y 

gpqj = _ ^ sm te, 


.. (11) 


shewing that the excess of pressure is now on the slopes which face down the 
stream This explains roughly how a system of progressive waves may be 
maintained against our assumed dissipative forces oy a properly adjusted 
distribution of pressure over their slopes 


241 The solution expressed by (10) may be generalized, in the first 
place by the addition of an arbitrary constant to x, and secondly by a sum- 
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mation with respect to k In this way we may construct the effect ot any 
arbitrary distribution of pressure, say 

Po =/(«). - • (12) 

with the help of Fourier’s theorem (Ait 236 (4)) 

We will suppose, m the first instance, that /(sc) vanishes for all but 
infinitely small values of x, for which it becomes infinite in such a way that 

f f(x)dx = P, (13) 

I -00 


this will give us the effect of an integral pressure P concentrated on an 
infinitely narrow band of the surface at the origin Eeplacing G in (10) by 
P/tt Sk, and integrating with respect to k between the limits 0 and oo , 
we obtain 


9py = 



: — fc) cos kx — sin kx 


(14) 


If we put f where 4 taken to be the rectangular coordinates of a variable 
point in a plane, the properties of the expression (14) are contained in those of the complex 
integral 

f~d{ . . .. (15) 




It IS known that the value of this integral, taken round the boundary of any area 
which does not include the singular point (f=c), is zero In the })iosent case wo have 
where a and jui are both positive 


Let us first suppose that x is positive, and let us apply the above theorem to the region 
which IS bounded externally by the line and by an iniimto scmicncle, desciibod with 
the origin as centre on the side of this line for which m is positive, and internally by 
a small circle surrounding the point (a, The part of the integral duo to the infinite 
semicircle obviously vanishes, and it is easily seen, putting f c = that the part due 
to the small circle is 


if the direction of integration be chosen in accordance with the rule of Art 
obtam 







r 00 pikx , , . 

dk+ .—f- 

)oA-(k+ijui) 


Wo thus 


which IS equivalent to 


/: 






/; 


k + (k + ?/■*!) 


dk 


(16) 


On the other hand, when x is negative we may take the integral (15) round the contour 
made up of the line m=0 and an infinite semicircle lying on the side for which m is 
negative This gives the same result as before, with the omission of the term duo to the 
singular point, which is now external to the contour Thus, for x negative, 


/ 


0 ^-(K + ^jLt^) 


dk 


=/“ 


p—ikx 

k + [K+iiij) 


( 17 ) 



381 


241] 


Effect of a Line of Presmre 


An alternative form of the last term in (16) may be obtained by integrating round the 
contour made up of the negative portion of the axis of k, and the positive portion of the 
axis of m, together with an infinite quadrant We thus find 


f 0 Q^'fcx r ao mx 

J + J 0 


which IS equivalent to 


/ 


0 /^ + (/C + 


dk 


] 0 rii- 


/XjL-hlK 


dm 


(18) 


This IS for r positive In the case of os negative, we must take as our contour the 
negative portions of the axes of k, m, and an infinite quadrant This leads to 


i: 


dk 


=/: 


^mx 


■ dm^ . 


(19) 


k-^^K+iiXi) Jo m + fjL^ — ZK' 

as the transformation of the second membei of (17) 

In the foregoing argument is positive The corresponding results for the integral 


I. 






( 20 ) 


-(K-lfij) 

are not required for our immediate purpose, but it will be convenient to state them for 
future reference For x positive, we find 


Jo !:-{< -1]^) -j 0 = J 


0 m+pi + iA. 


dm , 


( 21 ) 


whilst, for X negative. 


J 0 K—{K-lji{j 


/: 


X + (k-?pi) 


dk 


= P ?! 

J 0 

The verification is left to the reader^ 


(^nix 

fit - iK 


dm 


( 22 ) 


If we take the real parts of the formulae (16), (18), and (17), (19), respectively, we 
obtain the results which follow 


The formula (14) is equivalent, for x positive, to 


kF j 


■ 27re sin KX 


■ 2'7re sin kx + 


“+/, 
I 


and, for x negative, to 


(/c H- /c) cos kx ~ fjLi sin kx 
0 {h + fcf + 

{vi — A^i) dm 

0 (m~yai)2 + /c2 


dk 


'^p _ r°° (m 4* yUi) dm 

>cP-y-Jo 


(23) 


(24) 


1 0 (m + -f 

The interpretation of these results is simple The first term of (23) 
represents a train of simple-harmonic waves, on the down-stream side of the 

* For another treatment of these integrals, see Dinohlet, Voilesunqen ueher d. Lehre v d 
nnfachen u, mehrfachen hestimmten IntegraUn (ed. Arendt), Braunschweig, 1904, p 170. 
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origin, of wave-length ’^TTG^jg, with amplitudes gradually diminishing accoiding 
to the law The remaining part of the deformation of the free-surface, 

expressed by the definite integrals in (23) and (24.), though very great for 
small values of so, dimmishes very rapidly as x increases, however small the 
value of the frictional coefficient fii 


When IS infinitesimal, our results take the simpler forms 

'die 


TTOO ^ f COS hx 

-MR 2/ = “ 27r sin /ciT + j 


= 27r sm fcx + 


0 k-^r ic 
me 


-00 
J 0 


,—mx 


for X positive, and 


vqp f “ cos kx „ [“ 


m? + 


dm, 


dm, 


. (25) 

... (26) 


for X negative The part of the disturbance of level which is represented 
by the definite integrals in these expressions is now symmetrical with respect 
to the origin, and diminishes constantly as the distance from the origin 
increases When kx is moderately large we have, as in Art. 239, the semi- 
convergent expansion 


me~'^^ 7 __ 1 ^ * 1 ^ ^ 

0 ^ ic^cd^ icV 


.. (27) 


It appears that at a distance of about half a wave-length from the origin, 
on the down-stream side, the simple-harmonic wave-profile ls fully 
established 


The definite integrals in (25) and (26) can be reduced to known functions as follows 
If we put (^+k)^='W, we have, for so positive, 


cos^^ 


cos {kx — u) 


du 


' K.X ^ 

. = - Cl COS KX + (^TT - Si kx) Sin kx^ , . . (28) 

where, in conformity with the usual notation, 


Ox«=-/ 


" COSW 
u 


du, Si u 


=/ 


^ sni u 
0 


du .. 


.. . (29) 


The functions Ci u and Si u have been tabulated by Glaisher* It appears that as u 


* “Tables of the Numerical Values of the Sme-Integral, Cosine-Integral, and Exponential- 
Integral,” PML Trans , 1870 The expression of the last integral m (26) in terms of the sme- 
and cosine-integrals, was obtained, m a different manner from the above, by Sohloimlch, “ Bur 

Too ^0 

I’mt^grale d^fime 1 ^ Gielle, t xxxm. (1846), see also Be Morgan, Differential and 

Integral Calculus, London, 1842, p 654, and Birichlet, Voi lesungen, p 208 



383 


241-242] Effect of a Line of Pressure 

increases from zero they tend very rapidly to their asymptotic values 0 and |jr, respectively 
Toi small values of we have 


Cl = 7 -f log u - 


2 2 « 


Si W = ~ 

where y is Euler’s constant 5772 . 


3 


. (30) 


It IS easily found from (23) and (24) that when /^i is infinitesimal, the 
integral depression of the surface is 



exactly as if the fluid were at rest 


242 The expressions (23), (24) and (25), (26) alike make the elevation 
infinite at the origin, but this diflSculty disappears when the pressure, which 
we have supposed concentrated on a mathematical line of the surface, is 
diffused over a band of finite breadth. 


To calculate the effect of a distiibuted pressure 

Po^fiioX . . (82) 

it 18 only necessary to write a; -a for ^ in (25) and (26), to replace P by 
/(a)Sa, and to integrate the resulting value of y with respect to a between 
the proper limits It follows from known principles of the Integral Calculus 
that if Pq be finite the integrals will be finite for all values of x 


In the case of a uniform pressure applied to the part of the surface 
extending from — oo to the origin, we easily find by integration of (23), for 

X > 0 , 


^P2/ = -2i,„cos«^+^J^ . .(33) 

where fii has been put = 0 Again, if the pressure be applied to the part 
of the surface extending from 0 to + oo , we find, for x < 0, 


9py 


= [ 
'TT J( 


'dm 


0 


m 


From these results we can easily deduce the requisite formulae foi the case 
of a uniform pressure acting on a band of finite breadth. The definite 
integral in (33) and (34) can be evaluated in terms of the functions Oi'w, 
Si u , thus in (33) 

roo^-mic^^ Qljxkx ,, /i ri- \ v 

K I ™ — = I _ — die = (^TT — bl KX) cos ICX + Cl KX SlU KX. . .( 3 o) 

J 0 m'^ “T fC J 0 K -T K 
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In this way the diagram on p 384 was constructed , it represents the 
case where the band (AB) has a breadth or 159 of the length of a 
standing wave 

The ciicu instances m any such case might be realized approximately by 
dipping the edge of a slightly inclined board into the surface of a stream, 
except that the pressure on the wetted area of the board would not be uniform, 
but would diminish from the central parts towards the edges To secure 
a uniform pressure, the board would have to be curved towards the edges, to 
the shape of the portion of the wave-profile included between the points 
A, B m the figure. 

It will be noticed that if the breadth of the band be an exact multiple 
of the wave-length (27r//c), we have zero elevation of the surface at a distance, 
on the down-stream as well as on the up-stream side of the source of 
disturbance. 


The diagram shews certain peculiarities at the points A, B due to the 
discontinuity m the applied pressure A more natural representation of a 
local pressure is obtained if we assume 

P'‘~-7r¥ + x^ 


We may write this in the form 

P 1 


TT h — 'bx tr 




. ..(37) 


provided it is understood that, in the end, only the real part is to he 
retained On refeience to Art 240 (7), (8) we see that the corresponding 
elevation of the free surface is given by 

_ p roo p—Tcb+%kx 

m = — ( 38 ) 

TV U k-K-l/Jbi 

By the method of Art. 241, we find that this is equivalent, for 
a? > 0, to 




0 


dm \ , ... .(39) 


and, for (T < 0, to 


kP Qimh+ynx 


TT Jo m + — 'i/C 


( 40 ) 


Hence, taking real parts, and putting )ai = 0, we find 
^ , P r“° mcosm& — /csmm6 . 


■ 2/cP 6“''*^ sin fcx -1- ~ 


/cP r°® m cos mh — fc sm mb 
’ TT Jo 


'm? -h 




L Q-mx > 0 ]^ (^ 41 ^ 


[^r<0]. .(42) 


L 


25 
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The factor e"*'’ m the first term of (41) shews the effect of diffusing the 
pressure. It is easily proved that the values of y and dyjdx given by these 
formulae agree when « = 0*. 

243 If in the problem of Art 240 we suppose the depth to be finite 
and equal to h, there will be, m the absence of dissipation, indeterminateness 
or not, according as the velocity c of the stream is less or greater than {ghf, 
the maximum wave-velocity for the given depth, see Art. 230 The difficulty 
presented by the former case can be evaded by the introduction of small 
frictional forces , but it may be anticipated from the preceding investigation 
that the main effect of these will be to annul the elevation of the surface 
at a distance on the up-stream side of the region of disturbed pressure, 
and if we assume this at the outset we need not complicate oui equations 
by retaining the frictional termsf. 

For the case of a simple-harmonic distribution of pressure we assume 

<b \ 

i ^ + yg cosh h{y-\- h) sin hx, 

^ /I \ 

^ — y + yg siiih h (y + h) cos kx, 

c 

as m Art 230 (3) Hence, at the Ksurface 

y = yg sinh Ml cos kx, (2) 

we have 

£2 =r — yy — ^ (*2) =5 ^ (kd^ cosh kh — y sinh kh) cos kx, . (3) 

P 

so that to the imposed pressure 

Pq=^C COB kx, (4) 

will correspond the surface-form 

G sinhM , 

^ p' kc^ cosh kh — g sinh kh 

As in Art. 240, the pressure is greatest over the troughs, and least over the 
crests, of the waves, or vice versd, according as the wave-length is greater or 
less than that corresponding to the velocity c, m accordance with general 
theory 

The generalization of (5) by Courier’s method gives 

_ P sinh M cos ,, 

^ ” TTp Jo kc^ cosh kh - g sinh M ’ ^ 

* A difierent treatment of the problem of Aits 241, 242, is given in a recent paper by Loid 
Kelvin, “Deep Water Ship-Waves,” Proc JK. S Edin , t xxv p 562 (1905) [FhiL Mag (6), t ix 
p 73B] 

t There is no difficulty m so modifying the investigation as to take the frictional forces into 
account, when these are very small. 
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as the representation of the effect of a pressure of integral amount P applied to a narrow 
band of the surface at the origin This may be written 




cos {xujh) 

0 u eoth u—ghjc^ 


Now consider the complex integral 


j fcothf-^A/c^"^^’ 

where The function under the integral sign has a singular point at f=+^oo, 

according as oc is positive or negative, and the remaining singular points are given by the 
roots of 

tanh f 

C ~ gh' 

Since (6) is an even function of it will be sufficient to take the case of x positive 

Let us first suppose that c^>gh The roots of (9) are then all pure imaginaries , viz 
they are of the form ±t/3, where /3 is a root of 


tan ^ 

^ ~gh 

The smallest positive root of this lies between 0 and ^tt, and the higher roots approximate 
with increasing closeness to the values (5+|) tt, where s is integral. We will denote these 
roots in order by j3oj . Let us now take the integral (8) round the contour made 

up of the axis of % an infinite semicircle on the positive side of this axis, and a series of 
small circles surrounding the singular points C=0oy The part due to the 

infinite semicircle obviously vanishes Again, it is known that if a be a simple root of 
/(f)=0 the value of the integral 


taken in the positive direction round a small circle enclosing the point C—a is equal to^ 


Now in the case of (8) we have 


fia) 


/'(a)=cotho-a(coth2a-l)=i ^ ^1 + ■ , 


whence, putting a=^ft, the expression (11) takes the form 



mVi.vA 77 


The theorem in question then gives 


('-$) 


J ^00 u coth u^ghjc^ J o w coth u—ghfc^ "" 
If in the former integral we write — for u, this becomes 


gSa-M.//*. 00 O fu 

rr rr^.du-'iw'S, 

ueoth u-ghjc^ o ® 


cos (ooujh) 

0 u coth u - ghjc^ * 


rS 

^0 * 


Forsyth, Theory of Functions, Art 24. 


25—2 
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The stirface-form is then given by 

. . • 07) 

pc^ 0 

It appears that the surface-elevation (which is symmetrical with respect to the origin) 
IS insensible beyond a certain distance from the seat of disturbance 

When, on the other hand, o^<gh, the equation (9) has a pair of real roots ( ± a, say), the 
lowest roots ( ± ^o) of (10) iiaving now disappeared The integral (7) is then indeterminate, 
owing to the function under the integral sign becoming infinite within the range of 
integration One of its values, viz the ‘pnncipal value,’ in Cauchy’s sense, can however 
be found by the same method as before, provided we exclude the points C= ±a fiom the 
contour by drawing semicircles of small radius € round them, on the side for which v is 
positive The parts of the complex integral (8) due to these semicircles will be 

^laxjh 

•where/' (a) is given by (12) , and their sum is therefore equal to 

27rJ. sm (t^) 


where 




a 



(19) 


The equation corresponding to (16) now takes* the form 


r ra-e r CO 'j cos xu/h y . 1 7.> 

1 \ . ' - - j - du==-7rAsin B,e 

[Jo Ja+.lu coth h 1 


( 20 ) 


80 that, if we take the principal value of the integral in (7), the surface-form on the sulc 
of (T-positive IS 


F . aso F 

A sm -7- H — h 

^ pc^ h pc^ 


S B,e 




. ( 21 ) 


Hence at a distance from the origin the deformation of the surface consists of the 
simple-harmonic tram of waves indicated by the hist term, the wave-length ^Trh/a being 
that corresponding to a velocity of propagation c relative to still water 


Since the function (7) is symmetrical with respect to the origin, the corresponding 
result for negative values of is 




y = -~5 A sin 

^ pc^ 


h pc^ 


. (22) 


The general solution of our indeterminate problem is completed by adding to (21) and 
(22) terms of the form 

^ CUV , j. aoo 

0 cos -f i) sin (2d) 


The practical solution, including the effect of infinitely small dissipative forces, is obtained 
by so adjusting these terms as to make the deformation of the surface insensible at 
a distance on the up-stream side Wo thus get, finally, for positive values of 


y= A sm -f -4- (24) 

pc^ h p(A X 
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and, for negative values of 

v=— (25) 

^ pc^ 1 

For a different method of reducing the definite integral in this problem we must refer 
to the paper by Lord Kelvin cited below 


244 The same method can be employed to investigate the effect on a 
iumfoim stream of slight inequalities m the bed^ 

Thus, in the case of a simple-harmonic coirugation given by 

y = — A -p ry cos fca;, (1) 


the origin being as usual m the undisturbed surface, we assume 

^ -P (a cosh ky -P ^ sinh ky) sin koo, 

c 

- 

^ _ y + (a sinh ky cosh ky) cos kx 

c 

The condition that (1) should he a stream-line is 

ry = — a sinh kh + 13 cosh kh. 


( 2 ) 

. ... (3) 


The pressure-formula is 


2 = const -gy + kcHa- cosh ky + ^ sinh ky) cos kx, (4) 

P 

approximately, and therefore along the stream-line -i{r = 0 

& = const -1- (kc^a — g^) cos kx, 

P 

so that the condition for a fiee surface gives 

kc^a - g^ = 0 (5) 

The equations (3) and (5) determine a and S The profile of the free surface 
is given by 

1 / = ^ cos kx 

= — r-n 77-5 m cos Ar« (6) 

cosh kh - g/kc^ . smh kh 

If the velocity of the stream be less than that of waves in still water 
of uniform depth h, of the same length as the corrugations, as determined by 
Art. 228 (4), the denominator is negative, so that the undulations of the free 
surface are inverted relatively to those of the bed In the opposite case, the 
undulations of the surface follow those of the bed, but with a different vertical 


* Sw W Thomson, “On Stationary Waves in Plowing tVater,” PMZ Mag (5),t.xxii pp 353, 
445, 517 (1886), and t xxm. p 62 (1887) 
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scale When c has precisely the value given by Art. 228 (4), the solution 
fails, as we should expect, through the vanishing of the denominator To 
obtain an intelligible result in this case we should be compelled to take special 
account of dissipative forces. 


The above solution may be generalized, by Fourier’s Theorem, so as to apj^ly to the 
case where the inequalities of the bed follow any arbitrary law Thus, if the profile of 
the bed be given by 

y=_A+/(a,)=_A+l f dh\ f(^) cos I ... . (7) 

that of the free surface will be obtained by superposition of terms of the type (6) due to* 
the various elements of the Fourier-integral , thus 


TT J 0 J oof^\i kk-glkc^ sinhM ^ 


. . ( 8 ) 


In the case of a single isolated inequality at the point of the bed vertically beneath 
the origin, this reduces to 


f" 

TT j 0 kh—gjkc^ sinhM 

_ u cos {xulli) 

rrkjQ UQO^h.u—ghlc^ sinh?^ 

where Q represents the area included by the profile of the inequality above the general 
level of the bed For a depression Q will of course be negative 

The discussion of the integral 

J C cosh ^—ghjc^ smh f 

can be conducted exactly as in Art. 243 The function to be integrated differs only by 
the factor f/(sinh Q , the singular points therefore are the same as before, and we can at 
once write down the results 


Thus when c^>y/i we find, for the surface-form, 



A 0 sm ’ 

the upper or the lower sign being taken accoiding as % is positive or negative 

When c^<gh, the ‘ practical’ solution is, for x positive, 

2 « 


A smh a A A ^ 1 ” sin i 


” .B. 


.( 11 ) 


.( 12 ) 


and, for x negative, 2 /=-t S” B.-- ^ n o\ 

h^i smft 

The symbols a, B., A, have hero exactly the same meanings as in Art. 243*. 


A very interesting drawing of the wave-profile produced by an isolated inequality in the bed 
IS Lord Kelvin’s paper, Phi Mag (6), t xxii p. 529 The effect of an abrupt change of 

level in the bed has been discussed by Wien, Mydtodynamik, p. 201 



Wave-Resistance 


391 


244 - 246 ] 

245 . If in the problems of Arts 241, 243 we impress on everything a 
velocity — c parallel to x, we get the case of a pressure- disturbance advancing 
with constant velocity c over the surface of otherwise still water In this 
form of the question it is not difficult to understand, in a general way, the 
origin of the tram of waves following the disturbance 

If, for example, equal impulses be applied in succession to a seiies of 
equidistant parallel lines of the surface, at equal intervals of time, each 
impulse will produce on its own account a system of waves of the character 
investigated in Art. 237 The systems due to the different impulses will 
be superposed, with the obvious result that the only parts which reinforce 
one another will be those which have the wave-length appropriate to the 
velocity c with which the disturbing influence advances over the surface, 
and which are (moreover) travelling in the direction of this advance And 
the investigations of Arts 234, 238 shew that the groups of waves, of this 
particular length, which are produced, are continually being left behind 

These results have a bearing on such questions as the ^ wave-resistance ’ 
of ships It appears from Art 243, in the two-dimensional form of the 
problem, that a local disturbance of pressure advancing with velocity 
c [ < {ghy\ over still water of depth k is followed by a simple-harmonic train 
of waves of the length (27r//c) appropriate to the velocity c, and determined 
therefore by Art 228 (4) , whilst the water in front of the disturbance is 
sensibly at rest If we imagine a fixed vertical plane to be drawn in the rear 
of the disturbance, the space m front of this plane gams, per unit time, the 
additional wave-energy \gpa\ where a is the amplitude of the waves gene- 
rated. The energy transmitted across the plane is given by Art 235 (14) 
The difference represents the work done by the disturbing force Hence if 
R denote the horizontal resistance experienced by the disturbing body, 
we have 

( 1 ) 

As c increases from zero to {gh)^, fch diminishes from oo to 0, and therefore 
R diminishes from to 0* 

When c > (gh)K the water is unaffected beyond a certain small distance 
on either side, and the wave-resistance R is then zero]". 

An interesting variation of the question is presented when w’^e have a 
layer of fluid on the top of another fluid of somewhat greater density If 

* It must be remarked, however, that the amplitude a due to a disturbance of given character 
will also vary with c This is exemplified in Art 242 (41), in the case ot infinite depth. It 
appears that, if P be given, a a where K—gjc^ 

t Of Sir W Thomson “ On Ship Waves,’’ Proc. Inst Mech Eng , Aug 3, 1887 IPopular 
Lectures and Addresses, London, 1889-94, t iii p 450] A formula equivalent to (1) was given 
in a paper by the same author, Phil Mag (5), t xxii p 451. 
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p, p' be the densities of the lower and upper fluids, respectively, and if the 
depth of the uppei layer be hi , whilst that of the lower fluid is practically 
infinite, the results of Stokes quoted m Art 231 shew that two wave-systems 
may be generated, whose lengths {^TrjK) are related to the velocity c of the 
disturbance by the formulae 

c“=^, c- = ^ (2) 

fC p cotn Kh -\r p /c ^ ^ 

It IS easily proved that the value of /c detei mined by the second equation is 
real only so long as 

— —gh' (3) 

P 

If c exceeds the critical value thus indicated, only one type of waves 
will be generated, and if the difference of densities be slight the wave- 
resistance will be practically the same as in the case of a single fluid, the 
circumstances being similar to those of Art 241. But if c fall below the 
critical value, a second type of waves may be produced, in which the amplitude 
at the common boundary greatly exceeds that at the upper surface , and it 
IS to these waves that the ' dead-water resistance ' referred to in Art 23 1 is 
attributed* 


Waves of Finite Amplitude. 

246 . The restriction to ‘infinitely small’ motions, in the investigations 
of Arts 226, . implies that the ratio (a/X) of the maximum elevation to the 
wave-length must be small The determination of the wave-foims which 
satisfy the conditions of uniform propagation without change of type, when 
this restriction is abandoned, forms the subject of a classical research by 
Stokes f 

The problem is most conveniently treated as one of steady motion. If 
we neglect small quantities of the older a^l\\ the solution of the problem in 
the case of infinite depth is contained m the formulae | 

^ - a? 4- sxn te, — — . (1) 


Ekman, I c. ante p 354 

t “ On the theory of Oscillatory Waves,” Gamh Trans , t vin (1847) [lepxinted, with a 
“ Supplement,” Math and Phys Papers, t i pp 197, 314] 

The outlines ot a more general investigation, including the case of permanent waves on the 
common surface of two horizontal currents, have been given by von Helmholtz, “ 21ur Theorie 
von Wind und Wellen,” Perl ^lonatsber , July 25, 1889 [Qes Abh , t in p 309] See also Wien, 
Hydrodynamik, p 169 

t Lord Rayleigh, I c ante p. 246 
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The equation of the wave-profile 'v|r = 0 is found by successive approxi- 
mations to be 

y = cos fe = /3 (1 + ifcy 4- -4- . .) cos kx 

= \kjS^ +■ /9 (1 + cos kx 4- \k^^ cos 4- cos ^kx 4- . , (2) 

or, if we put ^ (1 + = a, 

y — \ka^ = a cos kx 4- \ka^ cos 2kx 4- cos "Skx 4- . . . .(3) 

So fai as we have developed it, this coincides with the equation of a trochoid, 
m which the circumference of the rolling circle is 27r//r, or X, and the length 
of the arm of the tracing point is a 

We have still to shew that the condition of uniform pressuie along this 
stream-line can be satisfied by a suitably chosen value of c We have, from 
(1), without approximation 

^ = const. - - -J-c^ {1 - 2k cos kx 4- (4) 

P 

and therefore, at points of the line y = ySe^^^cos kx, 

^ = const. 4“ (kc^ ^g)y — 

P 

= const -P (kc^ — y 4- (5) 

Hence the condition for a free surface is satisfied, to the present order of 
approximation, provided 

= I + = f (1 + 

This determines the velocity of progressive waves of permanent type, and 
shews that it increases somewhat with the amplitude a 

For methods of proceeding to a higher approximation, and for the 
treatment of the case of finite depth, we must refer to the original in- 
vestigations of Stokes 

The figure shews the wave-profile, as given by (3), in the case of ka-^, 
or a/X = 0796 



The approximately trochoidal form gives an outline which is sharper near 
the crests, and flatter in the troughs, than in the case of the simple-harmonic 
waves of infinitely small amplitude investigated in Art 228, and these 
features become accentuated as the amplitude is increased. If the trochoidal 
form were exact, instead of merely approximate, the limiting form would 
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have cusps at the crests, as in the case of Gerstner’s waves to be considered 
presently 

In the actual problem, which is one of irrotational motion, the extreme 
form has been shewn by Stokes*, in a very simple manner, to have sharp 
angles of 120°. The question being still treated as one of steady motion, 
the motion near the angle will be given by the formulae of Art 63 , viz if 
we introduce polar coordinates r, 0 with the crest as origin, and the initial 
line of 6 drawn vertically downwards, we have 

yjr = Gr^ cos m0, (7) 

with the condition that 1 /^ = 0 when 0 = ± a (say), so that ma = -J-tt This 
formula leads to 

q — mGr‘*^'^^, . . (8) 

where q is the resultant fluid velocity But since the velocity vanishes at 
the crest, its value at a neighbouring point of the free surface will be given by 

q^ = 2gr cos a, (9) 

as in Art. 24 (2). Comparing (8) and (9), we see that we must have m=-|, 
and therefore a = \7r'\. 

In the case of progressive waves advancing over still water, the particles 
at the crests, when these have their extreme forms, are moving forwards with 
exactly the velocity of the wave. 

Another point of interest in connection with these waves of permanent 
type IS that they possess, relatively to the undisturbed water, a certain 
momentum in the direction of wave-propagation The momentum, per wave- 
length, of the fluid contained between the free surface and a depth h (beneath 
the level of the origin) which we will suppose to be great compared with X, is 

-P fj^dx!dy = pch\ (10) 

since '\lr = 0,hy hypothesis, at the surface, and = ch, by (1), at the great depth 
A In the absence of waves, the equation to the upper surface would be 
y = \Jca?, by (3), and the corresponding value of the momentum would 
therefore be 

/3c(A + |Aa»)X (11) 

The difference of these results is equal to 

trpa^c, (12) 


* Math and Phys, Papers, t i. p 227. 

t The wave-profile has been investigated and traced by Miohell, “ The Highest "Waves m 
"Water,” Phtl. Mag (5), t xxxvi p 430 (1893). He finds that the extreme height is 142 X, and 
that the wave-velocity is greater than in the case ot infinitely smaE height in the ratio of 1'2 to 1. 



395 


246-247] Limiting Form of Crest 

which gives therefore the momeiatum, per wave-length, of a system of 
progressive waves of permanent type, moving over water which is at rest at 
a great depth. 

To find the vertical distribution of this momentum, we remark that the 
equation of a stream-line 1 /^ = 0 /?/ is found from (2) by writing y + /i' for y, 
and for /3. The mean-level of this stream-line is therefore given by 

2/ = - /i' 4. (13) 

Hence the momentum, in the case of undisturbed flow, of the stratum of 
fluid included between the surface and the stream-line in question would 
be, per wave-length, 

pc\ [h' -{- (1 - (14) 

The actual momentum being pch% we have, for the momentum of the same 
stratum in the case of waves advancing over still water, 

Trpa^c (1 — (IS) 

It appears therefore that the motion of the individual particles, in these 
progressive waves of permanent type, is not purely oscillatory, and that there 
is, on the whole, a slow but continued advance in the direction of wave- 
propagation* The rate of this flow at a depth K is found approximately by 
differentiating (15) with respect to h\ and dividing by p\, viz. it is 

(16) 

This diminishes rapidly from the surface downwards 

247 A system of emct equations, expressing a possible form of wave- 
motion when the depth of the fluid is infinite, was given so long ago as 1802 
by Gerstner")", and at a later period independently by Rankme;] The 
circumstance, however, that the motion m these waves is not irrotational 
detiacts somewhat from the physical interest of the results 

If the axis of cc be horizontal, and that of y be drawn vertically upwards, 
the formulae in question may be written 

^ = a + ^ sin k (a + ct), ?/ = 6 — i cos k (a -1- ct), . . . .(1) 

where the specification is on the Lagrangian plan (Art. 16), viz , a, h are two 
parameters serving to identify a particle, and y are the cooidmates of this 
particle at time t The constant k determines the wave-length, and c is the 
velocity of the waves, which are travelling in the direction ot ^r-negative 

* Stokes, I c ante p 392 Another very simple proof of this statement has been given hy 
Lord Rayleigh, I c ante p 246 

t Professor of Mathematics at Prague, 1789-1823 His paper, “ Theorie der Wellen,” was 
published in the Ahh d k bohm Ges. d Wiss , 1802 [Gilbert’s Annalen d Physik, t xxxii (1809)]. 

J “ On the Exact Form of Waves near the Surface of Deep Water,” Phil Trans , 1863 
[Sc Papers, p 481] 
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To verify this solution, and to determine the value of c, we remark, in 
the first place, that 



so that the Lagrangian equation of continuity (Art 16 (2)) is satisfied. Again, 
substituting from (1) in the equations of motion (Ait 13), we find 

^ (p py) = sin /r (a 4 ot), | 

^ j = — kc^e^^ cos k (a 4 ct) 4 kd^d ^^^ , 


whence 


= const. — ^ cos (a 4 c^)| — cos k {a 4 ct) 4 . . .(4) 


For a particle on the free surface the pressure must be constant, this 
requires 


as in Art. 228 This makes 


: const — ^6 4 (6) 


It IS obvious from (1) that the path of any particle (a, h) is a circle of 
radius 



The figure shews the forms of the lines of equal pressure h = const., for 
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a senes of equidistant values of h*. These curves aie trochoids, obtained by 
rolling circles of radii /c~^ on the under sides of the lines y = 6 + /c-^ the 
distances of the tracing points from the respective centres being /r-'e**' Any 
one of these lines may be taken as representing the free surface, the extreme 
admissible form being that of the cycloid The dotted lines represent the 
successive forms taken by a line of particles which is vertical when it passes 
through a crest or a trough 

It has already been stated that the motion of the fluid in these waves is 
rotational To prove this, we remark that 

+ i;Sy = ( A ^ + 2/ ll) Sa + (^i; ^ ^ 


= ” S sm h {a + c^)} + Sa, ... . (7) 

which IS not an exact differential 


The circulation in the boundary of the parallelogram whose vertices 
coincide with the particles 

(ob^ 6), {cb + Scij h\ (<x, h + S6), (ct 4* Sn, b H- 

IS, by (7), 

and the area of the circuit is 


= (1 - BaSb 
9 {a, h) ^ 

Hence the angular velocity (&>) of the element (a, 6) is 

JcQ^^kb 

" = ~ Tzr^ 


.. .( 8 ) 


This is greatest at the surface, and diminishes rapidly with increasing depth 
Its sense is opposite to that of the revolution of the particles in their circular 
orbits 


A system of waves of the present type cannot therefore be originated 
from rest, or destroyed, by the action of forces of the kind contemplated in 
the general theorem of Arts 17, 33 We may however suppose that by 
properly adjusted pressures applied to the surface of the waves the liquid is 
gradually reduced to a state of flow m horizontal lines, in which the velocity 
{u') IS a function of the ordinate (y) onlyi*. In this state we shall have 
doo'/da = I, while y is a function of b determined by the condition 

d{x^_d{x,y) 

d{a,h)~d{a,by 


* The diagram is very similar to the one given oiiginally by Gerstner, and copied more or 
less closely by subsequent writeis. A version of Gerstner’s investigation, including m one 
respect a correction, was given in the preceding edition of this work, Ail 233. 

t For a fuller statement of the argument see Stokes, Math and JPhys Papers, t i p 222 
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or 



(10) 




dh 


This makes 

du' 

db 


(11) 

and therefore 


v! = 

(12) 


Hence, for the genesis of the waves by ordinary forces, we require as a 
foundation an initial horizontal motion, in the direction opposite to that of 
propagation of the waves ultimately set up, which diminishes rapidly from 
the surface downwards, according to the law (12), where 6 is a function of y' 
determined by 

y' zzzb — ( 13 ) 

It is to be noted that these rotational waves, when established, have zero 
momentum. 


248 Scott Russell, in his interesting experimental investigations^, was 
led to pay great attention to a particular type which he calls the ' solitary 
wave.’ This is a wave consisting of a single elevation, of height not necessarily 
small compared with the depth of the fluid, which, if properly started, may 
travel for a considerable distance along a uniform canal, with little or no 
change of type. Waves of depression, of similar relative amplitude, were 
found not to possess the same character of permanence, but to break up into 
series of shorter waves. 

The solitary type may be regarded as an extreme case of Stokes’ 
oscillatory waves of permanent type, the wave-length being great compared 
with the depth of the canal, so that the widely separated elevations arc 
practically independent of one another. The methods of approximation 
employed by Stokes become, however, unsuitable when the wave-length 
much exceeds the depth; and subsequent investigations of the solitary 
wave have proceeded on different lines 

The first of these was given independently by Boussmesqf and Lord 
Rayleigh The latter writer, treating the problem as one of steady motion, 
starts virtually from the formula 

t A. 

= F F{co\ (1) 

where F{()c) is real. This is especially appropiiate to cases, such as the 


* “Beport on Waves,” Brit Ass Eep , 1844 
t Comptes Rendus, June 19, 1871. 
t l.c ante p. 246 
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present, where one of the family of stream-lines is straight. We derive 
from (1) 

where the accents denote differentiations with respect to x The stream-line 
yfr = 0 here forms the bed of the canal, whilst at the free surface we have 
where c is the uniform velocity, and h the depth, in the parts of 
the fluid at a distance from the wave, whether in front or behind 

The condition of uniform pressure along the free surface gives 


^2 ^2 _ ^2 _ 2^ (y — A), (3) 

or, substituting from (2), 

F'^ ^ y^F'F'" -f y^F"^- -H . (y ^ h) (4) 

But, from (2) we have, along the same surface, 

yF'-^^F"' + ...=-ch (6) 


It remains to eliminate F between (4) and (5) ; the result will be a differential 
equation to determine the ordinate y of the free surface If (as we will 
suppose) the function F' {x) and its differential coefficients vary so slowly 
with m that they change only by a small fraction of their values when x 
increases by an amount comparable with the depth A, the terms in (4) and 
(5) will be of gradually diminishing magnitude, and the elimination in 
question can be carried out by a process of successive approximation 


Thus, from (5) 


+ + ( 6 ) 


and if we retain only terms up to the order last written, the equation (4) 
becomes 


1 Y _ 1 _ 2ff (y-A) 


or, on reduction. 


yj 


1 =1 - (y - 

y^"^ S y S y^ c^/i^ 


If we multiply by y', and integrate, determining the arbitrary constant so 
as to make y' = 0 for 3/ = A, we obtain 


1 I 1 y'" _ 1 I 

y'^ S y A A^ ^ 
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Hence y' vanishes only for y = h and y = and since the last factor 
must be positive, it appears that c^jg is a max%mum value of y. Hence the 
wave IS necessarily one of elevation only, and, denoting by a the maxinimn 
height above the undisturbed level, we have 

( 9 ) 

which is exactly the empirical formula for the wave-velocity adopted by 
Russell 

The extreme form of the wave must, as in Art 246, have a sharp cnvst of 
120°, and since the fluid is there at rest we shall have o'-*=2ya. If the 
formula (9) were applicable to such an extreme case, it would follow that 
a = A. 


If we put, for shortness, 


, h^(h + a) 



(10) 

we find, from (8) 


■ 

( 11 ) 

the integral of which is 


7)=^ a sech^ -J- , 

(12) 


if the origin of x be taken beneath the summit 


There is no definite length' of the wave, but wo may notc^ as a rough 
indication of its extent, that the elevation has one- tenth of its inaximiun 
value when xjh = 3 636 



x' 


X 


The annexed drawing of the curve 

1 / = 1 + 1 sech“ 

represents the wave-profile in the case a = p Por lower wav<‘H tin- hcnle 
0 j must be contracted, and that of * enlarged, as indicated by the ann<‘x<*d 
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It will be found, on reviewing the above investigation, that 
the approximations consist in neglecting the fourth power of 
the ratio (A + a)/26 

If we impress on the fluid a velocity — c parallel to x we 
get the case of a progressive wave on still water It is not 
difiicult to shew that, when the ratio ajh is small, the path of 
each particle is then an arc of a parabola having its axis ver- 
tical and apex upwards^ 

It might appear, at first sight, that the above theory is 
inconsistent with the results of Art 185, where it was argued that a wave of 
finite height whose length is great compared with the depth must inevitably 
suffer a continual change of form as it advances, the changes being the more 
rapid the greater the elevation above the undisturbed level The in- 
vestigation referred to postulates, however, a length so great that the vertical 
acceleration may be neglected, with the result that the horizontal velocity 
is sensibly uniform from top to bottom (Art 1*71) The numerical table 
above given shews, on the other hand, that the longer the ‘ solitary wave ’ is, 
the lower it is. In other words, the more nearly it approaches to the 
character of a ‘ long ’ wave, in the sense of Art l7l, the more easily is the 
change of type averted by a slight adjustment of the particle- velocities f. 

The motion at the outskirts of the solitary wave can be represented by a very simple 
formula. Considering a progressive wave travelling m the direction of ^-positive, and 
taking the origin in the bottom of the canal, at a point in the front part of the wave, we 
assume 


^ g - m (as - ci) cos Wy 

. . (13) 

This satisfies V2</)=0, and the surface-condition 


d^(b d(h ^ 



(14) 

Will also he satisfied for provided 


o , tan mh 

^"=3^ mh 

(15) 

This will be found to agree approximately with Lord Rayleigh’s 

investigation if we put 

The above remark, which was kindly communicated to the author by the late Sir George 
Stokes f, was suggested by an investigation by McGowan §, who shewed that the formula 


(16) 


ajh 

6/A 

1 

1 915 

2 

1*414 

3 

1 202 

•4 

1080 

•5 

1*000 

*6 

*943 

7 

•900 

8 

866 

9 

•839 

10 

‘816 


* Boussinesq, l.c 

t Stokes, “ On the Highest Wave of Umform Propagation,” Proc Caml Phil Soc , t. iv. 
p 361 (1883) [Math and Phys Papers, t v p 140] 

X Cf. his Math and Phys, Papers, t v p 162 
§ “ On the Solitary Wave,’* Phil. Mag (5), t. xxxii p 45 (1891). 
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satisfies the conditions very approximately, provided 

c^=^U.nmh, ... ( 17 ) 

ma==fsm2m (A +■§•«), a=atan^w(AH-a), .. .(18) 

where a, denotes the maximum elevation above the mean level, and a is a subsidiary 
constant In a subsequent paper* the extreme form of the wave when the crest has a 
sharp angle of 120“ was examined The limiting value of the ratio ajh was found to be 78, 
in which case the wave-velocity is given by c2=l 56^A 


249 By a slight modification the investigation of Rayleigh and 
Boussmesq can be made to give the theory of a system of oscillatory waves 
of finite height in a canal of limited depth "j* In the steady-motion form of 
the problem the momentum per wave-length (X) is represented by 

j^pudxdy = dxdy = - (19) 

where correspoads to the free surface If h be the mean depth, this 
momentum may be equated to pcJiK, where c denotes (in a sense) the mean 
velocity of the stream On this understanding we have, at the surface, 
= as before The arbitrary constant in (3), on the other hand, must 
be left for the moment undetei mined, so that we write 


We then find, in place of (8), 


1^2 q . ^2 _ (7 _ 


y" = (y - 0 (^1 -y){y- 


where Ai, are the upper and lower limits of y, and 

yhqflQ 

It IS implied that I cannot be greater than 

If we now write y = cos^ x + h sin^ x> • 

we find /3^ = V{l-/r''sin2%}, . . 


where 



L2 _ ^ 2 


. . .( 20 ) 
.... ( 21 ) 

.. ..( 22 ) 

. ...(23) 
.. ..(24) 

(25) 


* “ On the Highest Wave of Permanent Type,” Phil Mag (5), t. xxxvni p Sol (1894) 
t Korteweg and DeVries, “On the Change of Form of Long Waves advancing in a Beot- 
angular Canal, and on a New Type of Long Stationary Waves,” Phil Mag (5), t xxxix p 422 
(1895) The method adopted by these writers is somewhat different Moreover, as the title 
indicates, the paper includes an examination of the manner m which the wave-profile is chang- 
ing at any instant, if the conditions for permanency of type are not satisfied 

For other modifications of Lord Bayleigh’s method reference may be made to G-wyther Pktl 
Mag (5), t. 1 pp 213, 308, 349 (1900) ’ 
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HftH'f, urif^iii itf In* takfu at a crcHt, wo have 




(26) 

and 1/ h.) + </(,- //.j) en’’* ^ . [ mod. A:] 

(27)* 

11 it‘ by 


'“■'^ 1 ^" H\ 'r 4 t 2/aA'. (/>•). .. 

„ V(1 -• /> Hin^x) 

(28) 

Again, frimi (23) and (24), 


tSinee ihiM niual be eipuil to AX, we havi' 

-A)/^.(^-)S 
(20) 

(/l■-/)A',(A•)e (//,-() a; (A-) 

(80) 


Ih f’nimtiuns (2r»), <28), (30) we have four n-lationH comioothig the hix 
/«,, /i,, X, H«» that if tw<i of Uushc he aHHignod the rent are 
BiiHljtieaily ^l^•te^th^lHtt‘. Tin* wave-veloeity c is then given hj (22)f. For 
exantjile, the fotiu of the wavea, anti tht'ir velocity, are tleterminod hy the 
iettgtli X, and the htnght /i, ttf the create abovtt the Ijottoin. 

Tin* Httlitary wave of Art. 248 in iuelutied aa a particular cane. If we 
put / "•/(„ we liavt* k I, and the forinulat! (28) and (30) then ahtw that 
\ ' r , ' h. 


260. 'I'he liieory of wavt'H tif pttrinantnit type haw hoe.n brought into 
relntittu with general tlynatnical prineiplea by von HebnholtzJ. 

If ill the ei|uationh of motion of a ‘ gyrowtatic ’ Hyatem, Art. 141 (24), wo 


■d) 


n 0 

"br/,* ■"<)(/« " ai // - 

where I' ia the potential energy, it aiipeam that the contiitioua for aUauly 
niolion, with 7 ,, t/„ ... t/„ eimatant, are 




{V f A') 0 , 


a 


(F+A') 0, 


at/n 


(K+ A’‘)- 0 , ...( 2 ) 


* wifcveN rejaeaenti'U tty Hie rHlIeti 'nioatHl liy tlii' HUtlitii'H oiti'd. tor tho 

titeiliitil ttf [trtitji^etltiir Itt h liitiiier mijtiitMiitiilinli wt* iuumI u'fer to the oriKiiiiii 

t' Wliwi ilte tleiitli iM IlioO', H tool iireii'ii hh to wliat ti lueinit oiototly ty thii ‘ volocity ol 
j-roitHi-Htio'i.’ '1 li" w li«'ity loloiitetl ill til.' nwt in Unit of ttio wiivo-jirofllo wlfttivo to tli« ocmtro 
of iii.itm ill tint ime.K <tf Itiif.t iiieliided ItHw.-'ii (wo vorUrnl iilaiiea lU a iliHtanno ajmrt equal to 
the »iiVf leliatli. t'.f, Htokeo, .iftith ittul f’/iyu. /'ti;i(Tii, t. l. [>. 201 

; "Hu- Kiit'iaie d'T \V*>K«‘ii Ultil <1»'H Wiiuli’M,” Itrfl, JAimifufif r. July 17, 1890 Ifle*. Abh., 

1. hi. (t. .us:!). 


26—2 
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where K is the energy of the motion corresponding to any given values of 
the coordinates . qn when these are prevented from varying by the 

application of suitable extraneous forces. 

This energy is here supposed expressed in terms of the constant momenta 
corresponding to the ignored coordinates %'? • • • > palpable 

coordinates qu q 2 i • qn It may however also be expressed in terms of the 
velocities ••• the coordinates q 2 , •qn, this form we denote it 
by Tq It may be shewn, exactly as in Art 142, that dTf^jdqr^^ — dKjdqr, so 
that the conditions (2) are equivalent to 

Hence the condition for free steady motion with any assigned constant 
values of gi, gaj - •* IS that the corresponding value of V+K, or of F— 2\, 
should be stationary. Cf Art. 202 (11) 

Further, if in the equations of Art 141 we write -dV/dqr-h Qt for so 
that Qr now denotes a component of extraneous force, we find, on multiplying 

Si, •* in order, and adding, 

^('^+V+K}=Qiqi + Q^i + ...+Qnqn, ... .(4) 

where is the part of the energy which involves the velocities q^ q^, • • qn 
It follows, by the same argument as in Art. 204, that the condition for 
‘ secular stability, when there are dissipative forces affecting the coordinates 
?i> q 2 > •• qny but not the ignored coordinates is that V+K should 

be a minimum. 

In the application to the problem of stationary waves, it will tend to 
clearness if we eliminate all infinities from the question by imagining that 
the fluid circulates in a ring-shaped canal of uniform rectangular section (the 
sides being horizontal and vertical), of very large radius. The generalized 
velocity X corresponding to the ignored coordinate may be taken to be the 
flux per unit breadth of the channel, and the constant momentum of the 
circulation may be replaced by the cyclic constant k. The coordinates 
2iy ^2, •• of the general theory are now represented by the value of the 
surface-elevation (77) considered as a function of the longitudinal space- 
coordinate ^ The coiTespondmg components of extraneous force are repre- 
sented by arbitrary pressures applied to the surface 

If I denote the whole length of the circuit, then considering unit breadth 
of the canal we have 



( 5 ) 
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where rj is subject to the condition 


ri 

r]dx = 0 

J 0 
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( 6 ) 


If we could with the same ease obtain a general expression for the kinetic 
energy of the steady motion corresponding to any prescribed form of the 
surface the minimum condition in either of the forms above given would, by 
the usual processes of the Calculus of Variations, lead to a determination of 
the possible forms, if any, of stationary waves* 

Practically, this is not feasible, except by methods of successive approxi- 
mation, but we may illustrate the question by reproducing, on the basis of 
the present theory, the results already obtained for ‘long’ waves of infinitely 

small amplitude 

If h be the depth of the canal, the velocity in any section when the surface is maintained 
at r“i, wr^bLry elevation y, is x/(A+,), where x is the flux Hence, for the cyclic 

constant, . 

approximately, where the term of the first order in n has been omitted, m virtue of (6) 

The kinetic energy, ip<x, ^ expressed m terms of either or k. We thus obtain 
the forms 

( 9 ) 


The variable part of F- 


and that of y-\-K is 


id’"®/.'’’'*’’ 


( 10 ) 


( 11 ) 


It is obvious that these are both stationary for i/"=0; and that they will be stationary 

for any infinitely small values of ,, provided t=gh\ or If we put x-ch, or 

K = cL this condition gives . 



in agreement with Art 174 

It appears, moreover, that ,,=0 makes 7+W a maximum or a minimum according as 
IS greater or less than gh. In other words, the plane form of the surface is secularly 

* For some general considerations bearing on the problem of stationary waves on the common 
surface of two currents reference may be made to von Helmholtz’ paper This also contains at 
the end, some speculations, based on calculations of energy and momentum, as to the 
the waves which would be excited m the first instance by a wind of given velocity These appe^ 
to involve the assumption that the waves will necessarily be of permanent type, smee it is on y 
on some snob hypothesis that we get a determinate value for the momentum of a tram of wa 
of small amplitude 
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stable if, and only if, c < */ {gh) It is to be remarked, however, that the dissipative forces 
here contemplated are of a special character, viz. they affect the vertical motion of the 
surface, but not (directly) the flow of the liquid It is otherwise evident from Art 174 
that if pressures be applied to maintain any given constant form of the surface, then if 
c‘^>gh these pressures must be greatest over the elevations and least over the depres- 
sions Hence if the pressures be removed, the inequalities of the surface will tend to 
increase 


. .. ( 1 ) 


Wave-Propagation in Two Dimensions 

251 We may next consider some cases of wave-propagation in two 
horizontal dimensions sc^ y The axis of z being drawn vertically upwards, 
we have, on the hypothesis of infinitely small motions, 

+ ( 1 ) 

where cfr satisfies = 0 (2) 

The arbitrary function F{t) may be supposed merged m the value of d4>ldt 

If the origin he taken in the undisturbed surface, and if ^ denote the 
elevation at time t above this level, the pressure-condition to be satisfied at 
the surface is 

i-wm 


and the kinematical surface-condition is 


cf Art. 226 Hence, for ^ = 0, we must have 


dt^^^dz ’ 


• •• ( 4 ) 


( 5 ) 


or, in the case of simple-harmonic motion, 


if the time-factor be 


2 , 90 


The fluid being supposed to extend to infinity, horizontally and down- 
wards, we may briefly examine, in the first place, the effect of a local initial 
disturbance of the surface, in the case of symmetry about the origin 

The typical solution for the case of initial rest is easily seen, on reference 
to Art 100, to be 

, sin at -r . 

= g ___ ^kzj^ 

cos at Pq 
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provided 

as in Art 227. 

To ge.et.to this, subject to the condition of symmetry, we have 
recourse to the theorem 


( 9 ) 

( 10 ) 
.( 11 ) 


y (^) = J J„ (lew) hdh f (a) Jo (ka) • • 
of Art 100 (12). Thus, correspoudiug to the initial conditions, 

f =/(«■), </>o=0, 

we hare /.(*»)!=« JVW/.W 

^ = I" COS <rt Jo (fe) kdk j7(a) Jo (^a) <xda. 

If the initial elevation be concentrated in the immediate neighbourhood 
of the origin, then, assuming 

r°° = 1 ■ ••'•(1^) 

SHI O'* gfe (js^) Jedk 


we have 


rf,= ^-r 

27rjo 


Expanding, and making use of (8), we get 


rl- I 


If we put 
we have 
by Art 102 (9), and thence* 


^ 31^ 5 ^ 

^ — r cos 0, 'ey = r sin 6, 


. 1 Jo (kur) dk 


I” d‘’‘J<,{k^)dk = K 


^00 / 

io 


/dx”! .Pnil^) 
= 1 :^ _ = n'-r.rzr 


,dz) r 




(14) 

.(15) 

(16) 

.. (17) 


where p, == cos 0 (cf Art. 85). Hence 


<P- 


gt {PiM - ••i 


2v 


3 ! r» 


5' 


From this the ralno of ( m .0 he obtameJ by (3) It apE-- &««" 

Arts 84), 85 that ^ ^ ^2n — 1) 

Pm+i ( 0 ) = 0 , Pm ( 0 ) = ( - T -2 4 . 2 “ ’ 


JIS) 


T .7 KT ej, Qn,. 1 3 fxv w 72 73 Tliis fornttula may, however, be 
* Hobson, P?oc Lond Math Soc., t xxv. pp » 

dispensed with, see the foot-note on p. 365 ante 
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whence 


27r'nr^ [2 W 6 * \ 'sr/ 


32 /gty 

101 j 


( 20 )^ 


It follows that any particular phase of the motion is associated with 
a particular value of and thence that the various phases travel radially 
outwards from the origin, each with a constant acceleration 


No exact equivalent for (20), analogous to the formula (20) of Art 236 which was 
obtained in the two-dimensional form of the problem, and accordingly suitable for dis- 
cussion in the case where is large, has as yet been discovered Cauchy and Poisson 
have, however, given processes of approximation The method of the latter writer is 
substantially as follows Since, by Art 100(7), 

t7J)(te)=- cos (te cos /3) (i/3, . .(21) 

J 0 

the second of the equations (11) may be written, under the present circumstances, 

^ Jq cos 0-25 cos (te cos /3) (ij^J , . (22) 

where z is supposed to be negative before the limit It may be shewn, exactly as in 
Art 236, that when gt^l^'ur, and therefore, a fortiori^ cos /9) is large, 

lim [ oo3a«cos(^i!rcoa/3)e*»dI:=-i^^-^!^(cosi(D'+sinia)'), • (23) 

;s=0 J 0 Sot cos ^ s / 

where co' (2®" cos /3) Hence 


1 02 fiir 

^Jo 


cos^ /3 ’ 


2® 


where 

The definite integral in (24) is equivalent to 

r 00 

j ^ {cos (^<B cosh u) + sin ( Jco cosh u)} V(cosh u) du, . 

or /: (cos (^<«)-|-o)Sinh2Jv)4-sm sinh^ J^)} 

X kd (amh ju) + (3mh^i^)) 

i ^ ' V(COSll !t)+cosh J 


..(24) 

(26) 

. (26) 

• (27) 


Since 


f cos ((D smh® ^u)d (sinh ^«) = ( sin (*> 8inli2 Jm) d (sinh iu)=^ / f-, (28) 

d ^ Jo \/ 2(31) ' 

the first part of the integral (27) reduces to 

. . . ..(29) 

The coefficient of d (sinh2 J-w), m the second part, vanishes for and 'W= oo , and Poisson 


This result was given by Cauchy and Poisson 
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woceeds to shew by a aeries of partial integrations that, when is large, this second part 
mTbe neiected Hence, substituting the form (29) in (24), we find 




1 02 gt^ 

COS — 


.(30) 


(31) 


’Airwg 3* 

or keeping, for consistency, only the most important term, 

. g^ 9^ 

a result given by Cauchy and Poisson 

It is not necessary to dwell on the interpretation, which will be readily 
from what has been said in Art 238 Iwith respect to the T 

consequences were worked out in some detail by Poisson on the hypothesis of an initia 

paraboloidal depression. 

When the initial data are of impulse, the typical solution is 
^ = cos ai^ Jo (htiT), 

t= — - tr sin o-t Jo{knT), 

9 

which, being generalized, gives, for the initial conditions 

r=o, 

the solution 


. (32) 


.(33) 


.(34) 


1 

A = 1 [“ cos at Jo (*®) kdkTF (a) Jo (ka) adct, 

^ pjQ 

y— —( cr sin at Jo (k'!!r)kdk f F {a) Jo {ka) ado. 

^ gpjQ ■'o 

In particular, for a concentrated impulse at the origin, such that 

r F{o.)2'TradoL = l, (35) 

Jo 

we find ^ Jo 

Since this may be written 


cos 


</> = 


’ 27rp j 0 

1 0 f “ sin at 


atd^Joikia)kdk (36) 


e** Jo (few) k dk, (37 ) 


27rp dtj a 

we find, performing on the results contained in (18) and (20), 

, 1 {Pii9) pt22'P.(M) , (gg S' -P»M _ . 1, 1 

2' ' r® 4! J 


? = 


2vpi 


12 32 ( gf \^ 1“ 3 “ 5 “ 

"TT w"j 9' 


(38) 


Again, when is large, we have, m place of (31), 


sin 


. (39) 
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252 We may next investigate the effect of a local periodic pressure 
applied to the surface, following the method of Art 239. 

In the three-dimensional form of the problem, we have, in place of 
Art 239 (4), 


This gives 






( 1 ) 


.. . (2) 


subject to the kinematical condition (4) of Art 251 

In the case of symmetry about the axis of z, assuming 

jpo = ^0 Jo (:3) 


and thence 


where 

as in Art 239 


(gk^ — 0-2 + i/jbcr) (7 = ~ , 
P 


Hence, corresponding to a symmetrical surface-pressure 

Po=/(®-)e*°'^ 

we find (see Art. 251 (9)) 


( 5 ) 

( 6 ) 


• •• (7) 


Thus, for an integral pressure Pe^ distributed uniformly over a circle 
of radius a, we have 


/o = 7^ r '^0 i (*“) (9) 


and thence 


gp^=-— r 

TTO- J Q Jc — IfJLj) ‘ 


Returning to the general case, since 


iV.(fcw) = -ll (11) 


by the differential equation of we have 


nn}'=At<ytl.A.~ 9 r°° Jf,{km)dk f” ^ ^ s , 

wSw awJo A;-(«:— 
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For a concentrated pressure Pe^'- at the origin, this becomes 

9 /•” Jo{kvr)dk 
27r •ST dtir dm j 0 k — {K — ifjh) 

Now, since J<, Oc-bt) = - sin (k^sr cosh u)du, (14) 

w J 0 

by Art 192 (7), we have 

r°° J,(km)dk _ l roe e»4wcosh» _ e-»l:.arcosh« 

Jo k~{K-'ifi^ Trio Jo k-{ic-ifii) 

Too 7 r°0 ^-mwcosh 'j 

-'i/o {2" 2 (r.+“)/. 06) 

where the definite integral with respect to A; has been transformed by the 
method of Ait 241 

We may now put /jli = 0 without inconvenience ; thus 
r JAkm)dk , 2« 

'™-.- j, -J. J, - ■ -OS) 

where Po is the function defined in Art 192. Hence (13) becomes* 




r in I 

Jo -fo 


^-mvrcoshu rn^ dm, 


. . ,-(17) 


= - Po (««■) - -1“ 11~5 6^ + — -y-y • • [ , ■ • (17) 

where the series in { } is of the semi-convergent kind. At distances m 
which are great compared with ^ttIk, the first term only is sensible, and we 
have 

- ( 18 ) 

approximately This gives a system of annular waves whose amplitude 
varies inversely as the square root of the distance from the origin 

Taking the real part of our expressions, we find, from (17), 

_ ^ = ” ^ (/cw) cos ai + terms in sin at (19) 

dt 2gp 

Hence the mean rate at which the concentrated pressure P cos at does 
work in generating waves is 

/cVP“ a^P^ /nn\ 


* Use IS here made of the identity 

^ ^ r ^ ^-WTJTCOSh' 

•zzr Star dm 


J: ^ — g-w'or cosh “■rn'or cosh ^ /^-mwcoshw g^iiw) 
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varying as the fifth power of the frequency The contrast with the case of 
a periodic force acting at a point in an infinite elastic solid, and other similar 
problems, where the rate of work varies as the square of the frequency, is 
iDterestmg from the point of view of the dynamics of dispersive media 


253 We proceed to consider the effect of a local disturbance of pressure 
advancing with constant velocity over the surface This will give us, at all 
events as to the main features, an explanation of the peculiar system of waves 
which IS seen to accompany a ship moving through sufficiently deep water 


A complete investigation, after the manner of Arts 240, 241, would 
appear to be somewhat difficult ; but the general characteristics can readily 
be made out with the help of preceding results. 

Let us suppose that we have a pressure -point moving with velocity c 
along the axis of x, in the negative direction, and that at the instant under 
consideration it has reached a point 0. The elevation ^ at any point P may 
be regarded as due to a senes of infinitely small impulses applied at equal 
infinitely short intervals at points of the axis of x to the right of 0 Of the 
annular wave-systems thus successively generated, those only will combine 
to produce a sensible effect at P which had their origin in the neighbourhood 
of a certain point Q, determined by the consideration that the phase at P is 
'stationary’ for variations in the position of Q, Now if t is the time which 
the source of disturbance has taken to travel from Q to 0, the phase of the 
waves at P, originated at Q, is 



.( 1 ) 


where tsr = QP (Art 251 (39)) 


Hence the condition for stationary phase is 



. .. . ( 2 ) 



Since, in this differentiation, 0 and P are regarded as fixed, we have 
where 6» = 0QP, hence 


OQ z=ct= 2'bj sec 0, 


Zj = c cos 0, 


(S) 


Arts 251, 252 are taken from 


a paper cited on p 378 ante 
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It IS further evident that the points m the immediate neighbourhood 
of P, for which the resultant phase is the same as at P, mil lie in a line 
perpendicular to QP A glance at the figure on the opposite page then shews 
that the curve of the wave-ridges is characterized by the property that the 
tangent bisects the interval between the origin and the foot of the normal. 
If p denote the perpendicular from the origin to the tangent, and 8 the angle 
which p makes with the axis of x, we have, by a known formula, 

whence ^ ‘ 

p=acos^9 (^) 

For consecutive wave-ridges the values of the arbitrary constant a differ by 
^TTC^jq This IS easily seen by considering the parts of the curves for which 6 

IS small 



The forms of the curves are shewn in the annexed figure*, traced from 
the equations 


x=^p cos 0 — gin 6 = 6 cos 3^), 

y=p sin ^ "b ^ 6 = — \a (sin 6 + sin 3^). 


( 6 ) 


* Of Sir W Thomson, “On Ship Waves,” Proe Inst Mech. Eng , ka%, 8, 1887 [Popular 
Lectures, t iii p 482] where a similar drawing is given The investigation there referred to, 
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The values of x and y are stationary when sin^ 0 = \, this gives a Series 
of cusps lying on the straight lines 

( 1 ) 


Although the mode of disturbance is different, the action of the bows of 
a ship may be roughly compared to that of a pressure-point of the kind we 
have been considering The preceding figure accounts clearly for the two 
systems of transverse and lateral waves which are in fact observed, and 
for the specially conspicuous ‘ echelon ’ waves at the cusps, where these two 
systems coalesce These are well shewn in the annexed di awing* by 
Mr E E. Froude of the waves produced by a model 



A similar system of waves is generated at the stern of the ship, which 
may roughly be regarded as a negative pressure-point. With varying ’speeds 
of the ship the stern-waves may tend partially to annul, or to reinforce, 
the effect of the bow-waves, and consequently the wave-resistance to the 

based apparently on the theory of ‘ group-velocity,’ has unfortunately not been published See 
also B E Froude, “ On Ship Eesistance,” Papers of the Greenock Phil. Soc , Jan 19, 1894 
In the preceding edition of this work it was assumed that the effect of a pressure concentrated 
at a point might be mferied by superposing lines of pressure (through 0) unifoimly in all 
azimuths, and using the results of Art 241 It is easily seen, however, that such a distribution 
of lines of pressure is equivalent to a pressure-intensity varying inversely as the distance from 0 
This IS not an adequate representation of a locahzed pressure, since it makes the total pressure 
having Its centie at O increase indefinitely with the radius of the circle 
{Phil Frans , A, t com. p 33 ) The assumption in question leads to the same configuration of 

the wave-ridges as m the text, but would give a different distribution of the elevation f in 
the system ^ 

* Copied, by permission of Mr Froude and the Council of the Institute of Naval Architects 
from a paper by the late W Froude, “ On the Effect on the Wave-Making Eesistance of Ships of 
liengtn of Parallel Middle Body,” Trans* Inst Nav Arch , t xvii (1877) 
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ship as a whole for a given speed may fluctuate up and down as the length 
of the ship IS increased*. Cf Art 242. 


To obtain an approximate estimate of the actual height of the waves, in 
our special form of the problem, in the different parts of the system, we have 
recourse to the formula (39) of Art 251. If P. denote the total disturbing 
pressure, the elevation at P due to the annular wave-system started at 
a point Q' to the right ot 0 may be written 


3?=- 


gt’^ 


sin 


9^1 


PoS^', 


( 8 ) 


where 


^'=FQ', 




0^ 

c 


This IS to be integrated with respect to t', but (as already explained) the only 
parts of the integral which contribute appreciably to the final result will be 
those for which t' has very nearly the value (t) corresponding to the special 
point Q above determined 


As regards the phase, we have, writing t'=i + T, 


3^1 = 3^- 

4*^' 4'Z3T 


+ T 


d ^(3^-\ 

dt \4'or/ 1 2 dP’ \4'Br/ 


+ • • 


( 9 ) 


The second term vanishes by hypothesis, since the phase at P for waves 
started near Q is ' stationary ’ Again, we find 

_3i... A 9^' -] . 

dt'Uw 4 wV 


Since 


'ST = c cos 




sin^ 0 

IjT 


( 10 ) 


this reduces, with the help of (2), to 


dt^ \4'nr/ w 


(^-tan=0) 


( 11 ) 


Owing to the fluctuations of the trigonometrical term no great error 
will be committed if we neglect the variation of the first factor in (8), or it, 
further, we take the limits of integration with respect to t to be ± oo . 
Hence at a point P on a wave-ridge, where 

=2sTr-47r, 


* See W. Froude, I c , and E B Fronde, “ On the Leading Phenomena of the Wave-Malang 
Eesistance of Ships,” T,ans Inst Nav Arch , t xxii (1881), wheie drawings of aotnal wave- 
patterns under varied conditions of speed are given, which are, as to then mam features, in 
striking agreement with the results of the above theory Some of these drawings are reproduced 
in Lord Kelvin’s paper m the Proc Inst Mech, JEng , above cited 

Por a discussion of the wave-resistance encountered by an ideal form of ship see Micnell, 
Phil Mag (5), t xlv p 106 (1898). 
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s being integral, we have 




SV^Trp'CJ^ 


/: 


cos dr, 


approximately, provided 


== ^ I J — tan^ 6 1 

Z'ZiT 


■ ■ ( 12 ) 

. . .(13) 


The definite integral in (12) is equal to V(4'7r) the positive value of m 
being understood Hence, the elevation along the wave-ridge whose parameter 
IS a is found to be 


t=: sec^ e 

TT^pcfa^ * ^/\1 — 3 sin^ 0\ 


.( 14 )^ 


The formula makes ^ infinite at a cusp, where sin^^= J, but this is 
merely an indication of the failure of our approximation That the elevation 
at a point F in the neighbourhood of a cusp would be relatively great might 
have been foreseen, since, as appears from (9) and (11), the range of points 
on the axis of cc which have sent waves to P in sensibly the same phase is 
then abnormally extended. 


The infinity which occurs when ^ = -J-tt is of a somewhat different 
character, being due to the artificial nature of the assumption we have made, 
of a pressure concentrated at a, point With a diffused pressure this difficulty 
would disappear 

It 18 to be noticed, moreover, that the whole of this investigation applies 
only to points for which gt^l4ixs- is large , cf Arts 238, 251 It will be 
found on examination, that this restriction is equivalent to an assumption 
that the parameter a is large compared with ^Trc^jg. The argument there- 
fore does not apply without reserve to the parts of the wave-pattern near the 
origin. 

To examine the modification produced in the wave-pattern when the 
depth of the water has to be taken into account, the preceding argument 
must he put m a more general form If, as before, t is the time the 
pressure-point has taken to travel from Q to 0, it may be shewn that the 
phase of the disturbance at P, due to the impulse delivered at Q, will differ 
only by a constant from 

^ kiVt-w-l (15) 

if 27r/A be the predominant wave-length in the neighbourhood of P, and 
V the corresponding wave-velocityf. This predominant wave-length is 

* The reader may test the above method by applying it to find the amplitude of the waves m 
the two-dimensional problem of Art 241, assuming the formula (35) of Art 237 for the effect of a 
single impulse 

t The symbol c, which was previously employed m this sense, now denotes the velocity of 
the pressure-pomt over the water 
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determined by the condition that the phase is stationary for variations of 
the wave-length only, i.e. 

^ A(Ft-w) = 0, or ^=Ut, (16) 

where 11, = d {hV)ldk, is the group-velocity (Art 234)*. 

For the effective part of the disturbance at P, the phase (15) must 
further be stationary as regards variations in the position of Q, hence, 
differentiating partially with respect to t, we have 

•w = F, or F= c cos 0, .. . . . (17) 

since w = c cos 6. Now, referring to the figure on p. 412, we have 

p = ct cos d — CT = Ft — w .. (18) 

Hence for a given wave-ridge p will bear a constant ratio to the wave- 
length X, and in passing from one wave-ridge to the next this ratio will 
increase (or decrease) by unity Since X is determined as a function of 6 
by (17), this gives the relation between p and 8 

Thus in the case of infinite depth, the formula (17) gives 

c^cos^0 = F*==|^ (19) 

and the required relation is of the form 

p = a cos^ 8, . . . (20) 

as above. 

When the depth (h) is finite, we have 

c=cos=d = F= = |^tanh (21) 

JtTT A. 

and the relation is 

tanh - = ^ cos® 0, . (22) 

a p gh 

where the values of a for successive wave-ridges are m arithmetic pro- 
gression The forms of the curves m various cases have been sketched by 
Ekmanf Since the expression on the left-hand side cannot exceed unity, 
it appears that if c® > gh there Will be an inferior limit to the value of 6, 
determined by 

cos®0 = ^. (23) 

c 

It follows that when the speed of the disturbing infiuence exceeds »/(gh) 

* Of Sir W Thomson, “On the Waves produced by a Single Impulse in Water of any Depth, 
or in a Dispersive Medium,” Proc It S xlii p 80 (1887), where the argument (which is easily 
extended) is given for the two-dimensional case, 
f Z c ante p 354 
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the transverse waves disappear, and we have only the lateral waves 
This tends to diminish the wave-making resistance (cf Art 245)* 


Standing Waves in Limited Masses of Water, 

264 The problem of free oscillations in two horizontal dimensions {x, y), 
in the case where the depth is uniform and the fluid is bounded laterally by 
vertical walls, can be reduced to the same analytical form as in Art 187. 

If the origin be taken in the undisturbed surface, and if f denote the 
elevation at time t above this level, the conditions to be satisfied at the free 
surface are as in Art 251 (3), (4). 


The equation of continuity, = 0, and the condition of zero vertical 
motion at the depth ^ = — A, are both satisfied by 

(^ = <)E)i cosh A (-3^ + A), (1) 

where (j)i is a function of x, y, such that 


Zx^ dy^ 


' k^<pi = 0 


( 2 ) 


The form of and the admissible values of k are determined by this 
equation, and by the condition that 


dn 


0 , 


( 3 ) 


at the vertical walls The corresponding values of the ‘ speed ’ (cr) of the 
oscillations are then given by the surface-condition (6), of Art. 251 , viz we 
have 


4, 

cr^ = gk tanh kh. 

(4) 

This makes 

f== — siuhAA 

or 

- ( 5 ) 


The conditions (2) and (3) are of the same form as in the case of small 
depth, and we could therefore at once write down the results for a rectangular 
or a circular! tank The values of A, and the forms of the free surface, in the 
various fundamental modes, are the same as in Arts 188, 189 but the 

* It IS found that the power req.uired to propel a torpedo-hoat m relatively shallow water 
increases with the speed up to a certain critical velocity, dependent on the depth, then decreases, 
and finally increases again. See papers by Yarrow and Marnner, Trans. Imt Nav Arch t xlvii* 
pp 339, 344 (1905) 

t Por references to the original investigations by Poisson and Lord Eayleigh of waves in a 
circular tank see p 272 The problem was also tieated by Menau, Ueber die Bewegung 
tropfbaier Mmsigkeiten in Gefassen, Basel, 1828 [see VonderMuhll, Math Ann, t xxvii 
p 575] and by Ostrogradsky, “Mdmoire sur la propagation des ondes dans un bassin 
cylmdrique,” MSm des Sav J^trang , t iii (1832) 

X It may be remarked that either of the two modes figured on pp 271, 272, may be easily 
excited by properly-timed horizontal agitation of a tumbler containing water. 
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amplitude of the oscillation now diminishes with increasing depth below the 
surface, according to the law (1) , whilst the speed of any particular mode is 
given by (4) 

When hh is small, we have =k^gh, as in the Arts referred to. 

255 The number of cases of motion with a variable depth, of which the 
solution has been obtained, is very small 

1° We may notice, first, jthe two-dimensional oscillations of water across a channel 
whose section consists of two straight lines inclined at 45'" to the vertical^ 

The axes of z being respectively horizontal and veitical, in the plane of a cross- 
section, we assume 

= ^ {cosh^(^-l-tJs)4-cos^(y-J-i^)}, . (1) 

the time-factor cos (<r^+€) being understood This gives 

(p — A (cosh ky cos kz + cos ky cosh hz), \lr=A (smh ky sm h ~ sin ky sinh kz). (2) 

The latter formula shews at once that the lines y==±.z constitute the stream-line ylr=0, 
and may therefore be taken as fixed boundaries 

The condition to be satisfied at the free surface is, as in Art. 226, 



Substituting from (2) we find, if h denote the height of the surface above the origin, 

0-2 (cosh ky cos kh cos hy cosh hh) ^gk ( - cosh ky sm hh -f cos ky smh kh) 

This will be satisfied for all values of y^ provided 

0 -^ cos kh= —gk sm hh, cr^ cosh hh^gk smh hh, . . . . (4) 

whence tanhM=”tanM . .... (5) 

This determines the admissible values of h , the corresponding values of o- are then given 
by either of the equations (4) 

Since (2) makes <p> an evm function of y, the oscillations which it represents are sym- 
metrical with respect to the medial plane y=0 

The asymmetrical oscillations are given by 

i A {co^h h (jy+iz) -con h (y+iz)}, .. .. (6) 

or (p=’- A (smh hy sin hz + sm hy smh hz), A (cosh ky cos kz ~ cos ky cosh kz) . (7 ) 

The stream-line 'v//'=0 consists, as before, of the linos y=±z, and the surface-condition (3) 
gives 

0*2 (smh ky sm kh -f sm hy smh hh) —gh (smh hy cos hh ■+ sm hy cosh kh) 

This requires 

cr^ smkh=gh con hh, amh hh=gk cosh, kh, . . . (8) 

whence t anh hh = tan hh (9) 

* Kirchhotf, “ Ueber stehende Schwingungen einer sohweren Flussigkeit,” JBerl Monatsber,, 
May 15, 1879 [Ges* Ahh , p 428]; Greenhill, I c. ante p 35b, 


27—2 
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The equations (5) and (9) present thenaselves in the theory of the lateral vibrations of 
a bar free at both ends , viz they are both included in the equation 

cos m cosh (10)* 

where m=2M 

The root M=0, of (9), which is extraneous in the theory referred to, is now important , 
it corresponds in fact to the slowest mode of oscillation in the present problem Putting 
and making Ic infinitesimal, the formulae (7) become, on restoring the time-factor, 
and taking the real parts, 

COS(or^ + €), y^^^B — COS (crjf e), .. .. (11) 

whilst from (8) (t2=| (12) 

The corresponding form of the free surface is 

The surface in this mode is therefore always plane The annexed figure shews the lines of 
motion (>//>= const ) for a series of equidistant values of ^jr 



The next gravest mode is symmetrical, and is given by the lowest finite root of (5), 
which IS M= 2*3650, whence 0 -= 1 5244 (^/4)^ The profile of the surface has now two nodes, 
whose positions are determined by putting (^=0, in (2) , whence it is found that 

f = + 5616t 
h 

The next mode corresponds to the lowest finite root of (9), and so on J 

2® Greenhill, in the paper already cited, has investigated the symmetrical oscillations 

* Cf Lord Bayleigh, Theory of Sounds 1 . 1 , Art 170, where the numerical solution of the 
equation is fully discussed 

t Lord Bayleigh, Theory of Sound, Art 178 

X An experimental verification of the frequencies, and of the positions of the loops (places of 
maximum vertical amplitude), in various fundamental modes, was made by Kirchhofi and 
Hansemann, “Ueber stehende Schwmgungen des Wassers,” Wied Ann., t x. (1880) [Kirchhofi, 
Get. Ahh , p 442] 
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of the water across a channel whose section consists of two straight lines inclined at 60“ to 
the vertical In the (analytically) simplest mode of this kind we have, omitting the time- 
factor, 

+ = + . . ..(14) 

or (j!)=J.^(;s“- 3 y 2 )+jg, ^ = • * * • 

the latter formula making \lr=0 along the boundary 3 / = ± \/3 2 ;. The surface-condition (3) 

IS satisfied for z = h^ provided 

( 16 ) 

The corresponding form of the free surface is 

. .... (17) 

a parabolic cylinder, with two nodes at distances of 5774 of the half-breadth from the 
centre The slowest mode, which must evidently he of asymmetrical type, has not yet 
been determined 

3° If in any of the above cases we transfer the origin to either edge of the canal, and 
then make the breadth infinite, we get’ a system of standing waves on a sea bounded by a 
sloping bank. This may be regarded as made up of an incident and a reflected system 
The reflection is complete, but there is m general a change of phase 

When the inclmation of the bank is 45° the solution is 

(^=.ff{e*^'(oosl:y-sin%)+e-*^(cosl:i!+sinfo)}cos((r!! + e) . (18) 

For an inclination of 30° to the horizontal we have 
^=11 sin ^ sin ^ A (y - ^/3^) 

— cos JI:(y+^/3^)}cos(o•^+e) . . .(19) 

In each case a^=gk, as in the case of waves on an unhmited sheet of deep water 
Those results, which may easily bo verified ab imtio, were given by Kirchhoff {I a ) 

266. An interesting problem whicli presents itself in this connection is 
that of the transversal oscillations of water contained m a canal of circular 
section. This has not yet been solved, but it may be worth while to point 
out that an approximate determination of the frequency of the slowest mode, 
in the case where the free surface is at the level of the axis, can be effected 
by Lord Rayleigh’s method, explained in Art 167 

If we assume as an ‘ approximate type ’ that in which the free surface 
remains always plane, making a small angle 9 (say) with the horizontal, it 
appears, from Art. 72, 3“, that the kinetic energy T is given by 



where a is the radius, whilst for the potential energy V we have 

W^lgpal^e^ ( 2 ) 
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If -we assume that 6 oc cos {at + e), this gives 


wheuce <7= 1 169 (gla)i* 


a^ = 


StT £ 
48 — Stt^ a ’ 


(3) 


In the case of a^iectangular section of breadth 2a, and depth a, the speed 
IS given by Art. 254 (4), where we must put /<; = 7r/2a from Art. 188, and 
h = a. This gives 


o-= = i-wtanhi7r ( 4 ) 

or a=l 200 (ff/a)i The frequency m the actual problem is less, since the 
kinetic energy due to a given motion of the surface is greater, whilst the 
potential energy for a given deformation is the same. Of Art 45. 


267 We may next consider the free oscillations of the water included 
between two transverse partitions in a uniform horizontal canal Before 
proceeding to particular cases, we may examine for a moment the nature of 
the analytical problem 

If the axis of a; be parallel to the length, and the origin be taken in one 
of the ends, the velocity potential in any one of the fundamental modes 
referred to may, by Fourier’s theorem, bo supposed expressed in the form 

^ ■" (-^0 "h -^1 + -Pa cos 2&a; 4- . . + P, cos s&a; + ...) cos (at + e), .(1) 

where ^ = tt/I, if I denote the length of the compartment The coefficients 
P, are here functions of y, 0 If the axis of ^ be drawn vertically upwards, 
and that of y be therefore horizontal and transverse to the canal, the forms 
of these functions, and the admissible values of cr, are to be determined from 
the equation of continuity 




< 

11 

0 

(2) 

With the conditions that 


a-O 

on - . . . 

(3) 

at the sides, and that 


-i'll 

W 

at the free surface. Since d(f>/dx must vanish for «=0and 
from known principlesf that each term in (1) must satisfv 

x = l, it follows 
^ the conditions 

\^h (4^) indejpendently , 

, VIZ 

we must have 


d^P, 




dy^ 

+ ^-s“Ai»P. = 0, 

(5) 


(I84V jSf ltd IT 236 ] 
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with 

at the lateral boundary, and 


at the free surface 





dPs 


( 6 ) 


..(7) 


The term Po gives purely transverse oscillations such as have been 
discussed in Art 255 Any other term Pg cos shx gives a series of fundamental 
modes with 5 nodal lines transverse to the canal, and 0, 1, 2, 3, ... nodal lines 
parallel to the length 

It will be sufficient for our purpose to consider the term Pj cos hx It is 
evident that the assumption 

= Pj cos hx . cos (o-^ -f e), (8) 

with a proper form of Pi and the corresponding value of a determined as 
above, gives the velocity-potential of a possible system of standing waves, of 
arbitrary wave-length 27 r/i, in an unlimited canal of the given form of 
section Now, as explained in Art. 228, by superposition of two properly 
adjusted systems of standing waves of this type we can build up a system of 
progressive waves 

^ = Pi cos {hx + crt). ... (9) 

We infer that progressive waves of simple-harmonic profile, of any assigned 
wave-length, are possible in an infinitely long canal of any uniform section. 

We might go further, and assert the possibility of an infinite number of 
types, of any given wave-length, with wave-velocities ranging from a certain 
lowest value to infinity The types, however, in which there are longitudinal 
nodes at a distance from the sides are from the present point of view of 
subordinate interest 

Two extreme cases call for special notice, viz where the wave-length is 
very great or very small compared with the dimensions of the transverse 
section. 

The most interesting types of the former class have no longitudinal nodes, 
and are covered by the general theory of 'long waves given in Arts 168, 169. 
The only additional information we can look for is as to the shapes of the 
wave-ridges m the direction transverse to the canal 

In the case of relatively short waves, the most important type is one in 
which the ridges extend across the canal with gradually varying height, 
and the wave-velocity is that of free waves on deep water as given by 
Art. 228 (6). 

There is another type of short waves which may present itself when the 
banks are inclined, and which we may distinguish by the name of ' edge- 
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waves, since the amplitude diminishes exponentially as the distance from the 
hank increases. In fact, if the amplitude at the edges he within the limits 
imposed by our approximations, it will become altogether insensible at 
a distance whose projection on the slope exceeds a wave-length The wave- 
velocity IS less than that of waves of the same length on deep water It 
does not appear that the type of motion here referred to is very important 

A general formula for these edge-waves has been given by Stokes*. 
Taking the origin in one edge, the axis of 2 : vertically upwards, and that of y 
transverse to the canal, and treating the breadth as relatively infinite, the 
formula in question is 

^ = He-'‘ (2/ smft cos k{x- ct), (10) 

where ^ is the slope of the bank to the horizontal, and 



The reader will have no difficulty in verifying this result. 


258. We proceed to the consideration of some special cases We shall 
treat the question as one of standmg waves in an infinitely long canal, or in 
a compartment bounded by two transverse partitions whose distance apart is 
a multiple of half the arbitrary wave-length ( 27 r/^), but the investigations 
can easily be modified as above so as to apply to progressive waves, and we 
shall occasionally state results in terms of the wave-velocity. 


1® The solution for the case of a rectangular section, with horizontal bed and vertical 
sides, could be written down at once from the results of Arts 188, 254 The nodal lines 
are traMverse and longitudinal, except m the case of a coincidence m period between two 
mstinct modes, when more complex forms are possible This will happen, for instance, in 


2 ® In the case of a canal whose section consists of two straight lines inclined at 45° 

^ discovered by Eellandt viz if the axis of a,- coincide 
With the bottom line of the canal, 

cosh ^ cosh ^ cos cos (o-zf+c) . ( 1 ) 

This evidently satisfies v^<^=0, and makes 


for y = + 2 ;, respectively 


00 _ 00 
0y ” ’ ■ ■ 


The surface-condition (Art 257 (4)) then gives 

2 4 . 1 _ 


(2) 

(3) 


Eesearohes m Hydiodynamics,” Bnt Ass Sep , 1846 IMath. and Phys 
t “On Waves,” Trans B 8 Edtn., t xiv (1839) 
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whore h 18 the hoiglit of the 
velocity 0 18 given by 


free surface above the bottom line 



tanh 


M 


If we put o‘=^c, the wave- 


. . (4) 


where X-Stt/X, if X be the wave-length 
When A/X is small, this reduces to 

c={\ghf, ( 5 ) 

in agreement with Art 169 (13), since the mean depth is now denoted by -^A. 

When, on the other hand, A/X is modeiately large, wo have 



The formula (1) indicates now a rapid increase of amiilitude towards the sides We 
have here, in fact, an instance of ‘edge-waves,’ and the wave-velocity agrees with that 
obtained by putting /ii=4r>“ in Stokes’ formula 

The remaining types of oscillation which are symmetrical with respect to the medial 
plane y=0 are given by the formula 

</)»=(7(coBhoycos/32;-fcos^y cosha2:)cosX^ cos((r!f+0j • •• 0) 

provided a, ^, <r are properly dotermiucd This evidently satisfies (2), and the equation of 
continuity gives . . . (8) 

The surface-condition, Art 257 (4), to bo satisfied for 0 ==:A, requires 

0-2 cosh ah « ga siiih ah, cr^ cos ^A == - y/3 sni /3A .(9) 

nonce aA tanh aA -l-^A tan ^A=0 . •• (19) 

The values of a, /3 are determined by (8) and (10), and the corresponding values of (x are 
then given by either of the oipiations (9) If, for a moment, we write 

^;=aA, y=/:^A, • (U) 


the roots are given by the intersections of the curve 

^tanlu-r-py tany=0, . . •• ... (12) 

whoso general form can bo easily traced, with the hyperbola 

a’2 — y2 = A2 .(13) 


There are an infinite number of real solutions, with values of /3A lying in the second, four h, 
sixth, ... quadrants. Those give rosiioctively 2, 4, 6, ... longitudinal »odes of the free 
mirfaoo. When A/X is moderately largo, wo have tanh«A=l, nearly, and is (“ the 
HimiiloHt mode of this olawH) a little, greater than i ir. Tho two longitudinal nodes in this 
case approach very cloHoly to tho odgos as X is diminished, whilst tho wave-velocity becomes 
practically equal to that of waves of length X on deep water As a numerical example, 
assuming 1 x^tt, wo find 

ah = 10-910, kh = 1 0 772, c = 1 0064 (|) . 

The distance of either nodal lino from tho nearest edge is then 12A 

Wo may next consider the asymmetncal modes Tho solution of this type which is 
analogous to Kelland’s was noticed by Gieenhill (^ c.). It is 


<j^) «= A smh smh cos kw cos {<rt + e), 


(14) 
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. . (16) 


When hh is small, this makes so that the ‘speed’ is very great compared with 

that given by the theory of ‘long’ waves The oscillation is m fact mainly transversal, 
with a very gradual variation of phase as we pass along the canal The middle line of the 
surface is of course nodal When Ich is great, we get ‘ edge-waves,’ as before 

The remaining asymmetrical oscillations are given by 

cj^—A (sinh ay sin -b sin jSy smh az) cos cos (at . ...(16) 


This leads in the same manner as before to 


.. (17) 

and 0*2 smh aA=ya cosh aA, o-2 sm/3A=y^ cos ^A, ... .... (18) 

whence aAcothaA=/3Acot 0A (19) 

There are an infinite number of solutions, with values of jSh in the third, fifth, seventh, . 
quadrants, giving 3, 5, 7, .. longitudinal nodes, one of which is central 

3° The case of a canal with plane sides inclined at 60” to the vertical has been treated 
by Macdonald*. He has discovered a very comprehensive type, which may be verified as 
follows 


The assumption 


P=A cosh smh ^;s-bcosh 


<i>==^P COShx cos (crZ5 + 6), 

sf^ ( /7 rtrt 


.... ( 20 ) 


C cosh ^ + i) smh ^ 


evidently satisfies the equation of continuity , and it is easily shewn that it makes 


for y = ± >/ 30, provided G— 2 ^ 1 , Z)=— 2.S 

The surface-condition. Art 257 (4), is then satisfied, provided 


(r" 

^ (A cosh kh-^B smh kk) = A smh M-{-B cosh AA, 
cosh — -5 smh yj = A smh— cosh ■ 


The former of these is eqmvalent to 


A—PL ^cosh smh , B=H cosh kh — smh AA^ , 


and the latter then leads to 


•2\2 0-2 hh 

t) -3^coth3^+l=0. 


Also, substituting from (22) and (24) m (21), we find 


|cosh A (0 - A) 4- ^ smh h(z-h) 


-1-25" cosh- 


cosh ^ ^2 ^ 


1 +^)} 


“Waves in Canals,” Fioc Lond Math Soc , t xxv p 101 (1894) 
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l\kh 


■/M 
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”")}■ ■ 


...(a?) 


iHii \K\ v> A <|u.Mli4ttr m *jP In tha c*as<‘ t)f a wavo wIwho length (Stt/X*) 

I* 'i'lMf rMiiipat’»nl %%itli /% baM* 


'utb 


lU/^ 




tlii^ r*n»f i <•!’ . ,a<‘ flam 

Hh, Ami lUi 

//A’ 

a|.|*rM%iiit Italy If %«* put it P\ tla* tbruiar laault a* ,\r///, i!i mvordanw with tUo 

-l.-iin* w.ui". I Art. lliH, lii't'. 'I’liti fotmula (ii7) now /’ 3//; 

il.’l'. ; tlu» 1 . iii.i-iK'iul.-nt uf «A ■“> tlio w.iv rult'.M art- nearly Ht.raiKbt. Tliti 
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<.)» that, till- ere u ■trelit.iri of tlia wavea are jiaraholie in fi'mi, and Unit iliere 
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When, nil hanil, (he wiue lenjttU i« Hh»rt eompart'il with the tmuHVorw) 
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Oscillations of a Spherical Mass of Liquid. 

269 The theory of the gravitational oscillations of a mass of liquid 
about the spherical form is due to Lord Kelvin* 

Taking the origin at the centre, and denoting the radius vector at any 
point of the surface by a + where a is the radius in the undisturbed state, 
we assume 




..(1) 


where is a surface-harmonic of integral order n The equation of con- 
tinuity = 0 IS satisfied by 


<f> = ^ -s., . . . 

1 

where 8n is a surface-harmonic, and the kinematical condition 

dt dr’ 

to be satisfied when r = a, gives 

dt a 

The gravitation-potential at the free surface is, by Art 199, 

4'7r7pa , 

where 7 is the gravitation-constant Putting 
g = irrypa, v = a + 


8n 


_ 47r7pa’ 

sT" 


fl = - 


— T, 




( 2 ) 

(3) 

.(4) 

.(5) 


we find 


Xl=const.-h5r| 


Substituting from (2) and (6) in the pressure-equation 

const , 

p dt 

we find, since must be constant over the surface, 

dSn_2(n^l) , 
dt 2n+l 

Eliminating Sn between (4) and (8), we obtain 

d% 2n{n-l) g^ _ 
df^ 2a-l-l 


••( 6 ) 


(7) 


.( 8 ) 


. ...(9) 


* Sir W Thomson, “Dynamical Problems regardmg Elastic Spheroidal Shells and Spheioids 
of Incompressible Liquid,” Phil Prans , 1863 [dfath and Phys. Papers, t iii p 384] 
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259] 

This shews that oc cos {aj, + e). where 

2w(n,-l) gr ( 10 ) 

" 2n+l a 

For the same density of liquid, ^ oca, and the frequency is therefore 
independent of the dimensions of the globe. 

The formula makes a. = 0, as we should expect, since in the deformation 
expressed by a surface-harmonic of the first order the surface remains 
spherical, and the period is therefore infinitely long 

“For the case n = 2, or an ellipsoidal deformation, the length of the 

isochronous simple pendulum becomes fa, or one and a 

eTrtrradius, for a homogeneous liquid globe of the same mass and diameter 

L^he e»th;»d therefor, for th., 

of about 5i times the density of water, the half-period is 47 m 12 s 

“A steel globe of the same dimensions, without mutual graiatation of its 
parts could sLcely oscillate so rapidly, since the velocity of plane waves of 
totion in steel IS only about 10,140 feet per second at which ra4e a 
space equal to the earth’s diameter would not be travelled in less than 

Ih. 8 m. 40 s.*” 



* Sw W Thomson, J c The exact theory of the vibrahons of an elastic sphere gives, for &e 

...estoscihationot a -el J 2 pT. « 

TirvlaLns of ^sphere of incompressible substance, under the joint influence of and 

Siticity, Have been discussed by Brommch, Pros iond Matn Soo , t. xxx. p 98(1898). 
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"When the surface oscillates m the form of a zonal harmonic spheroid of the second 
order, the equation of the lines of motion is const , wheie w denotes the distance of 
any point from the axis of symmetry, which is taken as axis of cc (see Art 95 (11)) The 
forms of these lines, for a series of equidistant values of the constant, are shewn in the 
figure. 


260 This problem may also be treated very compactly by the method 
of ^ normal coordinates ' (Art 167) 

The kinetic energy is given by the formula 

T=ipll<f>^^-dS. ( 11 ) 

where SS is an element of the surface r = a Hence, when the surface 
oscillates in the form r = a + fn, we find, on substitution from (2) and (4), 



To find the potential energy, we may suppose that the external surface 
IS constrained to assume in succession the forms r = a-h0^n, where 6 varies 
from 0 to 1. At any stage of this process, the gravitation potential at the 
surface is, by (6), 

n = const . .... (I.3) 

Hence the work required to add a film of thickness is 

.. (U) 

Integrating this from 0 = 0 to 1, we find 

m 1 

= .. . (15) 

The results corresponding to the general deformation (1) are obtained by 
prefixing the sign % of summation with respect to n, in (12) and (15), since 
the terms involving products of surface-harmonics of different orders vanish, 
by Art 87 

The fact that the general expressions for T and V thus reduce to sums 
of squares shews that any spherical-harmonic deformation is of a ‘normal 
type.’ Also, assuming that x cos (tr„t -f- e), the consideration that the 
total energy T+V must be constant leads us again to the result (10) 

In the case of the forced oscillations due to a disturbing potential 
Df cos {at + e) which satisfies the equation = 0 at all points of the fluid, 
we must suppose O! to be expanded in a series of solid harmonics If be 
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the equihbnum-elevation corresponding to the term of order n, we have, by 
Art. leY (13), for the forced oscillation, 



where a is the imposed speed, and cr„ that of the free oscillations of the same 
type, as given by (10) 

The numerical results given above for the case!n = 2 shew that, in a non- 
rotating liquid globe of the same dimensions and mean density as the earth, 
forced oscillations having the characters and periods of the actual lunar and 
solar tides, would practically have the amplitudes assigned by the equilibrium- 
theory 

261. The investigation is easily extended to the case of an ocean of any 
uniform depth, covering a symmetrical spherical nucleus. 

Let h be the radius of the nucleus, « that of the external surface The surface-form 
being „ 


1 


we assume, for the velocity-potential, 

( fa Jw + l] 

(^^ = 1 (^+ 1 ) 

where the coefficients have been adjusted so as to make d4>ldr=0 for r=5 

8f ^ 

The condition that 0r ’ 

for r=ci, gives -gy- -» \aj J a 

For the gravitation-potential at the free surface (1) we have 

47r7P„a* “ irrypa . , . . 

“= — 3 ^ — ■■ 

where o. is the mean density of the whole mass Hence, putting y=JiryPo«. 


.( 2 ) 

( 3 ) 

(4) 

.(5) 


G = const +^2 (l - 25 ^ £) 
The pressure-condition at the free surface then gives 

The elimination of iS„ between (4) and (7) leads to 

^ + <rJCn=0, . 


where 


n(n+l) j 

[/a 

[\T> 


/jY+i-j 

W J 


(«■+!)( 

i) 

'+M 

w 

n+l \ 

\ 


t \ 291-1-1 PoJ ' 


• (6) 


(7) 


( 8 ) 


( 9 ) 
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If />=Poj we have tr^=Q as we should expect When o>n the vnlim r.t 
ary, the equilibrium configuration in which the external !i a f 

with the nucleus is then uStable (Of Art j 

If in (9) we put 6=0, we reproduce the result of the urecedino’ Arf t-p it, 

h^d the depth of the ocean be small compared with the radius, we find, piitting 6-^^ 
and neglecting the square of hja, ’ 


<r„2=?»(«+l) R\ff^ 

\ 2?l+l pd/ qj2 ’ 


( 10 ) 

provided n, be small compared with a/h. This agrees with Laplace’s result oKt»,u a 
more direct manner in Art 198 ^.apiaces result, obtamed in a 

But if «, be comparable with a/h, we have, putting n=ka, 
so that (9) reduces to tanh M, 

write rtl+f ^^loc^typotential becomes, if we 

d)=0iCosh;fe(0+A), _ 

Sr coo^dmates in the surface, which may now be treated as 

The formulae for the kinetic and potential energies in the venor'ii ^00 i 

by the same method as in the preceding Art to bf ® easily found 


T=\pa2 


(l»+l) ( 

}) 

n 

+n\ 

f-' 

^n + 1 

«(«+!) 1 






and 




• • . (13) 

• (14) 

The latter result shews, again, that the equilibrium confimration is one nt ^ 
potential energy, and therefore thoroughly stable, provided p < p„ ^ minimum 

In the case where the depth is relatively smaU, whilst n is finite, we obtain, putting 

f ( 16 ) 

whilst the expression for F is of course unaltered 

f,, “"P^i^'^des of the harmonics U be regarded as generahzed coordinates the 

“Hr 
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Capillarity 

262. The part played by Cohesion in certain cases of fluid motion has 
long been recognized in a general way, but it is only within comparatively 
recent years that the question has been subjected to exact mathematical 
treatment We proceed to give some account of the remarkable investi- 
gations of Lord Kelvin and Lord Rayleigh in this field 

It is beyond our province to discuss the physical theory of the matter*. 
It is sufficient, for our purpose, to know that the free surface of a liquid, or, 
more generally, the common surface of two fluids which do not mix, behaves 
as if it were in a state of uniform tension, the stress between two adjacent 
portions of the surface, estimated at per unit length of the common boundary- 
line, depending only on the nature of the two fluids and on the temperature 
We shall denote this 'surface-tension,’ as it is called, by the symbol Its 
value in c G s units (dynes per linear centimetre) appears to be about 74 for 
a water-air surface at 20 ° 0 .t 5 it diminishes somewhat with rise of tem- 
perature The corresponding value for a mercury-air surface is about 540. 

An equivalent statement is that the potential energy of any system, of 
which the surface m question forms part, contains a term proportional to the 
area of the surface, the amount of this ' superficial energy ’ per unit area 
being equal to Since the condition of stable equilibrium is that the 

energy should be a minimum, the surface tends to contract as much as is 
consistent with the other conditions of the problem 

The chief modification which the consideration of surface-tension will 
introduce into our previous methods is contained in the theorem that the 
fluid pressure is now discontinuous at a surface of separation, viz. we have 

where are the pressures close to the surface on the two sides, and JJi, 
are the principal radii of curvature of the surface, to be reckoned negative 
when the corresponding centres of curvature lie on the side to which the 
accent refers. This formula is readily obtained by resolving along the normal 
the forces acting on a rectangular element of a superficial film, bounded by 
lines of curvature , but it seems unnecessary to give here the proof, which 
may be found in most modern treatises on Hydrostatics 

* For this, see Maxwell, Encyc Bntann., Art “Capillary Action” [Sc Papers, Cambridge, 
1890, tup 541], where references to the older writers are given Also, Lord Eayleigh, “ On 
the Theoiy of Surface Forces,” Phil Mag (5), t xxx pp 285, 456 (1890) [^Sfc. Papers, t iii 
p 397] 

t Lord Bayleigh, “ On the Tension of Water- Surfaces, Clean and Contaminated, investigated 
by the method of Bipples,” Phil Mag (5), t xxx. p 386 (1890) [Sc Papers, t iii. p. 394]. 

1 See Maxwell, Theory of Meat, London, 1871, o xx 
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263 The simplest problem we can take, to begin with, is that of waves 
on a plane surface forming the common boundary of two fluids at rest. 

If the origin be taken in this plane, and the axis of y normal to it, the 
velocity-potentials corresponding to a simple-harmonic deformation of the 
common surface may be assumed to be 

<f) = Ge^y cos cos {at ) 

(^' = G'e'~^ cos kcc . cos (at + e), J 


where the former equation relates to the side on which y is negative, and 
the latter to that on which y is positive. For these values satisfy = 0, 
= 0, and make the velocity zero for y = + oo , respectively. 


The corresponding displacement of the surface in the direction of y will 
be of the type 

t; = a cos . sin (cr^ + e) ; (2) 

and the conditions that 

^ _ 0<56 _ dcf)' 

dt dy^ dy ' 

for y = 0, give 

era = — kG = kG' (3) 


If, for the moment, we ignore gravity, the variable part of the pressure 
IS given by 


£ — ^ 
p dt k 

p' _ 0</)' __ a^a 

p' dt k 


cos kx . sin {at -i- e), 
Q-hy ^ (cr^ + e) 


(4) 


To find tae pressure-condition at the common surface, we may calculate 
the forces which act in the direction of j/ on a strip of breadth dx. The 
fluid pressures on the two sides have a resultant (p' —p) dx, and the difference 
of the tensions parallel to y on the two edges gives d{Txdr)ldx) We thus 
get the equation 

+ ( 5 ) 


to be satisfied when y = 0 approximately. This might have been written 
down at once as a particular case of the geueral surface condition (Art. 262) 
Substituting in (5) from (2) and (4), we find 


<r® = 


p-¥p’ 


( 6 ) 


which determines the speed of the oscillations of wave-length ^irjk. 
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The energy of motion, per wave-length, of the fluid included between two planes 
parallel to at unit distance apart, is 



If we assume r}=aooskx, . ... . . (i 

where a depends on t only, and therefore, having regard to the kmematical conditions. 


<j[) = - ^-i ae^y pos kxy <p ' — ^“1 cos hx^ . . (9) 

we find T^^{p+p') k~'^a^ X (10) 

Again, the energy of extension of the surface of separation is 

Substituting from (8), this gives 

F=i27iPa2.X. . . . (12) 


To find the mean energy, of either kind, per unit length of the axis of x, we must omit 
the factor X 

If we assume that aoc cos(o-!J+€), where o- is determined by (6), we verify that the 
total energy T+ V is constant 

Conversely, if we assume that 

77 = 2 (a cos + j 3 sm ( 13 ) 

it IS easily seen that the expressions for T and V will reduce to sums of squares of a, p 
and a, /3, respectively, with constant coefficients, so that the quantities a, ^ are ‘ normal 
coordinates ’ The general theory of Art 167 then leads independently to the formula (6) 
for the speed 

By compounding two systems of standing waves, as m Art 228, we obtain 


a progressive wave-system 


77 = C 6 cos {hx + at), ... . 

(14) 

travelling with the velocity 


a ( Tik 

® h \p+p') ’ 

(15) 

or, in terms of the wave-length, 




\p+pJ 

(16) 


The contrast with Art 228 is noteworthy, as the wave-length is 
diminished, the period diminishes in a more rapid ratio, so that the wave- 
velocity increases 


Since c varies as X“^, the group-velocity is, by Art 234 (8), 

i7=o-x|j = |c. (17) 
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The fact that the group-velocity for capillary waves exceeds the Avave- 
velocity helps to explain some interesting phenomena to be referred to later 
(Arts. 266, 268) 

For numerical illustration we may take the case of a free water-surface , 
thus, putting p = 1, p' = 0, 2^1 = 74, we have the following results, the units 
being the centimetre and second*. 


Wave-length 

Wave- velocity 

Frequency 

50 

30 

61 

10 

68 

680 

05 

96 

1930 


264 When gravity is to he taken into account, the common surface, in 
equilibrium, will of course be horizontal Taking the positive direction of y 
upwards, the pressure at the disturbed surface will be given by 


{^-g^aoo&kx Bm{<rt + e), 
approximately. Substituting in Art. 263 (5), we find 


•( 1 ) 


p-p 






.( 2 ) 


p + P + p 

Putting a- = kc, we find, for the velocity of a train of progressive waves, 

= + = + (3) 

p + p k pH-p 1-1-5 Va? / ^ ^ 

where we have written 


P _ 


5 , 


-II 

p-p 




.(4) 


In the particular cases of 2^ = 0 and g = 0, respectively, we fall back on 
the results of Arts 231, 1°, and 263 

There are several points to be noticed with respect to the formula (3) 
In the first place, although, as the wave-length (2'7r/i) diminishes from oo to 
0, the speed (cr) continually increases, the wave-velocity, after falling to 


* Cf Sir W Thomson, Math and Phys Pajyeis, t iii p 520 

The above theory gives the explanation of the ‘ ciispations ’ observed on the surface of water 
contained in a finger-bowl set into vibration by stroking the rim with a wetted fi.nger It is to 
be observed, however, that the frequency of the capillary waves in this experiment is double that 
of the vibrations of the bowl, see Lord Eayleigh, »On Maintained Vibrations,” Phil. Mag (5), 
t XV p. 229 (1883) [S'c. Papers, t ii p. 188, Theory of Sound, 2nd ed , o xx ] 
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a certain minimum, begins to increase again This mmimum value (c^, say) 
is given by 

2(g-T0^ (5) 

and corresponds to a wave-length 



In terms of and c,n the formula (3) may be written 



shewing that for any prescribed value of c, greater than there are two 
admissible values (reciprocals) ofXj'K. For example, corresponding to 


c _ 

1-2 

1-4 16 

18 

20 

we have 




7 873 

X _ 

(2-476 

3 646 4 917 

6 322 

\n 

1 404 

274 203 

158 

127, 

to which we add. 

for future reference, 



sm""^ ~ = 

66° 26' 

45° 35' 38° 41' 

33° 45' 

o 

O 

CO 


c 


For sufficiently large values of \ the first term in the formula (3) for c 
18 large compared with the second, the force governing the motion of the 
waves being mainly that of gravity On the other hand, when X is very 
small, the second term preponderates, and the motion is mainly governed by 
cohesion, as in Art 263 As an indication of the actual magnitudes here in 
question, we may note that if XjX^ > 10, the influence of cohesion on the 
wave-velocity amounts only to about 5 per cent., whilst gravity becomes 
relatively ineffective to a like degree if XjX^ < 

It has been proposed by Lord Kelvin to distinguish by the name of 
'ripples’ waves whose length is less than X^, 


The relative importance of gravity and cohesion, as depending on the value of 
be traced to the form of the expression for the potential energy of a deformation of the 

W 

The part of this energy due to the extension of the bounding surface is, per unit area, 

7^^ (9) 


* The theory of the mmimum wave-velocity, together with most of the substance o s 

264, was given by Sir W Thomson, “ Hydrokinetic Solutions and Observations, Phi . ag. { 
t xhi p [Baltimore Lectures, 698], see also -Vatwre, t v p 1(1871). 
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whilst the part due to gravity is 

. ... . ( 10 ) 
As X diminishes, the former becomes more and more important compared with the latter 

For a water-surface, using the same data as before, with ^=981, we find from (5) 
and (6), ^ ^ w 

Xj]2~l 73, Cj[ji=23 2, 


the units being the centimetre and the second That is to say, roughly, the minimum 
wave-velocity is about nine inches per second, or 45 sea-miles per hour, with a wave- 
length of two-thirds of an inch Combined with the numerical results already obtained 
this gives, ’ 


for 

c= 27 8 

32 5 

371 

41 8 

46 4 

the values 


63 

85 

10 9 

13 6 


1 70 

•47 

35 

27 

22 


in centimetres and seconds 


If we substitute from (7) in the general formula (Art 234 (3)) for the 
group-velocity, we find 


U = c 



.( 11 ) 


Hence the group-velocity is greater or less than the wave- velocity, according 
as For sufficiently long waves the group-velocity is practically equal 

to Jc, whilst for very short waves it tends to the value |c* 


The relations between wave-length and wave-velocity are shewn 
graphically in the figure on the opposite page, where the dotted curves refer 
to the cases where gravity and capillarity act separately, whilst the full curve 
exhibits the joint effect As explained in Art 234, the group-velocity is 
represented by the intercept made by the tangent on the axis of ordinates. 
Since two tangents can be drawn to the curve from any point on this axis 
(beyond a certain distance from 0), there are two values of the wave-length 
corresponding to any prescribed value of the prow^-velocity U These two 
values of X coincide when U has a certain (minimum) value, indicated by 
the point where the tangent to the curve at the point of inflexion cuts Oc ; 
and it may be easily shewn that we then have ’ 


^ = V(3 + 2 ^/3) = 2 542, 7 67 

where is the minitnum wave-Y^ooity as above 


A further consequence of (2) is to be noted We have hitherto tacitly supposed that 
the lower fluid is the denser (le p>p'), as is indeed necessary for stability when T. is 
neglected The formula referred to shews, however, that there is stability even when 
p<p', provided 

■ •• (' 2 ) 


* Cf Lord Eayleigh, ll cc. ante p 361 


+ Cf Art 284 
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i.e provided X be less than the wave-length of minimum velocity when the denser fluid 
IS below Hence in the case of water above and air below the maximum wave-length con- 
sistent with stability is 1 73 cm If the fluids be included between two parallel vertical 



walls, this imposes a superior limit to the admissible wave-length, and we learn that there 
IS stability (in the two-dimensional problem) provided the interval between the walls does 
not exceed 86 cm We have here an explanation, in principle, of a familiar experiment in 
which water is retained by atmospheric pressure in an inverted tumbler, or other vessel, 
whose mouth is covered by a gauze with sufficiently fine meshes^ 


266. We next consider the case of waves on a horizontal surface forming 
the common boundary of two parallel currents U, 

If we apply the method of Art 232, we find without difficulty that the 
condition for stationary waves is now 


pU^ + p'U'^=^(p-p') + kT^, ... 


( 1 ) 


* The case where the fluids are contained m a cylindrical tube was solved by Maxwell 
Bneyo Bntann , Mt ” Capillary Action," t. v p 69 [Sc Papeii,t a p S85], and compared 
with some experiments of Duprez The agreement is better than might have been expected when 
we consider that the special condition to be satisfied at the hue of contact of the surface with the 

wall of the tube has been left out of account. 

t Cf Sir W. Thomson, Phil Mag (4), t xhi p 368 (1871) IBaltimore Lectures, p 590]. 
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the last term being due to the altered form of the pressure-condition which 
has to be satisfied at the surface 


This may be written 


fU+p'Uy ^ g_ kT, 

V p + p' ) k p-\- p' p-\-p' 


PP 


(2) 


(p + p'y 

The relative velocity of the waves, which is superposed on the mean 
velocity of the currents (Art. 232), is ± c, provided 


= Co' 


PP 

(P + p') 


-(U- UJ, 


.(3) 


where c© denotes the wave-velocity in the absence of currents. 

The various inferences to be drawn from (3) are much as in the Art. 
cited, with the important qualification that, since c„ has now a minimum 
value, VIZ the of Art. 264 (.5), the equilibrium of the surface when plane 
IS stable for disturbances of all wave-lengths so long as 

(4) 

where s = p'jp 

When the relative velocity of the two currents exceeds this value c 
becomes imaginary for wave-lengths lying between certain limits It’ is 
evident that in the alternative method of Art 233 the time-factor will 
now take the form where 




.(5) 


The real part of the exponential indicates the possibility of a disturbance of 
continually increasing amplitude 

over water we have 00129, c„=23 2 (o s ), whence the maximum 
1^1 consistent with stability is about 646 centimetres per second, or (roughly) 
12 5 sea-mdes per W* For slightly greater values the instability will manifest itself by 
the formation, in the first instance, of wavelets of about two-tbirds of an inch m length, 
^ “ amphtude until they transcend the limits implied in ou^ 


266 We resume the investigation of the effect of a steady pressure- 
disturbance on the surface of a runnmg stream, by the methods of Arts. 240 
241 including now the effect of capillary forces. This will give, in addition 
to the former results, the explanation (in principle) of the fringe of ripples 

* wind-velocity at which the surface of water aotuaUy begins to be ruffled by the forma- 
tion of capillary waves, so as to lose the power of distinct reflection, is much less than this, and 
is determined by other causes We shaU revert to this point later (Chap. xi.). 
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•which IS seen in advance of a solid mo-ving at a moderate speed through still 
water, or on the up-stream side of any disturbance in a uniform current 

Beginning with a simple-harmonic distribution of pressure, we assume 

^ = — x + smkx, — = — y + cos kx, (1) 

C c 

the upper surface coinciding with the stream-line = 0, whose equation is 

2 / = /S cos kx^ (2) 

approximately. At a point just beneath this surface we find, as in Art 240 (5), 
for the variable part of the pressure, 

= /3p — g) cos kx + gc sm kx], (S) 

where y, is the frictional coefficient At an adjacent point just above the 
surface we must have 

p/ = ^ = /9p {(ic^ - g- k^T) cos kx + yc sm kx] (4) 

where T' is now written for TJp This is equal to the real part of 

/3p {kc^ -g- k^T' - %llc) 

We infer that to the imposed pressure 

Pq=G cos kx (^) 

will correspond the surface-form 

^ (kc^ — g — k‘^T') cos kx — /xc sm kx 

Iko^^g-k^TjT T^^ 

Let us first suppose that the velocity c of the stream exceeds the 
minimum wave-velocity (Cm) investigated in Art 264 We may then write 

kc^-g--k^T'^r{k-tc,){K,-k\ (7) 

where Kx, are the two values of k corresponding to the wave-velocity c on 
still water, in other words, are the lengths of the two systems 

of free waves which could maintain a stationary position in space, on the 
surface of the flowing stream. We will suppose that > Ki, 

In terms of these quantities, the formula (6) may be written 

C (& — a:i) (/cs — k) cos kx — fjb sm kx 
P^T {k- Kxf{tCo^-ky-^ ' ^ ^ 

where g! — gclT\ This shews that if g' be small the pressure is least over 
the crests, and greatest over the troughs of the waves when k is greater 
than k 2 or less than rci, whilst the reverse is the case when k is intermediate 
to /Cl, /C 2 . In the case of a progressive disturbance advancing over still water, 
these results are seen to be in accordance with Art. 167 (13). 
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267 From (8) we can infer as in Art 241 the effect of a pressure of 
integral amount P concentrated on a line of the surface at the origin, viz. 
we find 

^ (k “ /Cl) (/Cg — IS) cos hx — fjb sm hx 


P 

irT, 


'f 


{k — fCiY (/Cg — ky + fjb'^ 
The definite integral is the real part of 


■dk 


/: 


e'^dX; 


(9) 


( 10 ) 


The dissipation-coefficient / has been introduced solely for the purpose of making the 
problem determinate , we may therefore avail ourselves of the slight gam in simplicity 
obtained by supposing / to be infinitesimal In this case the two roots of the denomi- 
nator in (10) are 

h== Ki-]riVy lc=-K^ — %v^ 


where 


/C 2 -/C 1 


The integral (10) is therefore equivalent to 

These integrals are of the forms discussed in Art. 241 Since k 2 >ki, 1 / is positive, 
and it appears that when ^ is positive the former integral is equal to 


( 11 ) 


and the latter to 


J 0 

/: 


k+K2 


^ dk 


dky 


On the other hand, when x is negative, the former reduces to 


/; 


• dk, . 


and the latter to 


' 0 ^^'Ci 

^ /•« p-llCX 

r dk 

yo /c+k.2 


( 12 ) 

(13) 

..(14) 

.(16) 


We have here simplified the formulae by putting i/=0 after the transformations 

If we now discard the imaginary parts of our expressions, we obtain the results which 
immediately follow 


When [xf is infinitesimal, the equation (9) gives, for x positive, 

TTjTi 27r ‘ n / \ 

. y = — sin K-yX-^F {x), .... 




...(16) 


and, for x negative, 


irTy 

p- y-- 


27r 


/Cg — Ky 

f (*) — ^ 1 r _ f- 4 (18) 

/Ka - Ki (J 0 « + j 0 * + j ' 


sux + F {x), (17) 


where 
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This function F (x) can be expressed in terms of the known functions Ci 
Si KiX, Cl K^x, Si fc^oc, by Art 241 (28) The disturbance of level represented 
by it IS very small for values of x, whether positive 
or negative, which exceed, say, half the greater 
wave-length (27r//ci) 

Hence, beyond some such distance, the surface 
IS covered on the down-stream side by a regular 
tram of simple-harmonic waves of length 27r/A:i, and 
on the up-stream side by a train of the shorter 
wave-length 27r//c2 It appears from the numerical 
results of Art 264 that when the velocity c of the 
stream much exceeds the minimum wave-velocity 
(Cni) the former system of waves is governed mainly 
by gravity, and the latter by cohesion 

It IS worth notice that, in contrast with the case 
of Art. 241, the elevation is now finite when x = (), 

VIZ. we have 





^^2 •“ ^1 


.(19) 


This follows easily from (16) and (18) 

The figure shews the transition between the two 
sets of waves, in the case of = 5/C] 

The general explanation of the effects of an 
isolated pressure-disturbance advancing over still 
water, indicated near the end of Art. 241, is now 
modified by the fact that there are two wave- 
lengths corresponding to the given velocity c For 
one of these (the shorter) the group- velocity is 
greater, whilst for the other it is less, than c We 
can thus understand why the waves of shorter 
wave-length should be found ahead, and those of 
longer wave-length in the rear, of the distuibing 
pressure 

It will be noticed that the formulae (16), (17) 
make the height of the up-stream capillary waves 
the same as that of the down-stream gravity-waves , 
but this result will be greatly modified when the 
pressure is diffused over a band of sensible breadth, 
instead of being concentrated on a mathematical 
line If, for example, the breadth of the band do 
not exceed one-fourth of the wave-length on the 





444 


Surface Waves [chap, ix 

down-stream side, whilst it considerably exceeds the wave-length of the up- 
stream ripples, as may happen with a very moderate velocity, the different 
parts of the breadth will on the whole reinforce one another as regards 
their action on the down-stream side, whilst on the up-stream side we shall 
have ‘interference/ with a comparatively small residual amplitude 


This point may be illustrated by assuming that the integral surface-pressure P has 
the distribution 


,_P h 

““tT 62 + ^2 » 


(20) 


which IS more diffiised, the greater the value of h 

The method of calculation will be understood from Art 242 The result is that on the 
down-stream side 



■ '.21) 

and on the up-stream side 


2p . 

(22) 


where the terms which are insensible at a distance of half a wave-length or so from the 
origin are omitted. The exponential factors shew the attenuation due to diffusion , this is 
greater on the side of the capillary waves, since > ki 


When the velocity o of the stream is less than the minimum wave- 
velocity, the factors of 




are imaginary There is now no indeterminateness caused by putting /x = 0 
■ah %nit%o The surface-form is given by 


TTOjt 


cos kx 
TTp J Q k^T' — kc^ + g 


dk 


(23) 


The integral might be transformed by the previous method, but it is evident 
d priori that its value tends rapidly, with increasing x, to zero, on account 
of the more and more rapid fluctuations in sign of cos kx The disturbance 
of level IS now confined to the neighbourhood of the origin For ic == 0 we 
find 


P 


n 2 , 

1 + — sm-1 — 
TT c„ 


.(24) 


Finally we have the critical case where c is exactly equal to the minimum 
wave-velocity, and therefore k 2 = Ki The first term in (16) or (17) is now 
infinite, whilst the remainder of the expression, when evaluated, is finite. 
To get an intelligible result in this case it is necessary to retain the 
frictional coefl&cient fju. 
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If we put we have 

(^ - /c)2 + - (k 4- TV - ^t^r)} - (k “ tsr 4- ^ur)}, 

so that the integral (10) may now be equated to 


L+Jif 

4tcr ij 0 ' 


roo 

i"- j. i- 


)H ■ ■ 


• (25) 


(26) 


k-{K — 'ur+tm) Jo ^-(/c4-^^'-^^^^) 

The formulae of Art 241 shew that when w is small the most important part of this 
expression, for points at a distance from the origin on either side, is 

l4-^ 


Am 


. 27r^6"^ 


,(27) 


It appears that the surface-elevation is now given by 

^•2/=-^cos(«a:-i7r) (28) 

The examination of the effect of inequalities in the bed of a stream, by 
the method of Art 244, must be left to the reader 


268. The investigation by Lord Rayleigh* from which the foregoing 
differs principally m the manner of treating the definite integrals, was 
undertaken with a view to explaining more fully some phenomena described 
by Scott Russell f and Lord Kelvin| 

“ When a small obstacle, such as a fishing line, is moved forward slowly 
through still water, or (which of course comes to the same thing) is held 
stationary in moving water, the surface is covered with a beautiful wave- 
pattern, fixed relatively to the obstacle On the up-stream side the 
wave-length is short, and, as Thomson has shewn, the force governmg the 
vibrations is principally cohesion On the down-stream side the waves are 
longer, and are governed principally by gravity Both sets of waves move 
with the same velocity relatively to the water, namely, that required in 
order that they may maintain a fixed position relatively to the obstacle 
The same condition governs the velocity, and therefore the wave-length, of 
those parts of the pattern where the fronts are oblique to the direction of 
motion If the angle between this direction and the normal to the wave- 
front be called 6, the velocity of propagation of the waves must be equal 
to Do cos d, where represents the velocity of the water relatively to the fixed 
obstacle. 

“Thomson has shewn that, whatever the wave-length may be, the 
velocity of propagation of waves on the surface of water cannot be less than 
about 23 centimetres per second The water must run somewhat faster than 

* Ic ante p 378 

i “ On Waves,” Brit Ass Bejp , 1844 

X Ic ante p 437 
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this in order that the wave-pattern may be formed Even then the angle 6 
is subject to a limit defined by t;ocos^ = 23, and the curved wave-front 
has a corresponding asymptote 

“The immersed portion of the obstacle disturbs the flow of the liquid 
independently of the deformation of the surface, and renders the problem in 
its original form one of great difficulty We may however, without altering 
the essence of the matter, suppose that the disturbance is produced by the 
application to one point of the surface of a slightly abnormal pressure, such 
as might be produced by electrical attraction, or by the impact of a small 
jet of air Indeed, either of these methods — the latter especially — gives 
very beautiful wave-patterns^” 

The character of the wave-pattern can be made out by the method 
explained near the end of Art 253 

If we take account of capillaiity alone, the formula (17) of the Art cited 
gives 

OrrrT' 

cos^ 0 = . . (1) 

by Art 263, and the form of the wave-ridges is accordingly determined by 
the equation 

p= asec^ 0 . . .. (2)f 

This leads to 


= a sec ^ (1 - 2 tan^ $), y = 3a sec 6 tan 0 (3) 

When gravity and capillarity are both regarded, we have, by Art 264, 


Hence, if we put 

c^cos^e-V^=f" + ... . 

ZTT A 

w 

= 

. ... (5) 

we have 

cos^^ -/A b\ 

ooB^a * ** ’ 

.... (6) 

where 

cos a = — 

0 

( 7 ) 

The relation between 

p and 0 IS therefore of the form 



cos^ ^ if p CL cos^ a\ 

■ («) 


cos^ a ^\a cos^ a P J ' 

or 

£ = cos® 0 ± //(cos^ 0 — cos^ a) 

( 9 ) 


The four straight lines for which 0=±a are asymptotes of the curve thus 
determined The values of ^tt — a for several values of the ratio c/c^ have 
been given in Art. 263. 

* Lord Eayleigh, I c 

t Since U IS now >F, it appears from Art 253 (18) that the constant a must be negative 
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When the ratio c/cm is at all considerable, a is nearly equal to ^tt, and the 
asymptotes make very acute angles with the axis of x The upper figure on 
the preceding page gives the part of the curve which is relevant to the 
physical problem in the case of c = lOc^* The ratio of the wave-lengths of 
the ‘ waves ’ and the ‘ ripples ’ in the line of symmetry is then, of course, 
very great The curve should be compared with that which forms the basis 
of the figure on p 413. 

As the ratio cjc^ is diminished, the asymptotes open out, whilst the two 
cusps on either side of the axis approach one another, coincide, and finally 
disappear! The wave-system has then a configuration of the kind shewn in 
the lower diagram, which is drawn for the case where the ratio of the wave- 
lengths m the line of symmetry is 4 1 This corresponds to a = 26° 34', or 
C = 1 12Cni J 

When c < c^, the wave-pattern disappears. 


269 Another problem of great interest is the determination of the 
nature of the equilibrium of a cylindrical column of liquid, of circular section. 
This contains the theory of the well-known experiments of Bidone, Savart, 
and others, on the behaviour of a jet issuing under pressure from a small 
orifice in the wall of a containing vessel. It is obvious that the uniform 
velocity m the direction of the axis of the jet does not affect the dynamics 
of the question, and may be disiegarded in the analytical treatment. 


We will take first the two-dimensional vibrations of the column, the 
motion being supposed to be the same in each section Using polar 
oordinates r, 6 in the plane of a section, with the origin in the axis, we may 
-ite, in accordance with Art. 63, 


</> = A — cos . cos (o-t -1- e), (1) 

where a is the mean radius. The equation of the boundary at any instant 
will then be 

' »• = « + ?, - . . . ( 2 ) 

where cos 50 . sin (o-f -f e), (3) 


the relation between the coefficients being determined by 

dt dr’ • 


.(4) 


* The necessary calculations were made by Mr H J Woodall The scale of the figure does 
not admit of the asymptotes being shewn distinct from the curve. 

t A tentative diagram shewed that they were nearly coincident for c=2cni (a =60°) 
t The figure may be compared with the drawing, from observation, given by Scott Eussell, I c 
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for r == (X For the variable part of the pressure inside the column, close to 
the surface, we have 


£ = ^ _ crA. cos sd sin {at + e) 

p dt 


■ .(5) 


The curvature of a curve which differs infinitely little from a circle having 
its centre at the origin is found by elementary methods to be 


1=1 

JR r 

or, in the notation of (2), 

1 = 1 - 
R~' a 


1 (Pr 



Hence the surface condition 

_p=— + const, (7) 

gives, on substitution from (5), 

= ( 8 )* 

For 5= 1, we have o- = 0; to our ordei of approximation the section remains 
circular, being merely displaced, so that the equilibrium is neutral For all 
other integral values of a, is positive, so that the equilibrium is thoroughly 
stable for two-dimensional deformations This is evident d priori^ since the 
circle is the form of least perimeter, and theietore least potential energy, for 
given sectional area 

In the case of a jet issuing from an orifice in the shape of an ellipse, an 
equilateral triangle, or a square, prominence is given to the disturbance of 
the type a =2, 3, or 4, respectively. The motion being steady, the jet 
exhibits a system of stationary waves, whose length is equal to the velocity 
of the jet multiplied by the period (27r/cr)*f". 


270 . Abandoning now the restriction to two dimensions, we assume 
that 

(j> = (j)iCOBkz cos(cr^H-e), ( 9 ) 

where the axis of 2 coincides with that of the cylinder, and is a function 
of the remaining coordinates w, y. Substituting m the equation of continuity, 
= 0, we get 

-AO <#>1 = 0, (10) 


* For the original investigation, by the method of energy, see Lord Eayleigh, On the In- 
stability of Jets,” JPioc Lond Math 80 c , t x p 4 (1878), and “ On the Capillary Phenomena of 
Jets,” Proc Roy Soc , t xxix p 71 (1879) [Sc Papeis, t i. pp 361, 377, Theon/ of Sound, 
2nd ed c XX ] The latter paper contains a comparison of the theory with experiment. 

t It IS assumed that this wave-length is large compared with the ciioumference of the jet. 
otherwise, the formula (18) must be employed, with (r=kc, where c is the velocity of the jet. 

29 


L. 
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where = d^jdx^ + d^jdy^ If we put oc = r cos 6, y = r sin 6, this may be 
written 


dr^ r dr dO^ 


= 0 


(11) 


This equation is of the form considered m Arts 101, 189, except for the sign 
of , the solutions which are finite foi r = 0 are therefore of the type 

( 12 ) 

where, as in Art 209 (11), 


Is (■^) ~ ^ ( 1 “h <r» r~ a\ “h i 


'2^ ^iV 2(25 + 2) *^2 4 (25 + 2) (25 + 4) ^ 
Hence, writing 

^ (hr) cos s6 cos kz cos (at + 6), 

we have, by (4), 

— cos sO cos kz sin (at + e) 
^ aa ^ ^ 


)• 


(13) 

- (14) 
.. (15) 


To find the sum of the principal curvatures, we remark that, as an obvious 
consequence of Euler’s and Meunier’s theorems on curvature of surfaces, 
the curvature of any section differing infinitely little from a principal normal 
section IS, to the first order of small quantities, the same as that of the 
principal section itself It is sufficient therefore in the present pioblem 
to calculate the curvatures of a transverse section of the cylinder, and 
of a section through the axis These are the principal sections in the 
undisturbed state, and the principal sections of the deformed surface wull 
make infinitely small angles with them. For the transverse section the 
formula (6) applies, whilst for the axial section the curvature is -- , so 

that the required sum of the principal curvatures is 


1 

iJi ^ jRa a 



dz^ 


a aa^ 


• l)cos 50cosZ;^. sm (cr^+ e) ..,(16) 


Also, at the surface. 


p dt 


— aBIg (ka) cos s6 cos kz sm (at + e) 


The surface-condition of Art 262 then gives 


hals (ka) 
Is (ha) 


(A;W+5^ — 1) 


h 

pa^ 


(10 

(18) 


For 5 > 0, is positive , but m the case (s = 0) of symmetry about the axis 
a- Will be negative if ka <1 , that is, the equilibrium is unstable for 
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disturbances whose wave-length (27r/A) exceeds the circumference of the jet. 
To ascertain the type of disturbance for which the instability is greatest, we 
require to know the value of ka which makes 


Iq (JcOj) 


(k?a^ — V) 


a maximum. For this Lord Rayleigh finds k^a^ — -4858, whence, for the wave- 
length of maximum instability, 

Stt 

^ = 4 508 X 2a 


Theie is a tendency therefore to the production of bead-like swellings 
and contractions, of this wave-length, with continually increasing amplitude, 
until finally the jet breaks up into detached drops^ 


271 This leads naturally to the discussion of the small oscillations of 
a drop of liquid about the spherical formf. We will slightly generalize the 
question by supposing that we have a sphere of liquid, of density p, 
surrounded by an infinite mass of other liquid of density p' 

Taking the origin at the centre, let the shape of the common surface at 
any instant be given by 

r = a+f=a-}-/Sn.sm(or^q-e), ... .(1) 

where a is the mean radius, and 8n is a surfixce-harmonic of order n. The 
corresponding values of the velocity-potential will be, at internal points, 



, aar'^ / . v 

cos (or« -H e), . .. . 

(2) 

and, at external points, 

, , o-a „ f . , \ 

^ ^n + 1 + ^)’ 

(3) 

since these make 

a? _ _ 

3^ di dr ' 



* The argument here is that if we have a senes of possible types of disturbance, with time- 

factors , where ai>a 2 >a 3 > , and if these bo excited simultaneously, the 

amplitude of the first will increase relatively to those of the other components in the ratios 
g(ai aa)^ gio-x Component with the greatest a will therefore ultimately predominate 

The instability of a cylindrical jet surrounded by other fluid has been discussed by Lord 
Bayleigh, “On the Instability of Cylindrical Fluid Surfaces,” JPhil Hag (5), t xxxiv p 177 
(1892) [;S^c Papers, t m. p 594] For a jet of air in water the wave-length of maximum in- 
stability IS found to be 6 48 X 2a. 

+ Lord Eayleigh, I c ante p 449, Webb, Mess of Math,, t ix. p. 177 (1880) 


29—2 
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for r = a The variable parts of the internal and external pressures at the 
surface are then given by 

p = ... + (a-i+ e), p' == . . — * sin (cr^ + e) . (4) 

To find the sum of the curvatures we make use of the theorem of Solid 
Geometry, that if fjL, v be the direction-cosines of the normal at {x^ y, z) to 
that surface of the family 

F {x^ y, z) = const, 
which passes through the point, viz 

Fx. Fy, F, 


X, fjb, V = 




then 


1 1 _ 9X d/i dv 

Ri E2 dx'^ dy~^ dz 


.(5) 


Since the square of f is to be neglected, the equation (1) of the harmonic 
spheroid may also be written 

^ = a + 


where 


Sn • sin (^crt -f e), 

(Jb 


( 6 ) 

0 ) 


i.e. IS a solid harmonic of degree n We thus find 

X 


X ivi y' 

^ “ dy ^ 


r 


_z dU , ^ 

jj — \-n— f ^ , 

r dz 


y 


( 8 ) 


whence 


Rr R, 


2 , n(n + l)^ 2 , (n-l)(n + 2) ^ , 

- + - - ^ - 7^ ^ = a + - '-Sn.sm(at + €) .. 


( 9 ) 


Substituting from (4) and (9) in the general surface-condition of Art 262, 
we find 

T, 


0-2 =: (n -H 1) (?i — 1) (n -h 2) 


If we put p' = 0, this gives 


cr^ = 71 (n — ] ) (n 4- 2) — , . 
^ ^ ^ ' pa^ 


{{7i-i‘l)p-{-np'} a® 




( 10 ) 


• ( 11 ) 


The most important mode of vibration is that for which n = 2 , we then have 
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Hence for a drop of water, putting = 74, p = 1, we find, for the frequency, 
~ = 3 87 vibrations per second, 

if a be the radius in centimeties. The radius of the sphere which would 
vibrate seconds is a = 2 47 cm or a little less than an inch. 


The case of a spherical bubble of air, surrounded by liquid, is obtained 
by putting p == 0 in (10), viz, we have 


( 12 ) 

P U/ 


For the same density of the liquid, the frequency of any given mode is 
greater than in the case represented by (11), on account of the diminished 
inertia • cf Art. 91 (7), (8). 



CHAPTER X. 


WAVES OF EXPANSION 


272 A TEEATISE on Hydrodynamics would haidly be complete without 
some leference to this subject, if merely for the reason that all actual fluids 
are more or less compressible, and that it is only when we recognize this 
compressibility that we escape such apparently paradoxical results as that of 
Art 20, where a change of pressure was found to be propagated instantaneously 
thiough a liquid mass 

We shall accordingly investigate in this Chapter the general laws of 
propagation of small disturbances, passing over, however, for the most part, 
such details as belong more properly to the Theory of Sound. 


In most cases which we shall consider, the changes of pressure are small, 
and may be taken to be proportional to the changes in density, thus 




P ' 


vfhere pdpjdp) is a certain coefficient, called the ' elasticity of volume^ 
For a given liquid the value of fc vanes with the temperature, and (very 
slightly) with the pressure For water at 15° C., k = 2*22 x 10^^ dynes per 
square centimetre , for mercury at the same temperature /c = 5 42 x WK 
The case of gases will be considered presently 
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Plane Waves 

We take first the case of plane waves in a uniform medium. 

The motion being m one dimension {x), the dynamical equation is, in the 
absence of extraneous forces. 


dt pdx pdpdx' 


.( 1 ) 


whilst the equation of continuity, Art. 8 (4), reduces to 

= 0 


\ 


( 2 ) 



Plane Waves 


456 


272 - 274 ] 


If we put 


p = po(l+5), • •• « (3) 


where po is the density in the undisturbed state, 5 may be called the ' con- 
densation’ in the plane x. Substituting in (1) and (2), we find, on the 
supposition that the motion is infinitely small. 


01 ^ _ K ds 

0!^ Po 


(4) 


and 


05 _ du 
dt dx ’ 


if 

as above 


dp 


Eliminating s we have 




(G) 

( 7 ) 


where 


po 


dp' 

dp 


P~Po 


• • -( 8 ) 


The equation (7) is of the form treated in Art 1C9, and the complete 


solution IS 

u = f(ct — x) + F(ct + x), (9) 

representing two systems of waves travelling with the constant velocity c, 
one in the positive and the other in the negative direction of x It appears 
from (5) that the corresponding value of 5 is given by 

cs =f(ct'-x)-’F{Gt + x) ( 10 ) 

For a single wave we have u = ± cs^ (11) 


since one or other of the functions /, F is zero. The upper or the lower sign 
IS to be taken according as the wave is travelling in the positive or the 
negative direction It is easily shewn m this case that the approximations 
involved in (4) and (5) are valid provided u is everywhere small compared 
with c. 


There is an exact correspondence between the above approximate theory and that of 
‘ long ' gravity- waves on water If we write ij/k for and gh for k/pq, the equations (4) and 
(5), above, become identical with Art 168 (3), (5) 


274 . With the value of /c given m Art 272, we find for water at 15'’ 0. 
c = 1490 metres per second 

The number obtained directly by Colladon and Sturm ^ in their experiments 
on the lake of Geneva was 1437, at a temperature of 8® 0 

* Ann de Ch%m et de Phys., t xxxvi (1827) It may be mentioned that the velocity of sound 
in water contained in a tube is liable to be appreciably diminished by the yielding of the wall 
See Helmholtz, Fortschntte d Physik, t. iv. p 119 (1848) [Ges Abh , tip 242], Korteweg, 
Wied Ann,, t. v. p 526 (1878), Lamh, Manch Mem , t xhi No 1 (1898). 
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In the case of a gas, if we assume that the temperature 
value of K IS determined by Boyle’s Law 

is constant the 


II 

• ( 1 ) 

VIZ 

« =P<S 

• ■ • ( 2 ) 

so that 

> 

II 

0 

■ (3) 


This IS known as the ‘Newtonian’ velocity of sound* If we denote by 
H the height of a ‘homogeneous atmosphere’ of the gas, we have = 
and therefore 

c = {gHy:, (4) 

which may be compared with the formula (13) of Art 169 for the velocity of 
‘long’ gravity-waves in liquids. For air at 0 °C we have as corresponding 
values 

= 76 X 13 60 X 981, po = 00129, 
in absolute c G.s units , whence 

c = 280 metres per second 

This is consideiably below the value found by direct observation. 

The reconciliation of theory and fact is due to Laplace When a gas is 
suddenly compressed, its temperature rises, so that the pressure is increased 
more than in proportion to the diminution of volume , and a similar state- 
ment applies of course to the case of a sudden expansion The formula ( 1 ) is 
appropriate only to the case where the expansions and rarefactions are so 
gradual that there is ample time for equalization of temperature by thermal 
conduction and radiation In most cases of interest, the alternations of 
density are exceedingly rapid , the flow of heat from one element to another 
has hardly set in before its direction is reversed, so that practically each 
element behaves as if it neither gained nor lost heat 

On this view we have, in place of ( 1 ), the ‘adiabatic’ law 



where, as explained in books on Thermodynamics, 7 is the ratio of the two 
specific heats of the gas. This makes 

f<^ = yPo, ( 6 ) 


Pniicipiay Lib 11 , Sect viii , Prop 48 

t The usual reference is to a paper “ Sur la vitesse du son dans Pair et dans I’eau,” Ann de 
Ohm et de Phys , t 111 p 238 (1816) [Micamque Celeste^ Livre 12'^®, 0 111 (1823)] But Poisson 
m a memoii ot date 1807 (see p 463) refers to this explanation as having been already given by 
Laplace 
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and therefore ^~'\/('^°) • •• ■ • (7) 

If we put 7 = 1 410*, the former result is to be multiplied by 1-187, whence 

c = 332 metres per second, 

which agrees very closely with the best direct determinations 

The conMcnce felt by physicists m the soundness of Laplace’s view is so complete that 
it IS now usual to apply the formula (7) in the invcise manner, .and to mfei the values of y 
for various gases and vapours from observation of wavo-volocitics in them 

In strictness, a similar distinction should be made between the ‘adiabatic’ and 
‘isothermal’ coefficients of elasticity of a li<iuid or a solid, but practically the difference 
IS unimportant Thus m the case of water the ratio of the two volume-elasticities 
IS calculated to be 1 0012 1 

The effects of thermal radiation and conduction on air-wavos have boon studied 
theoretically by Stokes J and Lord llaylcighS When tho oscillations are too rapid for 
equalization of temperature, but not so lapid as to exclude commumcation of heat between 
adjacent eleineiits, the waves dimmish in amplitude as they advance, owing to tho dissipa- 
tion of energy which takes place in tho thermal processes The effect of conduction will 
be noticed, along with that of viscosity, in tho next Chapter 

According to the law of Chai'les and Dalton 

oc 1 -f ()03G66>, 

P» 

where 0 is the temperature centigrade Hence the velocity of sound will 
vary as the square root of the absolute temperature For several of the 
more permanent gases, which have sensibly the same value ol 7 , the foimula (7) 
shews that the velocity varies inversely as the square root of tho density, 
provided the relative densities be determined under the same conditions of 
pressure and temperature. 

275. The theory of plane waves can also be treated very simply by the 
Lagrangian method (Arts 13, 14). 

If f denote the displacement at time t of the particles whose undisturbed 
abscissa is »■, the stratum of matter originally included between the planes a; 
and a; -H Sa; is at the time t + St bounded by the planes 

a; -t- ^ and ^ + ^1 + Sa;, 

* The value found by direct experiment 

+ Everett, Units and Physical Constants 

“An Examination of the possible effect of the Badiation of Heat on the Propagation o 
Sound,” Phil Mag (4), t i p 305 (1851) [Math and Phys Pajgers, t m p 142] 

§ Theory of Sound, Art. 247 In a recent paper “ On the Cooling of Air by Eadiation and 
Conduction, and on the Propagation of Sound,” Phil Mag (5), t xlvii p. 308 (1899) [Sc, Payers, 
t IV p 376], Lord Kayleigh concludes on experimental giounds that conduction is much more 
effective in this respect than radiation 
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since p„Vti = 1 If we consider a region so great that the condensations and 
rarefactions balance, we have 

JfJsdxdydz= 0, . (5) 

and therefore W=^/cfJfs^dxdydz . (6) 

In a progressive plane wave we have cs = + and therefore T IV The 
equality of the two kinds of energy, in this case, may also be inferred from 
the more general line of argument given in Art 173 

In the Theory of Sound special interest attaches, of course, to the case of 
simple-harmonic vibrations If a be the amplitude of a progressive wave 
of period 27r/o-, we may assume, in confoimity with Art 275 (6), 

I = a cos (kx — <Tt + e), ■ (7) 

where k = crlc, and the wave-length is accordingly jk The formulae 

(1) and (6) then give, for the energy contained in a prismatic space of 
sectional area unity and length X. (in the direction x), 

( 8 ) 

the same as the kinetic energy of the whole mass when animated with the 
maximum velocity o-a 

The rate of transmission of energy across unit area of a iilano moving with the particles 
situate in it is 

p ^ =p ora sin {Jcx ~ crj{ + e) (9) 

The work done by the constant part of the pressure in a complete period is zero Tor the 
variable part we have 

= -/c sin 0-^4- 0 ••• - • -(10) 

Substituting 111 (9), we find, for the mean rate of transmission of energy, 

^Kcrha^ 'x c . . (H) 

Hence the energy transmitted in any number of comideto periods is exactly that cor- 
responding to the waves which pass the xihuie in the same time, as wo should expect, since, 
c being independent of X, the group-velocity is identical with the wave-velocity (cf Art 235). 


Waves of Finite Amplitude. 

277 If p be a function of p only, the equations (1) and (3) of Art 276 
give, without approximation, 

dp dx^ * 

On the ‘ isothermal ' hypothesis that 


( 1 ) 
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.1 u 

this becomes 3^ ~ ^ ' 

dx^ 

(3) 

(^ + i) 

In the same way, the ‘ adiabatic ’ relation 


L- 

(^)\ .. ■ • 

. .. ■ (4) 

Po 

\poJ 





. . , 

leads to 3^-77 

dx} 

(6) 




These exact equations (3) and (5) maybe compared with the similar equation for ‘long’ 
waves in a uniform canal, Art 172 (3) 

It appears from (1) that the equation (6) of Art 276 could be regarded as exact if the 
relation between and p were such that 




(6) 


Hence plane waves of finite amplitude can be propagated without change of type if, and 
only if, / „ \ 

(7) 


A lelation of this form does not hold for any known substance, whether at constant 
temperature or when free from gain or loss of heat by conduction and radiation* Hence 
sound-waves of fimto amplitude must inevitably undergo a change of type as they proceed 


278. The laws of propagation of waves of finite amplitude have been 
investigated, independently and by different methods, by ftarnshaw and 
Riemann. It is proposed to give here a brief account of these investigations, 
referring for further details to the original papers, and to the very full 
discussion of the matter by Lord Eayleighf 


Eiemann’s method J has already been applied in this treatise to the 
discussion of the corresponding question in the theory of ‘long gravity-waves 
on liquids (Art 185) He starts from the Eulerian equations of Art 273, 
which may be written 

( 1 ) 


Zu __ 1 ^ 

p dp dx ^ 

dp , dp du 


...( 2 ) 


* The relation would make p negative when p falls below a certain value 
t Theory of Sound, c xi 

X “ Ueber die Fortpfllanzung ebener Luftwellen von endlicher Schwingungaweite,” Gott, Ahh , 
t Till p 43 (1858-9) [Werhe, Aufi , Leipzig, 1892, p 157] See also H. Weber, Part. 
Pif-Gl d math Phys,t ii. p 469 
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If we put P =f(p) +^l, Q=f{p)-^> 

where f(p) is as yet undetermined, we find, multiplying (2) by /' (p), and 


adding to (1), 


dP dP 1 dp dp / s du 

ir+“5— 


If we now determine/ (p) so that 
this may be written 




dt dx 

In the same way we obtain 


dP , dP 


dt^ dx 

The condition (4) is satisfied by 




dso ’ 


f(p)=j’' 

J PC 


p fdp\^ ^ 


dpj p 


Substituting in (5) and (6), we find 


dP = 

(ii?? — 1 


;*] 

dP \ 
dx’ 

dQ=^ 

+ 1 


1* dt 

\dQ_ 

1 9^ , 


(4) 

..(5) 

( 6 ) 

...(7) 


.( 8 ) 


Hence dP = 0, or P is constant, for a geometrical point moving with the 
velocity 




whilst Q IS constant for a point whose velocity is 



( 10 ) 


Hence, any given value of P moves forward, and any value of Q moves 
backwlrd, with the velocity given by (9) or (10), as the case may be 

These results enable us to understand, in a general way, the nature of 
the motion in any given case Thus if the initial disturbance be confined 
to the space between the two planes x = a,x = b,-we may suppose that P 
and Q both vanish for x>a and for x<b The legion within which P is 
variable will advance, and that within which Q is variable will recede, until 
after a time these regions separate and leave between them a space for 
which P = 0, Q = 0, and in which the fluid is therefore at rest The original 
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disturbance has thus been split up into two progressive waves travelling in 
opposite directions In the advancing wave we have Q = 0, and therefoie 

u ==f(pl ( 11 ) 

so that both the density and the particle- velocity are propagated forwards at 
the rate given by (9) Whether we adopt the isothermal or the adiabatic 
law of expansion, this velocity of propagation will be found to be greater, the 
greater the value of p The law of progress of the wave may be illustrated 
by drawing a curve with ^ as abscissa and p as ordinate, and making each 
point of this curve move forward with the appropriate velocity, as given by 
(9) and (11) Since those parts move faster which have the greater ordinates, 
the curve will eventually become at some point perpendicular to oo The 
quantities duldw, dp /dec are then infinite; and the preceding method fails to 
yield any information as to the subsequent course of the motion Cf Art. 185. 


279 Similar results can be deduced from Earnshaw’s investigation^ 
which IS, however, somewhat less general in that it applies only to a pro- 
gressive wave supposed already established 


For simplicity we will suppose p and p to be connected by Boyle’s Law 

p=^cY . ( 1 ) 

If wc write + so that y denotes the absolute coordinate at time t of the x>article 
whose undisturbed abscissa is the equation (3) of Art 277 becomes 





II 

(2) 

This IS satisfied by 

dt~^\dxj’ 

(3) 

provided 

{/'(DF-'Aiy- ■■ 

(4) 

Hence a first integral of (2) is 


(fj) 


To obtain the ‘ general integral’ of (5) we must eliminate a between the equations 

y = a474-(d'±clog a) 

0 — aX±ct+a(l>'{a\ 


.(6)t 


where <p is arbitrary Xow 


dx p ’ 


so that, if u be the velocity of the particle we have 

u=^=G±clog^ , • • ( 7 ) 

On the outskirts of the wave we shall have ?t=0, p =po It follows that (7=0, and therefore 

. . ( 8 ) 


* “ On the Mathematical Theory of Sound,” Phtl T)ans , t ol p. 133 (1858) 
t See Forsyth, Differential Equations^ c. is.. 
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Hence m a progressive wave p and u must be connected by this relation If this be 
satisfied initially, the function ^ which occurs in (6) is to be determined from the conditions 
at time 2 J ==0 by the equation 

0'(Po/p)=-^‘ • (^) 

To obtain results independent of the paiticular form of the wave, consider two particles 
(which we will distinguish by suffixes) so related that the value of p which obtains for the 
first particle at time is found at the second particle at time ^2 

The value of a( = po//>) is the some for both, and therefoie by (6), with (7=0, 

= ^ (10) 

0 = Ct (i^2 “ i ^ (^2 ^ 

The latter equation may bo written 

shewing that the value of p is piopagated froin particle to particle at the late p/po c The 
rate of propagation in space is given by 

+6 + 0 loga= +c4-^ * * * (12) 

At 

This IS in agreement with Riemann’s results, since on the present ^isothermal’ hypothesis 
(dpjdp)^ 

For a wave travelling in the positive direction we must take the lower signs* If it be 
one of condensation (p>po), ^ la positive, by (8) It follows that the denser parts of the 
wave are continually gaming on the rarer, and at length overtake them, the subsequent 
motion IS then beyond the scope of our analysis 

Eliminating x between the equations (6), and writing for c log a its value - n, wo find 
for a wave travelling in the positive direction, 

y=:(c+^^)^-fi5^(a), . (Hi) 

where F is an arbitrary function In virtue of (8) this is ociuivalent to 

U=^f{p—(G + u)t} ( 14 ) 

This formula is duo to Poisson*. Its interpretation, loading to the same results as above, 
for the mode of altoiation of the wave as it x^rocoods, foims the subject of a pax)er by 
Stokes t 


280 The conditions foi a wave of permanent type have been investigated 
in a very simple manner by Kankinet* 

Let jd, jB be two points of an ideal tube of unit section drawn in the 
direction of piopagation, which is (say) that of ^-positive, and let the values 
of the pressure, the density, and the paiticle-velocity at A and B bo 
denoted by pi, pi, Ui and p^, p2> respectively 

* “ M4nioire sur la Throne du Son,” Journ de VKcoU Folyteohn , t. vii. p. 867 (1807) 
t “On a Difficulty in the Theory of Sound,” Phil Mag (8), t xxin. p. 849 (1848) [Math and 
Phys Papers, tup 51] 

X “ On the Theimodynamio Theory of Waves of Finite Longitudinal Disturbance,” Phil, 
Plans , t clx p 277 (1870) [Misc Sc Papers, p. 530] 
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If, as in Art. l74, we impress on everything a velocity c equal and opposite 
to that of the wave, we reduce the problem to one of steady motion. Since 
the same amount of matter now crosses m unit time each section of t e 

tube, we have 

Pi (0 — ^1) = p 2 (c - “2)1 = wh 

say where m denotes the mass swept past in unit time by a plane moving 
with the wave, in the original form of the pioblem This quantity m is called 
by Eankine the ‘ mass-velocity ’ of the wave. 

Again, the total force acting on the mass included between A and £ is 
p,-pi, in the direction BA, and the rate at which this mass is gaming 
momentum in the same direction is 

m (0 — Ui) — 'm(c — i^). 

Hence ^^1) ’ " 


Combined with (1) this gives 




971 “ 




( 3 ) 


Hence a wave of finite amplitude could not be propagated unchanged except 
in a medium such that 

p ^ = const 

P 

This conclusion has already been arrived at, in a different manner, in Art. 277. 
It may be noticed that, if we write it = 1/p, the relation (4) is represented on 
‘ Watt’s Diagram ’ by a straight line 

If the variation of density be slight, the relation (4) may, however, bo 
regarded as holding approximately for actual fluids, provided in have the 
proper value Putting 

p = p„(l-l-s), p=p<, + ics, m = poO, (r>) 


we find 
as m Art 273 



(«) 


The fact that m actual fluids a progressive wave of finite amplitude 
continually alters its type, so that the variations of density towards the front 
become more and more abrupt, has led vaiioiis writers to spt;culato on the 
possibility of a wave of discontinuity, analogous to a ‘ boro ’ in water-wave.s. 

It has been shewn, first by Stokes*, and afterwards by seveial other 
writers, that the conditions of constancy of mass and of constancy of 
momentum can both be satisfied for such a wave. The hiinplest case is 
when there is no variation in the values of p and it except at tht* plane of 


* I c, ante p. 4GB 
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discontinuity If, in the preceding argiinaent, the sections A, B be taken, 
one behind, and the other in front of this plane, we have, by (3), 



^ = 

\pl- P2 J 

■ ■ (7) 


= = . . . 

(8) 


Pi Vpi-pa Pa/ 

and 

™ - + fr -P'^ (pi - P‘^f 

Pa pi \ pip2 ) 

(9) 


The upper or the lower sign is to be taken according as is greater or less 
than p 2, 1 e according as the wave is one of condensation or of rarefaction 
The results involve differences of velocity, as wo should expect, since any 
uniform velocity of the whole medium may be superposed. 

We may assume, for instance, that the quantities p^, u.^, which dehne 
the condition of the medium ahead of the wave, are given arbitrarily , also 
that the density pi of the air in the advancing wave is proscribed Further, 
some definite relation between pi, pi and p.j, p.^, based on physical considera- 
tions, IS presupposed The remaining quantities m, c, Wa are then determined 
by (7), (8), (9) 

These results have, however, lost some of their interest since it has been 
pointed out by Lord Rayleigh* that in actual fluids the equation of energy 
cannot be satisfied consistently with (1) and (2) Calculating the excess of 
the work done per unit time on the fluid entering the space AB at B over 
that done by the fluid leaving at A, and subtracting the gain of kinetic 
energy, we obtain 

Pi (c - Ui) (c - Kj) - {(c - UiY - (c - Ma)*} , 

- pnh - I'm 

( 10 ) 

these forms being equivalent in virtue of the dynamical equation (2). The 
corresponding result per unit mass is obtained by dividing by m If wo 
substitute for Wj — from (1) or (9), we obtain 

+ (11) 

where v is written for 1/p 

If the two states of the medium bo represented by two points A, B on 
Watt’s diagram, the expression (1 1) is equal to the area included between 
the straight line AB, the axis of v, and the ordinates of .4, B. If the 
transition from R to bo effected without gam or loss of heat, the points 
in question will he on the same ‘ adiabatic curve,’ and the gam of intrinsic 


L 


* Theonj of Sound, Art 253. 


30 
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will 1)G iGpisscntcd l^y lliG 3irG3) includGid bGtwGGii tliis cxirvGj tliG 
flvis of D, and the GxtremG ordinates. For an actual gas, the adiabatic is 
concave upwards , and the latter area is accordingly less (in absolute value) 
than the former If we have regard to the signs to be attributed to the 
areas, we find that for a wave of condensation (Wj < the work done on the 
medium is more than is accounted for by the increase of the kinetic and 
intrinsic energies , whilst m a wave of rarefaction (uj > i;,) the woik given 
out is more than the equivalent of the apparent loss of energy. 

It appears that the equation of energy cannot be satisfied for discon- 
tinuous waves, except m the case of a hypothetical medium whose adiabatic 
lines are straight This is identical with the condition already obtained for 
permanency of type in continuous waves 

In the above investigation no account has been taken of dissipative 
forces, such as viscosity and thermal conduction and radiation Practically, 
a wave of discontinuity would imply a finite difference of temperature 
between the portions of the fluid on the two sides of the plane of discontinuity, 
so that, to say nothing of viscosity, there would necessarily be a dissipation 
of energy due to thermal action at the junction Whether, when this is 
allowed for, the relation between the two states ean be reconciled with the 
equation of energy is a physical question into which we do not enter* It 
would appear that the possibility of a discontinuous wave of rarefaction 
is in any case excluded, since (as may easily be shewn graphically) this 
would involve a loss of ‘entropy’ in an irreversible process 


Spherical Waves. 

281. Let us next suppose that the disturbance is symmetiical with 
respect to a fixed point, which we take as oiigin Phe motion is necessarily 

♦ It 13 disoussed to some extent by Itenkine, who points out that the intcyrul amount 
of heat absorbed by any poition of the medium, m its passage from one state to the othei, must 
be zero 

In some investigations by liugoniot, which are expounded by Hadamard in his Le(/m8 mr la 
propagation des ondes et les 6(juatio)ii> de Vhydiody fiainiguOi Pans, 1903, the aigument given in 
the text IB mveited The possibility of a wave of discontinuity being assumed, it iH pointed out 
that the equation of energy will be satisfied if we equate the expiession (10) to the increment of 
the intimsic energy (for which see Ait 11 (8)) On this ground the formula 

IS piopounded, as governing the transition fiom one state to the other “ Telle est la relation 
qu’Hugoniot a substitute a const ] pour exprimer que la condensation on dilatation buisque 
se fait sans absoiption ni dtgagemont de chaleur On lui donne actuellemont le nom de lot adui' 
batique dynamique, la rtlation [i?yY-const ], qui convient aux changements lonts, 6tant ddsignte 
sous le nom de loi adiabatique statique^’ (Hadamard, p 192) But no physical evidence is 
adduced m support of the pioposed law 

Bor another discussion of the mattei, icfeience may he made to H. Weher, Fait I)iJ,’(Jl , 
t 11 c xxii 
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iriotational, so that a velocity-potential (jb exists, which is here a function 
of r, the distance from the origin, and t, only. If as before wo neglect the 
squares of small quantities, we have by Art 20 (3) 

_S<f> 

J p ' 

In the notation of Arts 272, 273 we may write 


whence 



.( 1 ) 


To foirn the equation of continuity we remark that, owing to the difference 
of flux acioss the inner and outer surflxces, the space included between the 
spheres r and ?’-f- 3/ is gaining mass at the rate 

Since the same rate is also expressed by dp/dt , 47 rr- Sr wo have 




( 2 ) 


Tins might also have been arrived at by diiect transformation of the general 
equation of continuity, Art 8 (4) In the case of infinitely small motions, it 
becomes 


dt dr V drj ’ 


( 3 ) 


whence, substituting from (1), 


U) 

df r'-* 0r \ dr) ^ ^ 


This may be put into the more convenient form 


3 ^ rd> .^ 0 *' r<b ^ , 

'dir 

SO that the solution is 

r(j:> :=s f(^r ^ ct) ct) ... (6) 

Hence the motion is made up of two systems of spherical waves, travelling, 
one outwards, the other inwards, with velocity c. Considering for a moment 
the first system alone, we have 

cs = -^f'(r-ct), 

30—2 
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wliich shews that a condensation is propagated outwards with velocity c, but 
diminishes as it proceeds, its amount varying inversely as the distance from 
the origin The velocity due to the same tram of waves is 

As r increases the second term becomes less and less important compared 
with the first, so that ultimately the velocity is propagated according to the 
same law as the condensation. 

We notice that whenever diverging or converging waves are alone present 
we have 

i^(r^) = Tc5, C^) 

TOT 


this corresponds to Art 273 (11) 

For some purposes the formula for a system of divergent waves is more 
conveniently written 

47rr^=/ - Q 


Since this makes 


lim. 


r=0 


■ 47rr^ 


dcj) 

dr 




..(9) 


the system in question may be regarded as due to a source of strength f (t) 
at the origin , cf Ait 194. 

It follows from (1) that 


jsdt = 0, (10) 


provided the initial and final values of <#> both vanish. This will be the case 
whenever the source f(t) is in action only for a finite time. The fact that 
a diverging spherical wave must necessarily contain both condensed and 
rarefied portions was first remarked by Stokes*. Cf. Art 195 

As in the case of plane progressive waves (Art. 27G), the energy of 
a system of divergent spherical waves is half kinetic and half potential 
This follows from the general argument of Art 173, and may be verified 
independently as follows We have, identically. 



I 

dr 


(r4>‘) 


If we write 


2 


dr’ 


c^s = 


d^ 

di’ 


.( 11 ) 


♦ “ On Some Points in the Eeoeived Theory of Sound,” JPhil Mag (i), t xxxiv p 52 (1849) 
[Math andPhys Papers, t ii p 82] See also Lord Bayleigh, TAcoii/ o/ Sound, Ait 279 
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this gives, by (7), m the case of a divergent wave-system, 

roo I'M 

Hence . i-rr-r^dr = 47rr °-dr, . . . .(12) 

Jo JO 

if vanishes at the inner and outer boundaries of the system *. 

282 The determination of the functions / and F in (6), iii terms of the 
initial conditions, for an unlimited space, can be effected as follows. 

Let us suppose that the distributions of velocity and condensation at 
time t = 0 are determined by the foimulac 

<f> = f(r), ^ = %(’'). (13) 

where rp-, % are arbitrary functions. Comparing with (6), we have 

/ (si) + F ( 2 ) = zyp (z), (1.4) 

-f(s,) + F'(z)^lxi^), 
the latter of which gives on integration 

-f(z) + F(z)=irzx(^) + 0 (15) 

OJ 0 

Again, the condition that there is no ci cation or annihilation of fluid at the 
origin gives 

f(-^) + F(z) = 0 (16) 

The formulae (14) and (15) determine the functions / and i’for positive values 
of . 2 , and (16) then determines /for negative values of ^ff. 

The flnal result may be written 

or 

1 

r<l> = -^(ct-r)f(ct-r) + ^(ct + r)f(ct + r)+-^-j^^ ■••(13) 

according as r is greater or less than ct 

As a very simple example wo may suppose that the air is initially at rest, and that the 
initial disturbance consists of a uniform condensation extending through a sphere of 
radius a We have then i(^(2)=0, whilst x («)=c\ ^ 0 according arnica. At a distance 


* jProc Land. Math. Soc , t xxxv. p 160 (1902). 
t Lord Eayleigh, Theory of Sound, Art. 279. 



4T0 Waves of Expansion [chap, x 

r (>»a) from the origin, the motion will not begin until t={T-“(i)lG^ and will cease when 
^ = (r + a)/c For intermediate instants we shall have 

o*<^—lcsQ[o?-{r-‘Ct)y\ ... . ( 19 ) 

S T~^Ct 

and thence - = 

The disturbance is now confined to a spherical shell of thickness 2as , and the condensation 
s is positive through the outer half, and negative through the inner half, of the thickness 


We shall require, shortly, an expression for the value of ^ at the origin, 
for all values of t, m terms of the initial circumstances We have, by ( 6 ) 
and (16), 


[4>]r=o = lim,.=o 


f(r — ct) + F(r-h ct) 
r 


, F{ct + r) — F {ct — r) 

lim^=o — ^ r 


= 2F'{ct), 


or, by (14) and the consecutive equation, 

= | t^(ct) + txict) ( 21 ) 


General Equation of Sound-Waves 


283 We proceed to the general case of propagation of expansion-waves. 
We neglect, as before, small quantities of the second order, so that the 
dynamical equation is as in Art. 281, 


0^5 = 


d<j> 
dt * 


.( 1 ) 


Also, writing p-po(l-\-s) in the general equation of continuity, Art. 8 (4), 
we have, with the same approximation, 

dt^ dx^'^ df- dz^ ^ ^ 

The elimination of s between ( 1 ) and ( 2 ) gives 


dt^ 


or, in our former notation, 




(df± 

\dx^'^ dy^ dz^J 



(3) 

..(4) 


Since this equation is linear, it will be satisfied by the arithmetic mean of 
any number of separate solutions <^i, •••• in Art 38, let us imagine 

an infinite number of systems of rectangular axes to be arranged uniformly 
about any point P as origin, and let <^i, ^ 2 , <#> 3 , ••• be the velocity-potentials 
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of motions which are the same with respect to these systems as the original 
motion ^ IS with respect to the system x, y, z In this case the arithmetic 
mean (^, say), of the functions 4 ,^, 4 ,,, . . will be the velocity-potential of 

a motion symmetrical with respect to the point P, and will therefore come 
under the investigation of Art 282, provided r denote the distance of any 
point from P In othei words, if ^ be a function of r and t, defined by the 
equation 

^ = 

vvheie <56 is any solution of (4), and Stir is the solid angle subtended at P by 
an element of the surface of a sphere of radius r having this point as centie, 
then 

( 6 )* 

dt^ 01 ■ 

Hence r4=f('>' — ct) + F{r+ct) (7) 

The mean value of 4 > over a sphere having any point P of the incdiuni 
as centre is therefore subject to the same laws as the velocity-potential of 
a symmetiical spheiical disturbance. We see at once that the value of 4 > 
at P at the time t depends on the means of the values which 4 and 
originally had at points of a sphere of radius ct described about P as centre, 
so that the disturbance is propagated in all directions with uniform velocity c.^ 
Thus if the original disturbance extend only through a finite portion of 
spd.ee, the disturbance at any point P external to S will begin after a time 
nio, will last for a time (r„^-r-,)lc, and will then cease altogether; u 
denoting the radii of two spheres described with P as centre, the one just 
excluding, the other just including S. 

To express the solution of (4), already virtually obtained, in an analytical 
form, let the values of 4 a-nd d 4 /dt, when i = 0, be 

4 = 4 ' («■■> 2 /> •®)> = X (•*.?/. ^) (^) 


The mean values of these functions over a sphere of radius r described about 

(x, y, js;) as centre are 


<#> 





X + Ir^ y + wr, ^ + nr) dw, 


d<f> 

dt 



+ y + mr, z -f rir) cZ-cr, 


* This result was obtained, m a different manner, by Poisson, “M6moire sur la th(5orie du 
son,” Journ. de V Nicole Pohjteclm., t vii pp 334-338 (1807). The remark that it leads at once 
to the complete solution of (4) is due to Ijiouville, JourtL ch Matk, t i. p. 1 (1856). 
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where Z, m, n denote the direction-cosines of an}" radius of this sphere, and 
S-BT the corresponding elementary solid angle If we put 

l = sm6 cos CO, m = sin 6 sin co, n = cos 9, 
we shall have S-cr = sm 9 S9Sco 

Hence, comparing with Art 282 (21), we see that the value of ^ at the point 
(jr, y, z), at any subsequent time t, is 

A = J:„ 1 t ff-xlrfaj -i-ctsm9 cos o), y + ct sm 9 sin co, z + ct cos 9) sin 9d9dco 

^ 4i7rdt JJ 


4- -i- f [y (o) -h ct sm 9 cos 0), y + ctsin 9 sin CO, z-tc^ cos 9) sin 9 d9do), ,..(9) 

47rJJ ^ 


which IS the form given by Poisson ^ 


284 The expression for the kinetic energy of the fluid contained in any 
given region is 

where </> stands for 8<f>/dt By Green’s Theorem (Art 43), this may be put 
in the form 

= -po ll<i>^£dS-^JII<i>i>dicdydz 

Hence if Jjj dxdydz = ^ J jj <j>- dxdydz, (2) 

we have ^ In 

We have seen (Art. 276) that, subject to a certain condition, W represents 
the intrinsic energyf 

The complete interpretation of (3) may be left to the reader In various 
important cases, e g when the boundary is fixed (d^/dn = 0), or free (cp = 0), 
the surface-integral vanishes, and we have 

T-\-W = const (4) 

* “Memoirs sur rint^gration de quelques Equations im^aires aux differences paitielles, et 
particulikement de requation g4neiale du monvement des fluides eiastiquea,” M6m. de VAcad 
des Sciences, t m. p 121 (1819) 

Por other proofs see Kirchhoff, Mechanik, c xxui , and Eayleigh, Theoiy of Sound, Art 273. 
t See, however, the footnote on p 458 
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We can draw from (o) a conclusion applicable to the general case, to 
which the equation (1) refers We have seen (Art. 283) that the mean value 
of over a sphere of radius r, described with any point 0 as centre, satisfies 
an equation of the form (3) Hence in the notation of the Art quoted, we 
have 


2 Sin hr 




( 8 ) 


where cpo denotes the value of ijb at 0 This assumes that cj) has no singularities 
within the sphere to which r refers* * * § . Cf Art 38 


Eeturning to 
also be written 


the case of symmetry, we note that the solution (4) may 


<f> = 0 



+ D' 


ifkr 


■ ■ ( 9 ) 


It IS evident on reference to Art 281 (8) that the formula 


4> = 


0—hJcr 

47rr 


... ( 10 ) 


lepresents the system of diverging waves due to a unit source at the origin 


286. The general theory of functions satisfying the equation 

(V^ + A:"')<#> = 0 (1) 


has been developed by Helmholtzl, Lord RayleighJ, and others§ It has 
many points of analogy with that of Laplace’s equation V^<j> = 0, which is, 
indeed, a particular case, obtained by making either c = oo , or or = 0. 


The typical solution of (1) from which all others can be derived, is that 
which corresponds to a unit source, viz 


Q—xhr 

^ 477-r ' 


. . ( 2 ) 


where r denotes distance from the source 


It appears from Green’s Theorem (Art 43) that if be any two 

functions which, together with their first and second derivatives, are finite 
and single-valued throughout any finite region, we have 


* The theorem was given by H Weber, Crdle^ t Ixix (1868) 

t “ Theone der Luftsohwingungen in B6bren mit offenen Enden,” Grelle, t Ivii p 1 (1859) 
[Fz5s Ahh , t 11 p. 303] 

X Theory of Sound, t ii 

§ Eor an account of the more recent mathematical theory, see Poohels, “Ueber die partielle 
DifCerentialgleichung Att + = 0,” Leipzig, 1891, and Sommerfeld, l.c ante p. 59 
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Ifj in Sjddition, ^ n^nd <^' botli ssjtisfy ^l)j the right-hand member vanishes, 
and we have 


* r 


9£ 

dn 


dS = /jfg<iS 


(4) 


From this we deduce, by exactly the same process* as in Art. 57, the 
formula 




_9_ 

’ dn 


'o—ihrK 

^—]dS, 

r J 


(5) 


giving the value of ^ at any point P of a region in terms of the values of <f> 
and d4>jdn at the boundary The symbol r here denotes the distances of the 
respective surface-elements fiom P, and we sec that the value of <p may be 
regarded as due to a ceitain distribution of simple and double sources over 

the boundary t 

Again, if r' denote distance from a point P' external to the region, wo 
have 


o-M 






(‘ 


- ikr 


3_ 

dn V r' 


dS 


..( 6 ) 


It IS to be noticed that, as in Art 58, the particular distribution of sources 
over the boundary which is exhibited in (5) is only one out of an infinite 
number which would give exactly the same value of <j> at points within 
the region For instance, by addition of (5) and (6) we get another such 
distribution, which may, moreover, be varied indefinitely by varying the 
position of F'l- 

The theorems (5) and (6) will apply to the case of an infinite region 
bounded internally by one or more closed surfaces, provided that at an infinite 
distance R from the origin (p tends to the form 


cl>=0- 


-ikli 


B 


•(0 


We may express this by saying that there arc no sources of sound at infinity. 

We can carry the analogy with the theory of the ordinary potential one 
step further, and express the value of 4> point of a finite region in 

terms of simple sources only, or double sources only, distributed over the 
boundary, thus 


!d4> d£^ 

K^ndn'J 


or 




d 


dS, . 

-Vs, 


.( 8 ) 

(9) 


* Viz we put where r denotes distance from a fixed point, and isolate this point 

(when it falls within the region considered), by drawing a small spherical surface about it 
+ Helmholtz, I c 
X Larmor, I c ante p 59 
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where the auxiliary function <56' is subject to the conditions that it must 
satisfy 

(V2 + *^)f=:0, (10) 

throughout the rest of infinite space, and must tend to the form (7) at infinity, 
whilst at the boundary 




dn dn' 


( 11 ) 


as the case may be The proof is as in Art 58 

It would be wrong, however, to assume that, as in the case of the ordinary 
potential, a function <j> necessarily exists which satisfies (1) thioughout a given 
region, and also fulfils the condition that (j> or d(j)/dn shall assume arbitrarily 
prescribed values over the boundary. The supposed existence-theorem holds, 
it is true, as a rule, but it fails for a series of definite values of Ic, which 
correspond to the normal modes of vibration of the mass of air occupying the 
region, when the boundary-condition is <^ = 0, or dcf^/dn = 0, respectively. 

For the same reason, the formulae (8) and (9) cannot be applied without 
reservation to the case of an infinite region, since the determination of the 
auxiliary function </>' may be impossible 


To illustrate these points, let us suppose that throughout a sphere of radius a, having 
its centre at the origin 0, we have 

■ . .... ( 12 ) 


li ■■ 

where Jt now denotes distance from 0 If wo put 






(13) 


in the external space, the conditions of validity of the formula (8) are satisfied, and wo find 


<#> = 


477 a 



.(14) 


It IS not difficult to verify, d postenoriy that this is equivalent to (12) for Ii<a and to (13) 
for R> a 


Again, let us seek a surface-distribution of simple sources which will make 

-tJcM 

0=-^, . (15) 


in the space external to the sphere 
with this at the boundary, is 


The value of 0' for the internal space, which coincides 




^-%ha 
Sin ka 


sin kR 

~ir^ 


(16) 


and we get ^=- —\\ dS . . . .(17) 

^ 47ra hin ka J J r ^ ' 

But the determination of 0' fails whenever ^ is a root of sin^a=0 It appears m fact that 
when this condition is satisfied a uniform distribution of simple sources over a sphere of 
radius a produces no effect at external points. 
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If all the dimensions of the region referred to are small compared with 
the wave-length, we may put = 1, approximately, in (5), and the formula 
assumes the shape 



as in Art 57 Hence, within distances small compared with the wave-length, 
the variations of (p may be calculated as if it satisfied the equation V^(p = 0. 
This principle is of great service in the approximate treatment of various 
acoustical questions (cf Aits 293, 294) 

Finally, we may remark that, if we lestore the time-factor, the formula 
(8) may be written 



This may be generalized by Fourier s double-integral theorem, which may be 
written in the form 

= ^ r da r ^ ( t ) dr ( 20 ) 

^TT / —00 J —00 


If we denote by ^ (t) the value which <f> has at the point (.*, y, z) at the 
instant t, whether this point he within the region or on its boiindaiy, and by 
/(t) the value which has at a point of the boundary, wo obtain 


4‘p (^) ' 




/(« 


dS + 


I ffj 

47rjj 9/1 




dS, 


.( 21 ) 


provided that in the last term the space-differentiation applies only to r as 
it appears explicitly This remarkable foiraula, which gives the value of <p 
at any instant, at a point P, in terms of antecedent values of <f> and dep/dn at 
points of a closed surface surrounding P, was first obtained by Kirchhoff*, 
in a different manner, from the general equation (4) of Art. 2<S8. It has been 
supposed by various writers to contain the pieciso mathematical formulation 
of ‘ Huygens’ principle ’ in Acoustics , but as has been already pointed out, 
in connection with the special case (5), the representation of (p in this maimer 
IS largely arbitrary and indeterminate 


* “ Zur Theone der Lichtstrahlcn,’’ Jkil Jkr , 18H2, p 611 Ahh , t. ii p. 22] Various 

other proofs have been given, cf Larmor, I c ante p 59, and Love, Pwc. Lond Math Soc. (2), 
t 1 p 37 (1903) 
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where B are arbitrary constants Hence if we put = so that 
IS a surface-harmonic of order n, the general solution of (1) may he written 

(j> = t {A-yp-n (kr) -I- S^n (*»’)} (6) 

where 

■fn (?) 


1 3 (2W-H) 

f 


,,, 1 3 (2m -1) 

%^(?)= 


1 - 
1 - 




2(2m4-3)’^2 4 (2n + 3) (2m -P 5) 

^ 


2(l-2m)'^2.4(l -2m)(3-2w) 


( 7 )* 

The first term of (6) is alone to be retained when the motion is finite at 
the origin 

The functions can also be expicssed m finite terms, as 

follows 

(?) = (- (0 = (- f ■ ( 8 ) 

These are readily identified with (7) by expanding sin ?, cos ?, and pciforming 
the differentiations. As particular cases we have 


sm? ^ 

''/'’o (?) — > 


(9) 


3 cos? 

The formulae (6) and (8) shew that the general solution of the equation 

2 = 0 (10) 

d?- ? d? 

which IS obtained by writing ? for kr in (5), is 


B, 


/ d y^Ae^i + Be-'^ 

~\m) ■ ? 


(11) 


This IS easily veiifiod; foi if be any Holiition of (10) wo find that the corroHiKmdnig 
equation for i?„+i is satisfied by 

j) RR n 

and by repeated applications of this re.sult it appears that (10) is satisfied by 

"-(«)■"•■ 

* There is a slight deviation here fioin the notation adopted by Heme, Kugelfunktionen, t i. 
p 82 It may be noted that the foimula (6) gives an immediate proof of the theorem (8) of 
Art 285 
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lower order give the positions of the spherical nodes (dcjyldr — O). For the further discussion 
of the problem we must refer to the investigation by Lord Eayleigh* 


2^^ To find the motion of the enclosed air due to a prescribed normal vibration of the 
boundary, say 



dr~ ^ ^ j • * 

we have 


with the condition 

A Qca) -hn^|rn {ka)} = 1, 

and therefore 

^ {ka) + n'y\ry^{ka) \a) ^ 


( 10 ) 

(H) 


( 12 ) 


This expression becomes infinite, as we should expect, whenever /ta is a root of (2), le. 
whenever the period of the imposed vibration coincides with that of one of the natural 
periods, of the same spherical-harmonic type. 


By putting we pass to the case of an incompressible fluid 

then reduces to 




The formula (12) 
(13) 


as in Art 91 It is important to notice that the same result holds approximately, even in 
the case of a gas, whenever ka is small, le whenever the wave-length ( 27 r/i;) corresponding 
to the actual period is large compared with the circumference of the sphere Wc have 
here an illustration of a general principle stated m Art 286, of which considorablo use 
will be made presently (Arts 293, 294) 


3° To determine the motion of a gas within a space bounded by two concentric 
spheres, we require the complete formula (6) of Art 287 The only interesting case, how- 
ever, IS where the two radii are nearly equal , and this can be solved more easily by an 
independent process t 


In terms of polar coordinates r, ©, the equation (vH^^) <;^)=0 becomes 


^ 2 ^ 1 ^ 
0^2 0 ^ ^2 



+ 


1 ^ 
1-/^2 0^2 



= 0 , 


(14) 


where fi ~~ cos 6 If, now, 0^/3r=O for r=a and 7=6, where a and b are nearly equal, we 
may neglect the radial motion altogether, so that the equation reduces to 

It appears, exactly as in Art 198, that the only solutions which are finite over the whole 
spherical surface are of the type 

(16) 

where Sn is a surface-harmonic of integral order n, and that the corresponding values of k 
are given by 


* “ On the Tihrations of a Gas contained within a Eigid Spherical Envelope,” Proc Lond 
Math Soc , t IV p 93 (1872), Theoiy of Sound, Art 331 

t Lord Eayleigh, Theory of Sound, Ait 333. The direct solution is given by Chree, Mess of 
Math , t XV p 20 (1886) 
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In the gravest mode (m= 1) the gas sways to and fro across the equator of the harmonic 
^ 1 , being, in the extreme phases of the oscillation, condensed at one pole and rarefied at 
the other Since in this case, we have for the equivalent wave-length X/2a=2 221 

In the next mode (n=2) the typo of the vibration depends on that of the harmonic 
If this be zonal, the equator is a node The frequency is determined by ha — sj% or 
X/2a=l 283 


289 We may next consider the propagation of waves outwards from 
a spherical surface m an unlimited medium * 


If at the surface {r—a) we have a prescribed normal velocity 

... . ( 1 ) 

the appropriate solution of <^=0 is, in the notation of Art 287, 

(t>=Cnfn(.i^) e'”* . ( 2 ) 

Tho condition . . . (3) 


■which IS to be satisfied at the surface of tho sphere (r=«), gives 

a, .1 


(4) 


At distances r which are largo compared with tho wave-length {^vjk,), we have 




•(^)»+i> • 


approMniately, so that (2) becomes 


--- -Sn: 


. .( 5 ) 

• -(C) 


or, in real form 


(h = I ^"1 ^ ~ '■_+ f ) ^ 


•(7) 


The rate of propagation of energy outwards is 

( 8 ) 

where Snr is an elemoiitary solid angle, and r may conveniently bo taken to bo very groat 
Since 

, 9<)!> 

P=P(, + PU gj (0) 

we find, for tho moan value of (8) 

( 10 ) 

This might have boon written down at once from the results of Art 276, since the waves 
propagated in any assigned direction tend to become ultimately pU-nn 


* This problem was solved, m a somewhat difEorent manner, by Stokes, " On the Oommuui- 
oation of Vibrations from a Vibiating Body to a surrounding G-as,” PMl. Trans., 1868 [Math, and 

Phys Pa^ers^ t iv. p. 299] 



484 


Waves of Expansion [chap, x 

When ^>0, the normal velocity is in opposite phases over any two regions of the 
spherical surface r^a which are separated by a nodal line /S'^=0 The lateral motion of 
the air near the sphere, from places which are moving outwards to others which are moving 
inwards will consequently, if the wave-length be not too small, have the eifect of diminish- 
ing the intensity of the disturbance piopagated to a distance, as compared with what it 
would have been if the normal velocity had been everywhere in the same phase , and this 
effect will be more marked the higher the order n of the harmonic involved, owing to the 
greater number of compartments into which the surface of the sphere is divided by the 
nodal lines Moreover, for the same harmonic and for an assigned frequency (crl^ir), 
the influence of the lateral motion will increase with great rapidity as the wave-velocity c, 
and (consequently) the wave-length 27r/^, is increased This accounts for the feeble 
character of the sound emitted by a bell in an atmosphere of hydrogen, as compared with 
what IS observed in the case of air^ 

To verify these statements, we note that if the lateral motion of the air had been 
prevented by a multitude of conical partitions extending indefinitely outwards in the 
directions of the radii of the sphere, the expression (10) would have been replaced by 

ip<,clO,P ( 11 ) 

The ratio (J„, say) which this bears to (10) is equal to the ‘absolute value’ of the ex- 
piession 

{fa/„' (ia) +nf„ (ia)y 

From the values of fo, /i, Je given m Art 287 (15), we easily obtain 

r r Q 1 + + Ic^a^ 

Jo=l, {I +JcV)’ i*a'^{l+k'^a‘) ' '• 

The following numerical examples are given (with others) by Stokes 


ka 

h 



4 

1 

0 95588 

0 87523 

2 

1 

1 

1 8625 

1 

1 

25 

44 5 

05 

1 

13 

1064 2 

0 25 

1 

60 294 

19650 


Again, to compare the rates of communication of energy under similar circumstances 
to two different gases, we have, for the ratio of these rates, the absolute value of the 
exxjression 

{Jc'aY^-'^ik'afn' {ka)-\'nfn{jk'a)Y 
{kaf--^{kaU (^«) +^/n iJccC)? ’ ^ ^ 

where the accent attached to h refers to the second gas This is easily deduced from (10) 
and (4), with the help of the relations 

Pc'S 


Stokes, I c 
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the frequency being taken to be the same m the two cases ^ For n—% the ratio comes 
out equal to 

{kaY (81 + 9 W - W) n k) 

Thus, supposing the two gases to be oxygen and hydrogen, and taking ka= 6, 125, 

we find that the rates of propagation of energy outwards aie as 16000 1, nearly 


290 The case ?i = 1 of the preceding Art is specially interesting from 
the point of view of the theory of the pendulum, since it coiresponds to an 
oscillation of the sphere, as rigid, to and fro in a straight line It should be 
noticed, however, that the neglect of the terms of the second order in the 
dynamical equations involves the assumption that the amplitude of vibration 
of the sphere is small compared with the radius, 


Putting S\=aaoa6, . . ■ (16) 

where 6 is the angle which r makes with the line m which the centre oscillates, the formula 
(2) reduces to 

(17; 

The value of (7, as determined by the surface- condition, is 


kUb^ (2 - - %ka) 


.(18) 


The resultant pressure on the sphere is 

jr= “ J Ajp cos ^ . 27ra2 sin BdO^ 

where A^==cVoS=p() 3^“ =^orpo<jf) . 

Substituting from (17) and (18), and performing the integration, wo find 


This may bo written in the form 


- ^ — /a' 1! i-cratf 




2-fP^2 ^ 

4+W dt 4 + 


(r(7, 


(19) 

. . .. ( 20 ) 


. ( 21 ) 

. - .(22) 


where U(==ae^^^) denotes the velocity of tho siiheref If wo rovorso the sign of JT, wo get 
the extraneous force which must be applied to tho sphere in order to maintain tho assumed 
simple-harmonic vibration 


The first term of tho expression m (22) is the same as if tho inertia of tho sphere wore 
increased by the amount 


2 4 " k^ A «. 


. ...(23) 


* It IS assumed that the ratio 7 of tho specific heats is the same for the two gases. 

+ This formula is given by Lord Bayleigh, Theory of Hound, Art. 825. For another treatment 
of the problem of the vibrating sphere, see Toisson, “ Sur les mouvements simultam^s d’un 
pendule et de I’air environnant,” WlSni, de VAcad des Sciences, t xi p 521 (1832), and Kirohhoff, 
Mechamk, 0 xxui 
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whilst the second is the same as if the sphere were subject to a frictional force varying as 
the velocity, the coefficient being 




(24) 


In the case of an incompressible dmd, and, more generally, whenever the wave-length 
^Trjh IS large compared with the ciicumference of the sphere, we may put /^a=0 The 
addition to the inertia is then half that of the fluid displaced, whilst the frictional 
coefficient vanishes* Of Art 92 


The frictional coefficient is in any case of high order in Ica^ so that the vibrations of a 
sphere whose circumference is moderately small compared with the wave-length are only 
slightly affected in this way To find the energy expended per unit time in generating 
waves in the surrounding medium, we must multiply the frictional term in (22), now 
regarded as an equation in real quantities, by Z7, and take the mean value , this is found 
to be 


^TrpQa^ 


4 + 


(25) 


In other words, if pi be the mean density of the sphere, the fraction of its energy which is 
expended in one period is 


27r^ 

Pi 




(26) 


291. The same analysis can be applied to calculate the scattering of 
waves by a spherical obstacle. In particular we shall consider the case of an 
incident system of plane waves, travelling m the direction of ^-negative, and 
represented, apart from the time-factor, by 

( 1 ) 

Since this satisfies (V^ + h‘^) ^ = 0, and has no singularities in the neigh- 
bourhood of the origin, and is (further) symmetrical about the axis of x, it 
must admit of being expanded m a series of terms of the type 

yjrn (kr) r’' . (cos 0), (2) 

provided x^reosd — Tfjb, say 


The requisite formula is, m fact, 

= + ( 3 ) 

This can be established in various ways One method is to expand in 
powers of yu, and to substitute for these powers their equivalents m terms of 
zonal harmonics, by means of the formula 




n ' 


2^+1 


1.3.5 (27i + l) 2 

2 A 




...( 4 ) 


* Poisson, I c 
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[OHAP. X 


Waves of Expansion 


In the case of the plane wave-system (1), we have by (3) 

. (13) 

and the most important part of the scattered waves, at a distance r which is large com- 
pared with the wave-length, is accordingly represented by 

n xk/h 

fa{kr)^Bifi{h)i (x>&e=-(JcaY{\+\oo%6) (14) 


The physical origin of the two terms is explained near the end of Art 294 


As in Art. 289, the rate at which energy is propagated outwards in the scatteied waves is 

. (15) 


The proper standard of comparison here is the energy -flux across unit area of a wave-front 
in the incident system (1). On the present scale, this is by Art 276, and the ratio 

of (15) to this is, in the present case. 


47r 

(2?^-|-l)>{?2»‘ + 2 


\b:^ 


(16) 


The terms of lowest order, when ka is small, are those for which ^^=0, ^^=1 The sum of 
these gives 

'rra^ • ( 17 ) 


The rate at which energy is scattered varies therefore iiiveisely as the fouith power of 
the wave-length* 


As a numerical example, a spherule of an inch in diameter scatters only 1 43 x lO"!^ 
of the incident energy, if the wave-length be four feet There is therefore no difflculty in 
understanding how a fog which is quite opaque optically may transmit ordinary sounds 
with great freedom 


292 We will next take the case where the spheie is mo\eable, but is 
urged towards a fixed position by a force varying as the displacement 

Its equation of motion, parallel to will then be of the form 

^ - j jpeosBa^dtr (18) 

If the time-factor be we have 

0 

p=j?o+Po^(<?^4-<3f)')=y?o4-2^cpo (<^ + c#>') (19) 

Hence, substituting m (18), 

((To^ - = - ikc {Bx^i (jea) -h B\ fi {ka)} | Trpo - (20) 

since the products of harmonics of different orders vanish when integrated over the sphere. 

Again, the kinematic-surface condition 

(^03 0 = tkc^ Gos B, (21) 

The above problem was investigated, by a somewhat dif erent analysis, by Lord Bayleigh, 
Investigation of the Distuibance produced by a Spherical Obstacle on the Waves of Sound,” 
Proc Land Math Soe , t. iv p 253 (1872), see also his Theoiy of Soundy Arts 296, 334, 335 
The formula (17) is given by him in a papei “On the Transmission of Light through an 
Atmosphere containing Small Pai tides m Suspension,’ Phil Mag, (5), t. xlvii p 375 (1899) 
[Sc Pa^eUy t IV p 397] 
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where 


9i 

Cfi 


JVaves of Expansion 

{la) = (la) + (la)} + 2^/L2ctVi (^a),! 

{ha) = {ka'i'i (^a)+'fi (la)} (la) j 


[chap. X 


(33) 


t right-hand member of (32) is never greater than unity, but it attains 

the value unity, and the amplitude of the scattered waves is therefore a maximum, when 

Oi{ka)^0^ . ( 34 ) 

m which case p' _ , t> 

If we substitute for SE-i (ha) from Art 287 (7), the equation (34) takes the form 


-.(2 4 p % 4 ^ 


>( 


CTo-a- 


-W 


. ) = 0 , 


(36) 


and It IS easily ascertained that when a^ajc is small this is satisfied by a real value of ha 
which IS a very httle less than that corresponding to the free vibrations, viz 


ha: 

(l-l-|3)*c 

In the case of the plane system of waves lepresented by Art 291 (1) we have 

A'=3/&, 

by (13) and (36), and the velocity-potential of the scattered waves is, in real form, 

,, sinl:(c«-r) 

^=-3 — ^eosd, . 

corresponding to the mcident waves 

di=cosI: (ci-l-a;) 

Again, on reference to (21), or directly from (22) and (40), we find 


(37) 

(38) 

(39) 

(40) 

(41) 


- 


(42) 


The ratio of this to the dissipation (17) produced by a fixed sphere is (ha) - « 

very°l!mlvllni“‘^’^ ^ wave-length of maximum dissipation is 

to onfhalf fb?^ difSculty that the dissipatiL sinks 

pBa» 

4(1+^) 

of Itself In any acoustical application this will be an exceedingly minute fraction In 

r2?„pTr™: .rkr “C tS 

sounding boards ’ ^ ^ mtermediary of resonance-boxes and 

The occi^ence of the factor 3 in (42) calls for some remark The result is independent 
of the direction of the mcident waves, owing to the threp degrees of freedom wLh the 
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Waves of Expansion [chap, x 

Under the fundamental condition above stated, the variation of m the 
immediate neighbourhood of the disk is very approximately the same as if 
the fluid were incompressible (Art 286) In the latter case, if the density 
of the fluid, and the velocity of the disk normal to its plane, were each taken 
equal to unity, the expression ^jjxdS would be equal to the ‘ mertia-coeffi- 
cient of the disk (Ait 121 (3)) Denoting this coefScient, which is determined 
solely by the size and shape of the disk, by Af, we have, in the present case, 

. . .. ( 5 ) 

and therefore 

'ikM d k‘^M 

dxV7~) = ~^ ■ • ( 6 ) 

approximately, where 6 is the angle which OP makes with Ox 

For a circular disk of radius a, we have, by Arts 102, 108, 

M^%a\ 

and therefore —oobB 


(7) 

.( 8 ) 


2“ When plane waves are incident directly upon a screen occupying the 
plane x = 0, we should have, if the screen were complete, 

4> = e''^ + e-^=‘, or =0, .. . . (9) 

according as a? > 0, the term e-*** representing the reflected waves When 
there is an aperture, we assume 


= + and ^ = (10) 

for the two sides, respectively. The continuity of pressure and velocity requites 


over the aperture, whilst 


24 -y = v' 

dx-^’ ■ 


dx 


= 0 , 


3^ 

dx 


= 0 , 


( 11 ) 

( 12 ) 


over the rest of the plane x = Q 


These conditions are all fulfilled if we take % and to be the potentials 
of the distributions of simple sources over the area of the aperture which 
will make 


y = -l, %' = +!, . . . ( 13 ) 

respectively, over this area. 


Now if we apply the formulae (5) and (6) of Art 286 to the region which 
lies to the right of the plane «= 0, and further take P' to be the image of P 
With respect to this plane, we obtain by addition 
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293-294] Approximate Theory of Diffraction 


since r' = r for a? = 0. In the present case the integration may he confined to 
the area of the aperture, in virtue of (12). At distances r which are great 
compared with the dimensions of the latter, this reduces to 


Xp 


-M 


pdS 

on 


-iJcr 


(15) 


If k were = 0, the determination of % in accordance with (13) would he 
identical with the electrostatic problem of finding the field duo to a charged 
and insulated metal disk having the shape of the aperture , and for points 
in the immediate neighbourhood the field will in the actual problem have 
sensibly the same configuration Hence we may write 

Jj'^d^’ = 27ra, (16) 


where C is the ^electiostatic capacity' of the metal disk* Thus (15) becomes 


%p 


=-o"— , 

T 


.(17) 


approximately From this the value of follows by the obvious relation 

X (- «’. 2/> •2') = - X (a?. 2/. (18) 

It appeaxs that the transmitted waves are such as would be produced by a 
simple source of suitable strength. 


In the case of a circular aperture 

G—- (t. 
rr 


(19) 


and 


Xp— ^ ^ 


( 20 ) 


Comparison with (8) shews that, under the assumed condition, the amplitude of the 
waves scattered by a disk is, at like distances, much less than that of the waves trans- 
mitted by an aperture of the same size and shape It is readily seen that the total energy 
transmitted per second through the circular aperture bears to the energy-flux in the 
primary waves the ratio 

-.a^ or 8167rfi2 . (21) 

TT 


The ratio of the amplitude of the scattered waves, at any distant x)oint, to that of the 
primal y waves, is independent ot the wave-length, so long as this is largo compared with 
the greatest breadth of the apeiture 


294 A similar calculation can be applied to the scattering of sound- 
waves by an obstacle of any form, under the same fundamental condition that 
the dimensions of the obstacle aie all small compared with the wave-length f 

* For small values of h the two functions x» x' together express the flow of an incompressible 
fliuid through the aperture Of Arts 102, 108, and 113 

f Lord Eayleigh, “ On the Incidence of Aeiial and Electric Waves upon Small Obstacles m 
the Form of Ellipsoids or Elliptic Cylinders JPhil Mag. (5), t. xliv. p 28 (1897) [Sc Pa^erSy 
t IV p 305] 
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The origin being taken in or near the obstacle, we assume 

^ = + 

where the first term represents the incident, and the second the scattered 

waves At the surface of the obstacle, supposed rigid and fixed, we must 
nave 


9y 0 



provided I, m, n be the directiou-cosines of the normal, drawn outwards 
The formula (5) of Art. 286 gives 


( 2 ) 


Xp 




o—ikr 

r dn 4nrJ 


^X. 


X 


A 


~ikr\ 


dn\ r J 


)dS, ...(3) 


where the integrations extend over the surface of the obstacle We proceed 
to obtain an approximate value of the expression on the right-hand when 
the distances r are large compared with the dimensions of the obstacle The 
coordinates of any point on the surface will be denoted by ir, y, z, whilst those 
01 the point F are distinguished as x^, yj, Zi. 

Taking the first term, we write 


-%lcr 


o—ikr 


+ ^ I 5 - 

0 \dx 


0 


r J 


0 


V 0 0 




0 e' 


i—ik? 


dz 


where the zero-suffix implies that x, y, z are to be put =0 in the expressions 
to which it IS attached This may also be wiitten 


o—'ikr 


-= 1 -Xtt- 
r \ a«i 

where r, denotes the distance of P from the origin. 


^dz,' 


o—ikrn 


(4) 


0y 

0 ^ “ -}- Jc^ocl -j- 


Again, from ( 2 ), 


■(5) 


Taking the product of (4) and (5). and integrating over the surface, we obtain 


IP 


dn 


dS = }c^Q~ +^kQ 


dxi 


( 6 ) 


approximately, where Q is the volume of the obstacle We have here made 
US© of the obvious relations 

j'i«d/S = 0, j^xldS=Q, JJyZd>Sr = 0, jSzldS = 0 ... (7) 

The terms retained on the right-hand of ( 6 ) are of the same order of 
magnitude, whilst those which are omitted are small in comparison 

As regards the second term m (3), we have 

9 9 N e-^ /_ a a a \ ^-ihr 


9 a a 9 

= ( Zr--|-m„— -f-n — 

ox dy dz 


dn 




/ 7 9 0 0 


(s> 


r 
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Diffraction by a Small Obstacle 


We may, consistently with our former approximation, write u for r, and 
remove the space-derivatives of outside the signs of integration The 

result then involves the surface-integrals 

j\lxdS, ffmxdS, ffnxdS .... (9) 

It appears from (2) or (5), and from a general principle stated in A.rt 286, 
that the function % is, in the immediate neighbourhood of the obstacle, 
sensibly identical with the velocity-potential of the motion of a liquid 
produced by a translation of the obstacle through it with the velocity ik 
parallel to x Hence the integials (9) are recognized as components of 
‘impulse’ under the imagined ciicumstances , and we may write, in con- 
formity with Alts 121, 123, 

jjlxd8=ikA, \jmxdS = ikC', fJnxdS ==^kB', ..(10) 


provided the density of the hypothetical liquid be taken to be unity. Hence 


//’ 




-ikr 


d8 = -^k{A.- + C'-^- 

dxj, 9t/i 


l^dn\ r 

The final approximate formula is therefore 
Xp — 


k^Q e-^ 
477 r 


— 1( 
47r I 


(A -I- Q) 


dxi 


, a 

ayi 



0—tk7Q 

n 

■ -(11) 


I 

) r ’ " 

, (12) 


where the zero-sntfix attached to r has been omitted, as no longer necessary 
When kr is large, this may be written 


Xp— S ^ £ KA + «) X. + C'm, + B- 


-ik7 






where Xi, /jli, are the directio a -cosines of r. 

The scattered waves may be regarded as due to the combination of a 
simple and a double source The axis of the latter is not in general 
coincident with the direction of the incident waves 


A more symmetrical formula is obtained if we suppose the primary 
waves to come from any arbitraiy direction (X, ya, v), so that (1) is replaced 
by 

^ ^ ^iJc{\x+ixy-\-vz) ^ . . , . (14) 


On leviewing the steps of the preceding investigation, wo find without 
difficulty 


47r r 4iTr 


(XXi + fifMj H- vvi) • 


-ikr 


{ AXXi -h Bya/Xi 4- Cvvi 
Ijtt 

Q’-ihr 

-1- A! {fJiVi + iMyv) + (j^Xi -h + C (X//-1 + Xiii)] , . .(15) 
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m place of (13) As m Art 124, the directions of the coordinate axes can 
he chosen so that A', B', C' = 0, and the formula then reduces to 


^2 

4^ ~r Q) + (B + Q) + (C + Q) wi} ^ — 

T 

In the case of an elhpsoid of semi-axes a, h, c, we have by Art 121 (4), 

2 - - - 2., 2 




0 + § = ; 


(16) 


(17) 


-2-ao'‘’ -'"-2-yo 

where ao ^o yo are defined by Art 114 (6) In the case of the sphere ao=/3o=yo=| and if 

disk (a=b, c=0), we have Q=0, A=|(»s, B=0, 0=0, and (16) reduces to 

-xkr 

(18) 




obliquity of the disk to the incident waves is to diminish the amplitude of the 
scattered waves in the ratio of the cosine (X) of the obliquity mputuae 

The explanation of the two types of disturbance in (13) or (16) may 

*he obstacle were 

absent, the space which it occupies would be the seat of alternate condensa- 
tions and rarefactions By its resistance to these, the obstacle exerts a 
certain reaction on the medium, the waves at a great distance, thus produced, 
are in fact such as would be caused in an otherwise quiescent medium by a 
periodic variation m the volume of the obstacle, just sufficient to compenslte 
he variations of density referred to The result is equivalent to a Lmple 
source of sound Superposed on this disturbance, we have a second wave- 
system due to the immobility of the obstacle If the latter were freely moveable 
and had (moreover) the same inertia as the air which it displaci, it would 
sway backw^ds and forwards in the sound vibrations, and this second wave- 
sjstem would be absent This system is, m fact, that which would be 
produced if the obstacle were to vibrate to and fro in a straight line, with a 

r!r Tb air-particles m the undisturbed 

waves This is equivalent to a ‘double source’ of sound 

The problem of Diffiaction, when the wave-length is small (instead of 
large) compared with the dimensions of the obstacle, presents difficulties 
which have not yet been altogether overcome even in the case of the sphere. 
Lord Kayleigh has, however, in a recent paper* investigated the incmient 
formation of a sound-shadow m the particular case where the wave-length is 
one-tenth of the circumference ” 


295. If, no longer restricting ourselves to simple-harmonic vibrations, we 
seek to integrate the equation ctmoub, 

d^<b 

( 1 ) 

* “ On the Acoustic Shadow of a Sphere,” Phil Tram . A, t cciu p 87 (1904) 
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m a series of spherical harmonics, say 

= . . ( 2 ) 

where <^,i is a solid harmonic of order n, we have by Art. 287 (4) 


d‘^En ^ , 2(« + i) aE„-j 

dr }' 


dt^ 


dr^ 


.(3) 


If B„ be a solution of this, it is easily verified that the corresponding equation 
for IS satisfied by 



and hence that (3) is satisfied by 

Jt =.(1 Xr f(r -ct)^F{r + ct) 

^ \r9r/ \rdr) r 

In the case n= 1, we have the solution 

0 f(r — ct) + F(r+ct) ^ 

^ dr T 




This has been employed by Kirchhoff, and more fully by Love, to examine 
the rather interesting question how the front of a system of waves, started 
by the motion of a sphere, is propagated through the surrounding medium 


In Kirchhoffs investigation t the motion of the sphere is prescribed, its velocity being 
a given function of the time, and the solution is comparatively simple 

Love discusses t the waves started by an instantaneous impulse given to a ball-pendu- 
lum The equation of motion of the pendulum being 


as 111 Art 292, we assume 


3f 






p cos d a\iJar, 


c) 

a7 


cos 


(7) 

( 8 ) 


the term in (6) winch coi responds to waves travelling inwards being omitted Tins leads to 

{/" («« - “) + i /' («« - «)} > -(f*) 

where (10) 


The kinematical condition to be satisiied at tlio sin face of the splioro (/ =r6) gives 

To solve the simultaneous equations (9), (11), wo assume 

= . . . ( 12 ) 


* Cf Clebscli, Ic antej}]^ 102, 487, 0 Niven, Holutiom of the Senate House Problems for 
1878, p 158. t I c ante p 485 

t “Some Illustrations of Modes of Decay of Vibiatory Motions,” Proc, Loud Math. Soc. (2), 
t 11 p 88 (1904). 


L. 
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Waves of Expansion 


[chap. X 


whence (XVHo-„2) (Xa+1) XA, \cB= - i {W+iXa+2,) A 

Eliminating the ratio AjB, we obtain the biquadratic* in X 

(X2aH2Xa+2)+2i3e2X2 (Xa + 1)=0 
Distinguishing the several roots by sufiBixes, we have 


t- 


<#>= 


4 X,2a2^.2X,aH-2 , x^<,( 

^ ® j 

1 ca?\ 

- 2 (X,r+ 1) 4’ cos 6 

1 




(13) 


(14) 


(15) 


(16) 


If we start with arbitrary values of ^ and d^jdt^ the medium being previously at rest, 
this solution presupposes that ^>0 and 'i <ct-\‘ a The initial circumstances supply two 
conditions to be satisfied by the four constants Thus, assuming that for ;f=0 

i-o, l-ff., . . m 

4-^A,=0, ^{\fa^-+^\,a+^)A,= Uaa^ . (18) 

K^aj 1 


we have 




The remaining conditions result from a consideration of the discontinuity at the 
spherical boundary of the advancing wave Let bS be an element of this boundary, and 
through the contour of bS draw normals outwards to meet a parallel surface at a 
distance we thus mark out an element of volume bS ebt In time bt the fluid 
contained m this element has its normal velocity changed from 0 to -dcjyjd}, the normal 
velocity just within the boundary, by the action of the excess of piessure c^pos on the inner 
face Hence 


pobS cbt^c^p^s 


bS bt, 


or, since ch^dcfildt, 0r ’ 

which IS to be satisfied for r=ctAai Substituting from (16) we find 

2(Xsr+2)^=0 


(19) 


This equation cannot hold generally unless 

2X,J,=0, 2^,-0, . (20) 

which (it will be noticed) at the same time secure the continuity of 0, and thence of the 
velocity-components tangential to the wave-front 


The four conditions (18), (20) may now be written 


whence 


2X;M3=/7oa, 2X8J.8=0, 2.48 = 0, 

^ (Xi — X2)(Xi-X3)(Xi — X 4 ) ^ ’ 


The motion of the air is accordingly given by 



( 21 ) 

( 22 ) 


[rKotAa], 

(f>=0 [r>ci^^-a] 

* If we put \ = th, Xc='icr, this becomes identical with the biquadratic referred to in Art 292. 
i The theory of discontinuities at wave-fronts has been treated systematically by Chnstoffeb 
“ Untersuchungen uber die mit dem Toitbestehen linearer partieller Differential- Gleichungen 
vertraglichen Unstetigkeiten,’’ Ann di Maternal, t vm p 81 (1876) j and by Love, “Wave* 
Motions with Discontinuities at Wave-Fronts,” Pi oc Lond Math Soc (2), t 1 p- 37 (1903) 
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295 - 296 ] Co 7 iditions at the Confines of a Wave 


In practice is a very minute fraction, and the roots of (14) are, to a first approxima- 
tion. 






(24) 


If the distance travelled by a sound-wave in the period of vibration be a considerable 
multiple of the circumference of the sphere, Xj, X4 will be large compared with Xj, X2. 
Hence, substituting in (22) and (23), we find, for r 

<^=37 cos - i .)} cos 5. 

.(25) 

The first part of this expression is the same as if the sjihere had been executing simple- 
harmonic vibrations of period 277/0*0 and amxilitude ?7o/o*o for an indefinite time The 
second part is insensible at a distance of several diameters of the sphere from the inner 
side of the boundary of the advancing wave , but near this boundary it becomes com- 
parable with the first part To trace the decay of the oscillations, it would be necessary 
to proceed to a second approximation, but this part of the question has ])eon already 
dealt with m Arts 290, 292 It will be sufficient to remark that the most important 
part of the disturbance, well within the advancing wave, will be given by an expression of 
the form 

cos 0*0 ^25-^ -f cos ^ . (26) 

The factor exhibits the decay of the vibration at any place as the original energy of 
the pendulum is gradually spent in the generation of waves To account for the factor 
we note that within the region occupied by the waves the amplitude at any point Q 
will (except for spherical divergence) be greater than that at a point 2 \ nearer to the 
centre on the same radius-vector, in the ratio for the reason that it represents a 

disturbance which started earlier by an interval FQ/c^ during which the vibration of the 
pendulum has been decaying according to the law K 

Sound-Waves in Two Dimensions 


296 . When <!> is independent of z, we have 





.( 1 ) 

where 

+ 

li 

...(2) 

In the case of symmetry about the origin this becomes 



3 > ~ '^rdfj’ 

( 3 ) 

where r = 

^/(x^ -b ?/^). The general solution has been obtained in Ai't 

194 , 

the form 

27 T(j) = j / ^^coshu^ du+J F (^t cosh du; ... 

.( 4 ) 


* Of a paper “ On a Peculiarity of the W'ave-SyBtem due to the Tree Vibrations of a Nucleus 
m an Extended Medium,” Froc, Land Math Soc,, t xxxii p. 208 (1900) 
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I « 1141’. 


;nul it. wuH Inrihcr kIm'WH tlxil tin* hiiliitiuii 

'Iv^, ['/(<■ (/) r/,/ ....'.'H 

r*-|m*M‘ntK tli«< Hysli-in (if divin'giit^f whv«‘h jintcinci'il by a ><«»)«''' <J*’ 

WV lire now nhlo to gi\f lumthcr «loiuulion <tt' thow r* iilt*.. It *i 
from Art. ‘iKl (,S> that if n point Hounm/'tn^ If ^-itiinti- at llto pouif »*>.'», ; ' 
ilh ottVol, (it II jMiint. in tin- pluno .r// at a (Ustanoo r fiotn th*' origiti 

U‘nro(<i‘nti‘(i 

If \vc iiitogmto thin with roipia’I. to « la-twi-on tho limilN ( / , we ^o | fto 
of a Hyati'in of jxiinl-Hoiuw)' dis'.trihnliai ovor tla* axis of a with nndorm 
Hno iiouKit.y /(/); thus 




v'i'-'i ) 


I ^ t'o'ih lA ilu H*l 


Thi* Mime inolhod I’an of four, so Im' appliod to obtain I ho foond li rni oi * ti 
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tiois Ilf ry, lai* 4II m !h»^ Imuu 
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» \rf r « I 

*rhii iiiiil iMiiiinvIiu! Mitrui tiiliti* ImI’IM hi wliirli thi 1 ti'i * 

m liiin timi I'l III 'tfnkiiiif f«> fti** i»ii4lytar,i| ^ iii4 - % uh 

fiirtiiitl Ilf t.lii* tfiliif iHiM fur f III’' • <«'i< *lti 1 ^ 
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i'Mta|bfrrtiMi* tlin tn-is #'4.11111141’ iflii* ^ \ 

/|i of 41 liiir Hiiil 4 4 Ilf H jMijiit iMiiri**', * finii'ik 4 < hi # k 1 4 • 
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Till' msisItH iiiAy In* I iiinHininitU iii u itii « «4 thn mh^Ii h h i'* u * 

' A , III th** M ’ 1 , wi’ iuiit, iMf I ^ 


t I 



< r* Whi'ii mi t»(| till* iiiiidy tit #tl %44rk in tiiuildr In tluit itf \h 

for fhi* tiiHji iiiiiMirlant |»Hrt nf thu %4i\i% 

" ‘t.iy 

wlif*r« r| ih ky 

f ’ t f I yi 
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r)02 ff'afr/t of /*Jxpfinmni 

((J) In thrw cliiiifiusiMiH wn h.wn 


, I iiir % 


» * . ^ S I * 

rji‘ ^ -J, 4 **^ 


'■((' J »•* ! 

Tlin tlirntMmnH finM‘t*|ni‘SfiifiHi, witlM .i^4 ^ t, j , m* • 

Hcalo of / iH tlio wano ui iwli ohmis bnl f », **f o-i i, 1 i « 

HcaloH. In (A) w<' hH\o n WH\«* «»f |mrn «*»*nti»'n ' if » in f’ fhi |. i. -f'. . 

followtHl liy a riin^fartion of Ii‘hh aniotinf* l*nf Ir4nn» na j i *oih %;n 

conilc'iwatioii and raridartnm an* anti '^'naiiotU'al In |5) 4i d ^ 
liavc\ at any point, 

j (», , 

e£ ArfcH. 195, SIHI. If tlin wmrnn had Irnn ,arnil) hijiitf*4 m dot j* t> *Ut ^,r 
caHO of tUmuiininnHioiw, wonld lmv«» ronMinnl ah‘olnfi4> a! t> 4 4u* m, | 
wave, iw in tha ohmo of ona di)tnan‘4ion, aHlnan^li fi»r a fldh i^iif is I m ^ 
cfiHO of two dimonHiotm, tho wavo Ium an vxt* * t oh ^ 'o 

awymptotit* approach tr^ rcwt. 

It appoara that fr«»inii physical atand |»i»inf thiM 4 * ^ 4 I,,.*./, , 4|. ,u, 

with a regular giwlat ion orpn^pcHuM dm to the m* iv,, an iM^hd »*, ^ | ^ m,* ^ 

WIk'u W(* ahiUKldii |.h(> rc^tni'li.iK in •.umtH ti), fl)r k). : (i . .(, ,4 , 1 , 

i.H, in ]K)liir t!(HintiiuU('.H, 

<p MiQtl'" ('m.id \ /if,) ’ t.111 «f^|. . ,:KJi 

whorci Q„, It, im> funi-tioiiH of r iui<l t witif<lyinj; 

‘' V*. 

hP i>r r ft- 

and tli« oom-HiK)ndiii<( <>(iufiti<m in It,, 'I'hi' mmImiShu r.f « M> i 

^^0 i,.,u.j vm 


whores 


Tho prnnf in Hiiuilar in Unit of Act, 2St.'» (,")•, 


l u ih I I .f 


0 0 


0 .. 


O'n f 


297. In the cano of niin|di*-linrin.»iiio inotiMii o”'t, w. Ijn* ii. 1 . 1,»! 
(iOordinatcH, ' ’ 


‘’y U '6 0 


where /.--cr/c. The nolutum of Uim foihjoet j„ jj,. , „„sno !. ..j 

fuutonoHH at the origin is, an in Art. i8!». 

) a,»inj«<U./,( 0 -| 

where h may have all integral viiluea from k f,, ,, . 

* Tla« Art in taken, witli alteraUim*. from % ita}wt cm-d ett 
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296 - 297 ] 


Solutions in Bessel’s Functions 


From this "we derive at once the theoiem that the mean value (^) of 
over a circle of radius r described with the origin as centre, is 

^=Jo{kr) 4>^ • -( 3 ) 

where <^„ is the value at the origin* This theorem (which is subject, of 
course, to the condition above stated), is analogous to that of Ait 285 (8), 
and might have been proved m a similai manner. 


In the transverse oscillations of the air contained in a cylmdiioal vessel of radius a, the 
normal modes are given by the several terms of (2), where the admissible values of k, and 

thence of cr, are determined by J' (Jca)—0 W 

a being the radius Th6 interpretation of the results will be understood from Art 189, 
Wto proMom „ The fis,™. on pp »1, 272 .t.w tta fom. 

of the lines of equal pressure, to which the motions of the paitides are orttiogonal, in two 
of the more important modest 


The Bessel’s Functions Js{K) subject to the recurrence-formula 

d,J,{K) (5) 



which corresponds to Art 287 (17) This easily follows from the series- 
expression for given in Art 101. From (4), and from the differential 

equation of J's(0. VIZ , , 2 \ 

/"(r)+^/'(o+(i-|)/(o=o, ( 6 ) 

various other recurrence-formulae may be derived, e g 

?//(?) + = 


corresponding to Art. 287 (18) 

By successive applications of (5) we obtain 




.( 8 ) 


It IS easily verified, by the method of ‘ mathematical induction,’ that the 
expression on the right-hand of (8) is in fact a solution of the differential 
equation (6) provided /„ (?) is a solution of the same equation with s put = 0 
This suggests a convenient choice, for our purposes, of the Bessel s Functions 


‘ of the second kind.’ Wo write 

£. ( 0 -!:■(- 1 


where Do (?) is the function introduced in Art. 192|, viz. 



i^coshw- 


( 10 ) 


* H Weber, Math Ann., t i (1868) 

■f The problem is fully discussed by Lord Rayleigh, TheoTy of Sound, Art. 339 
J It may he shewn, by the method of Ait. 296, that D„ [Ir) is the potential of a uniform 
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Warrs of fCxjHtKHWH 


1 « II * % 


It w evident without further |»ri«>f that /Mif) will the <!iH. i- u’ .*! 

equatioti (0), and have the KHUie aysli'in nf reem i.’itt'.' e* .»■ Lt;'i 
Ah an important speeial ease of (!*), W'* hiiv** 

/Mi'> ilh 

The following approxinwtioiH are UHcliil. Win n im »U «< !(»,. (o 
Arts. UK), 15)2, 


d ..., Mi(^) ' * th'g Js I 7 « }f h f ...» 

Tf 


4 tr 


and theiUHs by (H) imd l!lb Ibr k > (b 

.^1 




, I * < 

Ws ' 


I 1 t 


’ i:ii 


iK' S ^f \ I*' f ' i ' i 

rtsf 


I i I i 


. !; *4 


Again, fia* largt* viiltan^ of 

'h (D « Hin (f- Itt •" .'.NTT » t .. . 

The fonimliie may l*e leieil to iiive.ffMte flu- rMniuii.n.. ife'o nlu 
OHcilIating ryliiider (V.}', a (imn(m(nii-;, tlie iini.iiii<iin ■ t lie ..<h . o ■ > i *j . ,•> i- 
of the cylinder iHtiiig 

... r. 

tho nulial v(«lm>ity at the .•HUifma' r >i will i«< 

* ^1* Mf * 

^ ^ I**' « r»M f% , , 1^ 

Tho oorroHpfaicling valtm of m 

ft, , i; 

with tho <!onditma -47V . J it. , . , ♦ ^ 

If, as wn will mipiNwe, the cirnnnfereii, e „f the (yhitdei i- 1,1ft eiu.Jl , 1 . ti, 

tho wavodongih of tho noutid, hf will n finmll ft/oinoi, ?iOi| wo find Ir^oi I 4 

4 J#r4#ihi» 

Ifonco at dwtfUHw r whioh nm litrgo ooai|tnroii witli I * h wo l» ht 1 1 , 

!«* 

If tho volooity at tho hnimdary r ,t had Iho.,, every w 1 el.ol. weh th. oee'.-* , h <, 

tho value of ^ at a clmtaurti would lm\f» 

"f +1 ’ e !! 7 VW.V wmli. •ri,e, ilhetti Ue,. thi » He, f .4 1 o., ,* , „ 

too rirt .ophneleeffheaue., 

tamo, cf. Art im . her examide, by far the greater n..rt ,.f th.. .I... f , 

torced vibiatiou by tlu^ latt^ruatuig \mmntvH at %\m .oi|»|iorh\ 

S“r.4' a;rsi''S's:: 

Lt^c, Aapen, t, m, p» 44; Hmtry of Sounds XtU IIIMj* * 
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207 20Hj ircf#v’K tine to a VibrotiiKj Cylinder 

1 Lf ifip'ij'tn fill' inr on tin* \ ihriUiug ryliiultn* Is 


1 ikh / 

I M |l . j ' inn-H “ iTpiitf * itrAiUi (^^0 * 

^ n J n < * 


dU 

‘ hi <h ’ 


,( 21 ) 


|*'i Wfirii i I >, J|it4ll» t lu t tu 


Trfhiff^ 


dr 

‘ dt 


...( 22 ) 


4|»pr*n»iii4t»‘i> lip' tin* 4 imiiMitaut |kirt tin* t'iltH't m that tho iii(*rtia of tho cylindor ib 
r? fi « 4 4ii 4t«*‘iiiit o«|n{i! ft> I hat <»f tin* air thspl.uoMl ; cf, Avt (>B *, 


2&8, Wi* iiiuy jil^i iinost tho .s(*jU torui<jf of a sysUnn of platu^. waves 
}h l♦\ liiidfiou! ithniaolt* whoja* axis is parallel tio tihe wavc^-froiilH. 


for the ptdiaitini of th»* itaddont \vav(*H, 

4> 

as ill /\rl. 2fll» xvo r«*fjniro in the firnt plat*e to (expand thin in a BorioH of tbo 
type lil of Art. !2!t7* The ri^tpiimte formula ih 

f;'**' • { kr \ h 'liJ, ( hr) row ^^ + . . . I ■ » {hr) coH + (2) 


TIuh may l..< pn.v.a <lir.‘H,ly+, Uy <!Xi»ati<Ung (e''""". making u.so of the 

“ ■“ 00 

iiiiit pieki»|.; out tlio ooetlh’iiuit of eos^,*() in tin*, nwilt. 

The o\paiiHiou it) iinadves thr^ (*<piality 

^ I (4<) 

IT } M 

tthielt a kmoMi forinida In Unm^r^ KunotlonHj. OonyorHoly, if we aHHume 
f!ii%, 44 l♦t!trr\\!s^ etdahll botl^ wo luivo jiuotlnu* proof t)f ( 2 ). 


II4P * ,i!tt*r*d o |>rt» ♦‘nt*‘d hy 

•h* -url'Mc ...ii.litioii I '/'■ I '* !'■ "I« 


,(5) 

.(«) 


• \ (nil< I iuvi- ('■ juvoii >0 Htitkct, (.c. ,tiiti‘ ji ■IWl. 

^ It If If ifOi 4 f« l» |0 aa. ^ Tkda 

' Orov awt It. Hi Wliitwki-r, Mmli’m Amihitln, AH- !«•'>■ ll‘« oaw * = 0 h 

. 1 . ’ U C,u uwt with in ^n. l'«l: “‘"iV I'n nhnwing Iww tint iiotautial /„(/«> 

atwiit tii.> itrii'iii Hi tin* Jtlttnf ■>'Vi **'• 
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Waves of Uxj^ansion 


[chap. X 


gives R = 

“ D^{ka) ’ ■ 

except in tlie case 5=0, when the factor 2 is to he omitted 
If ha he small, we have, approximately, 


/o' (ha) = - Pa, Do' (ha) ~ . 

TTica ‘ 


and, for 5 > 0, 
Hence 


/; (ha)^ 


(hay 


2«(5-1)!’ 
Bq— —^' rrh^a^^ Bg 


2)/ (M)=^ ■ 

7^^® (iay^ 


2^9 1 


TT (kay-^^ 


[s>0] 


(7) 

( 8 ) 
(9) 

( 10 ) 


228-lsl (S_ 1)1 

The most important terms correspond to s=0, s=l Neglecting the rest, we have, for 
the scattered waves, 

<t> — {Do (It) - 2iDi (hr) cos d} . . . (11) 

For large values of Jcr this becomes, on restoring the time-factor. 


(1+2 COS 


( 12 )* 


The rate (per unit length of the cylinder) at which energy is carried outwards by the 
scattered waves is 


where t may conveniently he taken very great If we substitute the real part of <#>' from 
(12), the mean value is found to be 

lirVocr(fo)^ ( 13 ) 

The energy-flux in the primary waves is, as in Art 291, The ratio of (13) to this is 

(since (T=hc) 

|7r2(fo)3 2a (14) 

Thus a wire of an inch in diameter scatters only 6 63 x 10 ”3 of t];^Q incident energy, 
when the wave-length is four feet. 


” 9f 


r2rr 




299 . The approximate methods of Arts 293, 294 can be applied to the 
corresponding problems in two dimensionsf The formula (5) of Art 286 
IS now replaced by 

<t>j.= -ljDoikry^ds + ijcj>~D,(kr)ds, .... ( 1 ) 

which is established in a manner analogous to that indicated on p. 475 In 
the case of a region extending to infinity the Ime-integrals can be restricted 
to the internal boundary, provided that at a great distance H from the oi igin 
IS comparable with . 

In the same way we have 

0=-ijl), {hr') + l {kr') ds, (2) 

where r' denotes distance from a point P' external to the region considered 

* Cf Lord Eayleigh, Theoiy of Sound, Art. 343 
t Lord Bayleigh, ll. cc ante pp 491, 493. 
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Within a region whose dimensions m the plane xy are small compared 
with the wave-length Icr will be small, and the formula (1) reduces to 



where a constant term has been omitted. This satisfies the equation 

Vi2(^ = 0 (4) 

appropriate to the case of an incompressible fluid 

1*^ Taking first tho direct impact of waves on a piano lamina, we write 

<p=e^+X, ■ ■' 

where x is the potential of tho scattered waves If the lamina be supposed to occupy that 
portion of the plane ii;=0 which lies hot ween tho lines y=±h, the condition to he satisfied 

byxis 

( 6 ) 
(7) 




dx 


ri) 9 

The formula (1) gives Xp—iJ 

where the values of x and 02)o/0» on the positive face of tho lamina are to be understood 
If a?, y refer to the position of P we may wnte d/dn=-d/dx, and at a distance r from the 
origin, large compared with 26, we have 

( 8 ) 




The definite integral is one-half the ‘impulse' of tho lamina (per unit length) when 
moving hroadside-on with velocity %k in an inoomprossihle fluid of unit density , hence 
by Art VI (11) 

I Trh^i • • • •(^) 

( 10 ) 

( 11 ) 


and theroforo Xp== 9 “ A (^’^’) {kr) cos 6, 

When Jer is largo this reduces to 

1 TT^ ~ 2 (yfcr 4- ^tt) 


e cos^, 

by Art 297(14) 

Tho ratio of the energy scattered per second to tho onorgy-flux m tho primary waves is 
easily found to bo 

26, . . . (12) 

which is exactly ono-sixth of tho corresponding ratio in tho case of a circular cylinder of 
radius b (Art 298 (14)) 

2^ In tho case of an aperture bounded by parallel straight edges (y = +&) in a plane 
screen ((r==0), we assume as in Art. 29f3, 2*^ 

= 

for the two sides respectively, and seek to determine x? x that 

V==-^1, x'= + l “ 
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over the aperture, whilst 


Wmm of 


h. 


sO, 




(Ir O.r 

over the screen Now if wo apply (1) and (^) to iho part of the plnne hiiift li* i i4it ^4 

the axis of y, and if wo further taka at the iinnx<^ of P, wc^ liavc^ by fidiiit not 





in; 


where 5» is drawn from the positive fac-o. At dintam-oM ;• from the oriKin win. li oiv hir-o 

compared with 2h, tins becomes 






ITS 


In the immediate neighbourhood of the aperture the imitioii repronmiJi'd 1.^ the 
functions X, x' must resemble the flow of a liipiid through the same at.erlure, ami an 
approximate value of the definite integral in (17) is aoe.miingly ol.tahmd l.y r..ut|..tn»m 
with the resuhs of Art 66, !■>. Tt appoarw that eorrosponding to a ilus unity throm;), the 
aperture the morement of ^ m passing from the apt.rture it^-lf to a dislan.r r wlmh i-, 
largo compared with 25 is 

1 , Hr 

ir 

Id n 7^ tt? "TZ IT, tlx* f-mn.lae .141 

and (17) then show that the corresponding ineremeiitof in the a, 4,11111 pr..hl,.iu lu 

^ l/l U'/'+y + itV) 

by Art 297 (12) Equating this to 

/,> /Ilf) 

* 


we find 


J ^jitn k)g|/(6"f-y-.p ’ 

Honco when /cr is largo, wo have from (17) 




(=0 


i. ......i ,«i 

i" >1." 

i 



formul. (1) .7e *>4 ZpS" « *'*' «'» 

pxaco ot Art 286 (5) As no now point arisoH, it will^iMi 

Cf. Lord Bayleigh, l,c. ante p. 498. 
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299-300] Transmission by an Aperture 

sufl&oient to state the chief result The waves are supposed to be incident from the 
direction (X, fi, 0), and we write, accordingly, 

(23) 

where x is represent the soatteied waves We assume also that the axes of x, y have 
special directions in the plane of the cross-section, such that the kinetic energy (per unit 
length parallel to z) of an incompressible fluid of unit density, when the cylinder moves 
through it with velocity {u, v, 0), would bo given by an expression of the form 

. (24) 

the term in md being absent The dimensions of the section being supposed small com- 
pared with the wave-length, the waves scatteied in the direction (Xi, p-i, 0) are given by 

^ +!"■)- J' /(A+,S)XX,-h(B+;S')mls-‘‘'‘’'+i">, (25) 

{STrkrf {Snhf 

where S is the area of the cross-section 

For an elliptic section whose semi-axes in the directions of ^ are a, h, we have 
(see Art 71 (11)) 

^^=rrah, B = . (2C) 

In the cases of a circular cylinder (a=6), and of a flat lamina (a=0), we reproduce results 
already obtained 

300 We may also investigate the disturbance produced in a tram of 
plane waves by a thin screen which is interrupted by a scries of paiallel, 
equal, and equidistant slits As before, the treatment is approximate, and 
involves the assumption that the wave-length is large compared with the 
distance between the centres of successive apertures. 

As a subsidiary question, we require to determine the flow of an incom- 
pressible fluid through a fixed rigid grating of the above kind This can be 
solved by Schwarz’ method (Art. 73), but for the present purpose it will be 
sufficient to state, and verify, the result The axis of ai being taken noimal 
to the plane of the grating, and that of y m this plane, at right angles to the 
lengths of the apertures, we write 

cosh w = fM cosh z, .. • (1) 

where, for the moment, 

w= <j> + iijr, z= CO + iy, ■ (2) 

and the constant /i is supposed gieatcr than unity This makes w a cyclic 
function, but we avoid all indeterminatencss if in the first instance we 
confine ourselves to that half of the plane xy for which x > 0, and if furthei 
wo fix the value of w at any one point Wo will assume that at the origin 
^ = 0, whilst (f> IS equal to the real positive value of cosh“'^ y. 

The formula (1) gives 

cosh cf) cos = /z cosh x cos y, 


sinh ^ sm = /I sinh x sin y. . (3) 
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huideiit on a Gh-ating 

'I’lii* lofUH <jl) = 0 cotwistH of those portioas of the axis of y for which 

\> jjj cos 1 / > — 1 , 

thi‘M‘ roproHont. the aportm'o.s, so that on the scale of our formulae the half- 
hn-adth of an aperture is sin For other portions of the region a:>0, 

^ will he positive. Again, the linos ilr = 0, i/c = + tt, i|r = + 27 r, . . will consist 
partly of the liin‘s // — 0, // = + tt, y = ±1'jr, respectively, and partly of 
those portions of the axis of y for which 

1 y cos 2 / I > 1 , 

thes<> eoi respond to the parts of the sciecii between the apertures 

'file curves ^ const., yjr- const arc traced, for a particular case, on the 
uppo-ile page, the value of fi adopted for convenience of calculation being 

fjb = cosh (tw = 1 2040, 

ttheiiee sin'*' >='JU27r, cos“' - = ISStt 

g, /i 

'file latter numheivs givt' the relative breadths of the apertures and of the 
iuterveaing portions of the scrocii 

The formulae (K), and the diagram* admit of a variety of interpretations 
in Kleetrostaties and otlu'r mathematically cognate subjects. In the present 
application vve must supiiosc that, at two points symmetrically situated on 
oppositi- sidi'H of t.lie axis of ?/, the values of ■v/r arc identical, whilst those of 
^ are eipial in magiiitiuh' but of opposite signs 

It appears from (.'!), or by inspection of the figure, that the function (ft 
in th) IS a periodic, even function of y, the period being tt It can therefore 
he ovpnuiled hy Fourier’s Tln'orcin in a senes of cosines of multiples of 2y, 
the eoetlieieuls heiiig fuiictums of x whoso general form is to be determined 
by Mihstit.ution iii the enuation 

V,“^ = 0. •• • (4) 

Tims, for ,!• iiositivt* vve find, having logard to the condition to be satisfied for 

hirgi* values of . 1 ', 

<j). logM + .« + S^'.e-“**cos2sy .. •• (5)t 


- 'luKea f.oiu a imiter cite.l oa ). RKi tolovv A formula equivalent to (1) was given liy 
'‘“7 al!r«a^ loofflims "i required fox our purpose It may be shewn 


la I lia li.vpi r«i‘. .nil'll ic notatimi. Hao the paper cited 
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If we introduce a moie general linear unit, and denote the breadth of each 
aperture by a, and that of each intervening strip by &, we may write 


cosh <jb cos •>!<■ = /I cosh cos , smh sin -f = /i, sinh sin , 

.. ( 6 ) 

Trh Tra /hx 

where = ®ec = cosec . .. . -(7) 

The expansion (5) is now replaced by 

<,.bgp+^+xc;..-vc„s^, . (8) 

^ a+b f a+b 

2s7r ,Qx 

where r ?: • 


irw 


Try 


(X + ^ 


We turn now to the acoustical problem Corresponding to a tram of 
incident waves whose potential is e'^, we assume* 

$ = ^tkx ^ 0—%kx ^ 

according as a; $ 0 As in Arts 293, 2°, and 299, 2°, we must have 

X = — 1; X’=+l> • • 

over the apertures, and ^ ~ ^ ^ ‘ ‘ 

over the lest of the plane a: = 0. Since % must satisfy 

(Vx^ + *^)% = 0, . (13) 

and must further be periodic with respect to y, with the period ct + 6, it must 
admit of being expanded in a Fourier’s series of the form 

% = 5o«"**® + 2J5se-Vcos^^, (14) 

provided (1 

Since, by hypothesis, a + his small compared with the wave-length 27r/L, 
the right-hand side of (15) is positive Hence the quantities X, are real, 
and, moreover, differ respectively very little from Ks Terms involving eV 
are excluded by the condition of finiteness for x=<x>, so that the waves 
represented by % are ultimately plane The fact that they must tiavel 
outwards from the grating justifies the omission of the term in 

If h were zero, the conditions determining x ’would be the same as if the 
fluid were incompressible, and we should have 

X = — \ + C(^, . ■ ■ • • (1C) 


* The symbol $ is here used for the aooustie velocity-potential, as <l> at present bears a special 
meanmg. 
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Reflecticm and Transmission 


where A is the function determined (in the manner above explained) by (6). 
and G is some constant , and we may anticipate that the same expression 
will hold approximately in the actual case for the immediate neighbourhood 
of the grating Again, for small values of hoc, the expansion (14) takes the 

form 

^STry 


^ = JSo (1 - + 2 cos 




. . (17) 


where the substitution of k* for \ in the exponential involves an error of the 
order ^{a + hfl^-Tr^. Hence, substituting from (8) in (16), we find that (16) 
and (17) are in fact identical, provided 

ttO 


and, for 5 > 0, 
Hence 

where 


= - 1 + 0 log /I - ^hB, = , 

B, = CG, . 

1 

B, = -: 

<X + Z) T 




TT 


- log sec 


X H” 'iJcl ^ 
Trb 


(18) 

(19) 

( 20 ) 

... . ( 21 ) 


2 (<x ■+" Z)) 

As regards x', all the conditions are satisfied if we suppose that its value 
at any point F on the negative side of the grating is equal in absolute 
magnitude, but opposite in sign, to that of % at the image P of F on the 
positive side Hence 

x' = -Fe’^»-|FeVcos|j| . • (22) 

At a distance of several wave-lengths from the grating the last terms in 
'(14) and (22) may bo neglected, and the waves are sensibly plane On 
leference to (10) we see that the coefficients of the reflected and transmitted 
waves arc 1 -f Ao and — Bo, or 

dd _ . 1 (23) 

respectively, that of the primary waves being taken as unit. Hence the 
intensities I, T of these waves are given by 

1 


1 = 


F = . 


(24) 


For sufficiently gieat wave-lengths there is very little reflection, oven 
when the apeitures occupy only a small fraction of the area of the screen. 
As corresponding numerical values we have 
a 


a + b 

I 

aH- 6 


= 0, -1, -2, 3, 4, -5, 6, -7, 8, 9, 10, 
= 00 , -.590, 374, -251, 169, 110, 067, 037, -016, ‘004, 0, 


33 
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Let US suppose, for example, that the wave-lcngtli m tt‘ii tit** iiifitui! 

a + 6, and that the apertures occupy onc^-tenth of ilu* giofiig;. 

It will be found that the reflected and traunmittcHt inunmit'io^ aro 

/=r=‘ 12 l, r 

respectively. Notwithstanding the comparative* iiarrawm*Hh <il f lie 
88 per cent of the sound gets through. 


301. A similar method applies to tlu» caHO of a grat.mg t»oiii|»o^o«l nf 
parallel equidistant wires. 


Wo note m the hrst place that the iK)teutial and Htrt*ain funrtaar^ »*!' 
pressiblo fluid, duo to a system of equal and equhlistant line «ourri‘fs rnf fli** .>4^ 

perpendicularly at the points (0, 0), (0, ±o), (0, ±2o), giviui - Art. til' h.i tlio 

formula 


w oc log ;^+log {z - ia)-flog (^4-2V0+log (* - 2io) p t tin - I , , , , , I 
where z .r-f/y, . , , ',1, 

or, say, ^Mlogsinh ... , 3 

This makes 

(l)-llog ^( cosh — ^ - cos tan ^ 1 — -..JlI , , , ^ . I 

in agreement with a result given hy Maxwell*. 


The case of a row of double sources having their axes paralhd !>♦ x n i4ff4m«‘d b) 
differentiating (3) with respect to z ; we thus find 


TT ,, TT* 

Wiu coth 
a a 


whence 




, tir:v 
sum - 
a 


t i tny 

cosh **' —cos 
a a 


mn 


tnM 


cosh riMi 

ti ti 


These results enable us to solve very simply a number of pniblemN m u 

Magnetic Induction, and so on. In particmlar, the potentiid and hfreaiis bm.feaei fnt 1 
liquid flowing through a grating of parallel (jylindrieal lairs of rndins h arc ^/iveii h\ 


uviujii , 

a H ^ 


noth ’ 


81 nh 


27r^‘ 


or 


<5!!)==.v+ 


TT?/^ 

a , trrx tiri/ ’ 
cosh — - cos ^ 




■nlfl 


Kin 


Sitfi/ 


n X twx 

cosh 


^ ron 


^irj ’ 


Electricity and Magmikm, Art. ‘iOB. 
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300-301] 

if the velocity at infinity is unity, in the direction of a; negative This follows from the 
periodicity with respect to y, and from the fact that for small values of r, y we have 

(9) 




approximately It is assumed that the radius 6 of a bar is small compared with the 
distance a between the axes of consecutive bars 
If the real part of be positive, we have from (7) 

2s'7rz^ 

w- 


72 / 00 

+ j, . 


whence 




2s'ir'C 


Similarly if x be negative, wo find 
(j)=:X 


7rb‘^ { 


a V 


( 1 + 22<2 « cos 


>■ 

■ (10) 


(11) 

a ) 

2S7r?/\ 

~~a ' ' 

(12) 


In the acoustical problem the velocity-potential will bo of the form 
^ 2 cos - , . . 


or 




V cos , 

1 

according as irJO, where X, is the positive quantity defined by 

4s‘-^7r‘-^ 


X8^ = 




(13) 

(14) 

(15) 


For values of * which are small compared with the wave-length wc may ignore the 
difference between X, and 2«ir/a, provided the wave-length bo large compared with a. 
Under these cireumstaneos the formulae (13), (14) reduce to 



„ . 22? 2s,r!/ 

= \ + » cos 

(16) 

and 

00 2^ ^ 

(I>= B-k-ikBx-'ZC^e ^ cos /S . 

1 

• (IV) 

respectively. 

The function <E» accordingly assumes the form 



<I>=a<3!)+ft 

(18) 

whore <jt) is determined by (U) and (12), and a, ^ are constants, provided 


1 + J. = a 

+ ^^l-^)-o. iM = a, 0, = 2a^^\ 

a (1 

(19) 

Those make 

A Ti ^ 

^-l+ikV " l+Al' • 

(20) 

where 

a 

■ (21) 

The intensities of the reflected and transmitted waves aio therefore 



_ w 1 

"H-W 

• (22) 


33—2 
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If the half- wave-length be large compared with we have free transmission, with hardly 

any reflection This further illustrates the “extreme smallness of the obstruction offered 
by fine wires or fibres to the passage of sound*.” 

The diffraction of plane waves of sound by the straight edge of a ‘ semi- 
infinite’ plane screen, and the formation of a sound-shadow, have been 
investigated by Sommerfeldt, and (with some extensions) by CarslawJ 
The data here involve no special linear magnitude except the wave-length, 
and the general character of the results is accordingly independent of the latter 


Atmospheric Waves, 


302 The theory of such questions as the large-scale oscillations of the 
earth’s atmosphere, where the equilibrium-density cannot be taken to be 
uniform, is still very imperfect One special difficulty is that of taking into 
account the physical conditions which are imposed in the upper regions 
of the atmosphere It will be seen that the formulae indicate in certain 
cases an indefinite increase of amplitude with height This not only tends 
to violate the restriction fco 'infinitely small’ motions, it also indicates 
that in neglecting viscosity, whose retarding effect varies inversely as the 
density, and therefore increases continually upwards, we aie ignoring an 
important factor in the phenomena 

Let us suppose that we have a gas in equilibrium under certain constant 
forces having a potential II, and let us denote by po ^i^d po the values of p 
and p in this state, these quantities being m general functions of the co- 
ordinates 0 ), y, 2 , We have, then, 

dpo=-podD. ( 1 ) 

The equations of small motion, under the influence (it may be) of disturbing 
forces having a potential O', may therefore be written 


dt dx po dx 3a! ’ 

dy^p.dy '’“ 32 /’ 
dp p dpfi 90 ' 
di dz ^ Pq dz dz \ 


.( 2 ) 


* Lord Bayleigh, Theo7 y of Sound, t ii Art 343 

The investigations of Arts 300, 301 are adapted from a paper “ On the Reflection and Trans- 
mission of Electric Waves by a Metallic Grating,” Proc. Lond Math Soc , t. xxix p 523 (1898) 
t “ Mathematische Theorie der Diffraction,” Math Ann , t xlvii p 317 (1895) A verification 
of Sommeifeld’s result is given by Drude, Lehrhuch der Optik, Leipzig, 1900, p 188 

+ “ Some Multiform Solutions of the Partial Differential Equation of Physics and their 
Applications,” Proc Lond Math Soc, t xxx p. 121 (1899), “Oblique Incidence of a train of 
Plane Waves on a Semi- Infinite Plane,” Proc. Edtn Math Soc , t xix (1901). 



301-303] 


Atmo^heric Oscillations 


517 


The general equation of continuity, Art. 8 (4), gives, with the same 
approximation, 

I = - 1 “ k i 

The case that lends itself most readily to mathematical treatment is 
where the equilibrium-temperature is uniform*, and the expansions and 
contractions are assumed to follow the ‘isothermal’ law, so that 

p = c-p, ■■ • 

c denoting the Newtonian velocity of sound. If we write 

p = p„(l-l-s). p=Po(l + ®)> 

the equations (2) reduce to the foims 


du „ 9 . -s ^ 
- = - (.s - s), 

dt dx 


dv „ 0 / V 

= — c “ (s' s), p 


dt 


dy 

0 


-fs-sl 
3«- "0/^ 


O' 






( 6 ) 


where 

that IS, 5 denotes the ‘ equihhrium-value ' of the condensation due to the 
disturbing-potential iV. 

We find, by elimination of u, v, w between (3) and (5), 


0“S 

0t= 


!iT75/ -N . CV0PO 0 , 9p0 0 , 0P(> /„ o\ (*J) 

= cWHs-6') + ^(^9-9- + 2^g-+ 0 10 


303 If we neglect the curvature of the earth, and suppose the axis 
of z to be drawn vertically upwards, po will be a function of only, 
determined by 


^Po^_ 


dz 


yp«- 


.( 1 ) 


On the present hypothesis of uniform temperature, wo have, by Boyle s Law, 

Po=gp<,H, 

where H denotes as in Ait. 274 the height of a ‘homogeneous atmosphere’ 
at the given temperature. Hence 

p,oce-«^L (3) 

* The motion is m this case irrotational, and might have been mvestigated in terms oi the 
velocity-potential. 



618 

PFawtH of 

!< iiy. \ 

Substituting m Art. .‘102 ( 7 ), and putting s 0 , wc iind in < 
disturbing forces, 

fl’ls ,/_, Ids', 



f||,( 4 4# ..4 ,|.(i 

I 1 ^* 

For plane waves 
only, and therefore 

travelling in a vertical dimcii.m, will h* 

-1 f'lli-' 1 i' ^'4 if . 


d^H „ /fAs 1 f'.s\ 

W"//(t 7 

i II 

If we assume a time-factor e'*'', tliis is satisfied hy 




. » , . 1 It i 

provided 



. » . , ■/ 1 

or 

1 

"' 2//-' 

i H 1 

where 

0 V 4 rT^//'V * 

i 4 f 


The lower sign m ( 8 ) givcis tlui cum, of wav.-H i.ro{mgo(...| ntoi.o.f 
in real form the solution for this casi' is 




» ) ' 3 '» 

In '» (itinl 


H as j 

The wave-velocity (o-/A') varies with tho fronueix-v. Imi Im,o. o 
compared with c/ 2 // it is approximately eoustant’. ilillViiu!,' . 
quantity of the second order. The main effeet of th.. u.n'.Uo,, ol .j, „ , 

on the amplitude, which incroiuses as the waves Imvel utHiiii.l-. mju »!„ . a - 1 
regions, according to the law Indiealed hy the evp„,Mi,ii,l lo,.., Tie. 
increase might have boon forosoon without ealeulmion; 1 .., wl., „ ij,. , 
of density within the limits of a wave-lt-njfth is wn.il! fh.i .... . i , 

reflection, and the energy per wave-length, wlih-h vun.M ,i. o',, ’’ ’-le 

amplitude), must therefore remain unalt.m'ed us tlie win..- i . . i <. 

Po oc e this shews that ft oc As already imlusit f il * *' V ***** 

Whoii.r<c/ 2 a', tho foranifth,! i, , 1 ,^ 

.9 = (yl !«»«.* 

where wi, , TOj (the two roots of (T)) are renl >.«. ■ 

.Zizr ™ r2r.L“i',r “i - 

he temperature diminishes uniformly upwawj* aL (m *lv . .In. 

oonneoted by the adiabatic law. ’ ^ of pr, 4, 
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the nodal plane be that of ^ = 0, we have nhA, + = 0, and the position of 

the loop (s = 0) IS given by 

( 12 ) 

mi - m2 * ^2 


When the motion is m two dimensions, one horizontal and one vertical, we have 


df' 


If we assume that 
we find 


see & 


dh ^ 

.{<Tt-lcx)-\-mz 


1 

“S W 


“iT 




( 13 ) 

( 14 ) 

( 15 ) 


If the roots of this equation in m are real, one of them at least will be positive, if they are 
imaginary, their real part is positive 

If the vibrations are wholly horizontal, wo have «i=0, and cr=Afl The waves are 
therefore propagated unchanged with velocity e, as we should expect, since on the present 
hyiiothesi! o^imiform equilibrium-temperature the wave-velocity is indopeiidont of 
amplitude^. 

304 This leads to the consideration of the slow horizontal oscillations of 
an atmosphere of uniform temperature covering a globe at rest. 

If we introduce angular coordinates d, m as in Art. 197, and denote by w, 
^ the velocities along and perpendicular to the meridian, the equations (o) 
of Art. 302 give 

-S) = - {s-s), ... (1) 

where a is the radius. If we neglect the vertical motion (w), the equation 
of continuity. Art 302 (3), becomes 
0s 1 


C'-* 0 , 


dt' 


a sin I 


(9 (it sin d) 011 
1 9d ■^0w 


( 2 ) 


The equations (1) and (2) shew that u,v,s maybe regarded as independent 
of the altitude. The formulae are in fact the same as in Art 197 , except 
that s takes the place of ?//t, and c= of gh Since, in our present notation wo 
have c'‘ = oiT, it appears that the free and the foiced oscillations wdl follow 
exactly the same laws as those of a liquid of uniform depth E covering the 
same globe 

Thus for the free oscillations we shall have 

s = . cos (o-t -f (^) 

* This Art IS derived mainly from a paper by Lord Bayleigh, “ On Vibrations of an Atmo- 
spliere!” P/ul May (4), t xxix I 173 (1890) [Sr l>a,eu, t. iii. p. 835] For a 
effects of upward variation of temperature on propagation of t i 

the Befraotion of Sound by the Atmosphere,” Pioe. B. 8 t. xxii. p 531 (1874) [Sc. Papers, i. 
p. 89], and Lord Bayleigh, Theory of Sounds Art 288. 
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where is a surface-harmonic of integral order n, and 


a? 


[chap. X 


(4) 


As a numerical example, putting c = 2 80 x 10^ 2'n-a = 4 x 10» [c S ], we find, 
m the cases n = 1, w = 2, periods of 28 1 and 16-2 hours, respectively ’ 

The tidal variations of pressure due to the gravitational action of the sun 
and moon are very minute. It appears from the above analogy that the 
equilibrium value s of the condensation will be comparable with aflgE where 
/is the quantity defined in Art 179 Taking a//^=l 80 ft (for the lunar 
ide), and E- 2o000 feet, this gives for the amplitude of 5 the value 7 2 x lO"® 
If the normal height of the barometer be 30 inches, this means an oscillation 
of only -00216 of an inch. 

It will be seen on reference to Art. 212 that the analogy with the oscil- 
lations of a liquid of depth E is not disturbed when we proceed to the tidal 
oscillations on a roiafyng globe. The height if of the homogeneous atmo- 
sphere does not fall very far short of one of the values. (29040 ft ) of the 
depth of the ocean for which the semi-diurnal tides were calculated by 
Laplace The tides m this ease were found to be direct, and to have at the 
equator 11 267 times their equilibrium value Even with this factor the 
corresponding barometric oscillation would only amount to 0243 of an inchf 

periods, and cannot be due to gravitational action, since in that case the corresnondinv 
l«n» Me. ,.„ld be 2 28 ome. „ g,..t ,b„.„ ^ 

The observed oscillations must be ascribed to the daily variation in temperature, which 

rtiSf r? have components whose periods are 

^ ^ y i’ • ^f ^ solar day It is very remarkable that the second (viz the 

semi-diurnal) coinponent has a considerably greater amplitude than the first It has been 
suggested by Lord Kelvin that the explanation of this peculiarity is to be sought frin the 

mlie the sleT f “ k' T component This question has been 

TaSwlSn investigation by Margulest takmg into account the 


* See the table on p 328, above 

t Of. Laplace, “Eeoherohes sur plusieurs points du systdme du monde,” Mgm de VAcad rov 
des Seizes, 1776 [1779] [Oeuvres, t. ix p 283] Also Mecamque Celeste, Lme chap v 

this*' JTT"’ \ ^ °‘hers cited m the course of 

this wort, IS included in a very useful collection edited and (where necessary) translated by 

Prof Cleveland Abbe, under the title •‘Mechanics of the Earth’s Atmosphere,” Smitksomln 
Miscellaneous GollectionSy Washington, 1891. 
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VISCOSITY. 


305 The mam theme of this Chapter is the resistance to distortion, 
known as ‘ viscosity ’ or ‘ internal friction,’ which is exhibited more or less by 
all real fluids, but which we have hitherto neglected. 

It will be convenient, following a plan already adopted on several occasions, 
to recall briefly the outlines of the general theory of a dynamical system 
subject to dissipative forces which are linear functions of the generalized 
velocities* This will not only be useful as tending to bring under one point 
of view most of the special investigations which follow ; it will sometimes 
indicate the general character of the results to be expected in cases which 
are as yet beyond our powers of calculation 


We begin with the case of one degree of freedom The equation of motion 
is of the type , . . n Cl'l 

a<][ + bq + cq = Q 


Hero q is a generalized coordinate specifying the deviation from a position 
of equilibrium , a is the coefficient of inertia, and is ncccssanly positive , c is 
the coefficient of stability, and is positive in the applications which we shall 
considei , 6 is a coefficient of friction, and is positive Since the terms on 
the left-hand of (1) arc differently affected by changing the sign of t, the 
motion of a system subject to an equation of this type is not reversible. 

If we put T=-\chc^, V=^^oq^> F — ^bc[ , ... ■ ••(-') 


the equation may be written 

d 

dt 


{T+V) = -2F+Qq. 


( 3 ) 


This shews that the energy T+V is increasing at a rate less than that at 
which the extraneous force is doing work on the system The difference 2F 
represents the rate at which energy is being dissipated, this is always 

positive. 

* For a fuller account of the theory reference may be made to 5/*^^ ,f 

itomd, 00. IV, V , Thomson and Tait, Natural Phtloiophy (2nd ed). Arts. 840-346, Eouth, 

Advanced Rigid Dynamics^ cc vi , vii 
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la free motion we have 


aq + hq + cq-O. . . ( 4 ) 

If we assume that q x e^, the solution takes different forms according to the 
relative importance of the frictional term. If 6^ < 4ac, we have 


^ a ~ u ^ aV 

• -(5) 

<>i'>say, X = -- + fo-. 

T 

. . (6) 

Hence the full solution, expressed in real form, is 


q = cos (at + e), . . 

.. (7) 


where A., e are arbitrary The type of motion which this represents may 
be described as a simple-harmonic vibration, with amplitude diminishing 
asymptotically to zero, according to the law The time t in which the 

amplitude sinks to 1/e of its original value is sometimes called the ‘modulus 
of decay ’ of the oscillations 

If 6/2a be small compared with {c/af, lAj^ac is a small quantity of the 
second order, and the ‘speed’ <t is then practically unaffected by the friction 
This is the case whenever the time (27rT) in which the amplitude sinks to 
^ (— rh) of ifs initial value is large compared with the period ( 27 r/o-) 

When, on the other hand, 6=>4ac, the values of X are real and negative 
Denoting them by - a^, - a^, we have 

q = (8) 

This represents ‘aperiodic motion’, viz the system never passes more than 
once through its equilibrium position, towards which it finally creeps 
asymptotically. ^ 

In the critical case 6^ = 4ac, the two values of X are equal , we then find 
by usual methods 

q = (A+£t)e-'^^, ( 9 ) 

which may be similarly interpreted 

As the frictional coefficient b is increased, the two quantities a^, become 
more and more unequal; viz one of them (o^, say) tends to the value hta 
and the other to the value cjh. The effect of the second term in (8) theri 
rapidly disappears, and the residual motion is the same as if the inertia- 
coefficient (a) were zero 


306 We consider next the effect of a periodic extraneous force. 
Assuming that 

Q oc 


.( 10 ) 



305 - 306 ] 

the equation (1) gives 
If we put 


One Degree of Freedom 

Q 


1 = it COS 6i, 

C 


^ c — + icrb 

ab 
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,.( 11 ) 


=: i? Sin ei, 


"wliere €i lies between 0 Q^nd 180 , we b3»ve 

s-S*"”'- - 

Taking real parts, we may say tbat the force 

Q = (7 cos {at + e) . 

will maintain the oscillation 

G 

q = {at + € — €i) 


Since 


1 


a^a- 


+ • 


a^b^ 


it IS easily found that if < iac the amplitude is greatest when 


its value then being 


0^ 
,a) 

Gfa\i 

b[c 


l-i 


-h-y 

^ ac) ’ 


acJ 


.( 12 ) 

(13) 

(14) 

...(15) 

■ • (16) 

..(17) 

....(18) 


In the case of relatively small friction, where 6-/4ac may be treated as 
of the second order, the amplitude is greatest when ^ 

imposed force coincides with that of the free oscillation (cf. Art. 16 ). lo 
formula (18) then shows that the amplitude when a maximum hoars to its 
' e(iuilibrium- value’ ((7/c) the ratio (ac)i/i), which is by hypethesis large 

On the other hand, when 6“>4ac the amplitude continually increases as 
the speed o- (liminishcs, tending ultimately to the 'oquilibnum-value 0/c. 

It also appears from (1.5) and (12) that the maximum displacement follows 
the maximum of the foicc at an interval of phase equal to ei. where 

( 19 ) 


tan €1 = 


ab 

0 — aHi ' 


If the period be longer than the free-period in the absence of friction this 
difference of phase lies between 0 and 90°; in the opposite case it lies 
between 90° and 180°. If the frictional coefficient b be relatively small, the 
interval differs very little from 0 or 180°, as the case may be, unless <r be 
very nearly equal to the critical speed (c/af. For the critical speed the 
phase- difference is 90®. 
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306-30T] Illustration from Tidal Theory 


Hence, for the surface-elevation, we have 

7^=1. 

^ ^ - 1 - 




where H = aflgt m Art 179 

To put these expressions in real form, we write 

^ - an'a^ 

tan2'Y = i-;; 7 ^, 

where 0 < % < 90“ We thus fiud that to the tidal disturbing force 

X = —/sin 2 (n't + ^ ^ 


corresponds the horizontal displacement 


and the surface-elevation 
V= i 


; — ~ - rT.-’iH sin 2 fm't -f - 4- e 


%)> 

cos 2 (n't+-+e - % 

\ a 
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..(7) 

( 8 ) 

(9) 

.( 10 ) 

• ( 11 ) 


Hc'^ 

{(c’‘ - n'^a^y + 

Since in these expressions n't + xja + e measures the hour-angle of the 
moon past the meridian of any point (x) on the canal, it appears that high- 
water will follow the moon’s tiansit at an interval tj. given by n'ti = x 

If c“ < n'‘^a-, or hja < n'^ajg, we should in the case of infinitesimal friction 
have y = 90°, le the tides would be inverted (cf Art 180) With sensible 
friction, X will he between 90“ and 45°, and the^ time of high-water is 
accelerated by the time-equivalent of the angle 90“ - % 

On the other hand, when hla>n'^alg, so that in the absence of friction 
the tides would be direct, the value of x lies between 0“ and 45°, and the 
time of high-watei is retarded by the time-equivalent of this angle 

The figures on the next page shew the two cases The letters M, M' 
indicate the positions of the moon and ‘anti-moon’ (see p 340) supposed 
situate in the plane of the equator, and the curved arrows show the direction 
of the earth’s rotation. 

It IS evident that in each case the attraction of the disturbing system 
on the elevated water is c(iuivalent to a couple tending to dimmish the 
angular momentum of the system composed of the earth and sea 

In the present problem the amount of the couple can bo easily calculated. 
We find, from (9) and (11), for the mean tangential force on the elevated 
water, per unit area of the surface, 

A- pXrjdx = - yiaf sm 2%, (12) 

aTCQjj 0 

where h is the vertical amplitude. Since the positive direction of X is east- 
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But the investigation of hhf^ asserted on astronomical evidence 

-ould have an d Tw 

Of a^Znamic^l'T? coordinates 

dependZ onfts o fi“' i- conservative forces 

aepending on its configuration, to ‘motional’ forces varying as the velocities 

zi:Tr^ 'r‘ ™^on ^ s"; . 

os general assumptions we can make, will be of the type 

^ „ a-rr 

•• = -^+Qm .. .(1) 

where the kinetic and potential enercnes 'P V ov. ^ 

the forms ^ '^’ ^ gi'^en by expressions of 

~ ®n2i^ + (hsfli + . + 2a^q^q^ + • • , 

2V= + .. .p 2cj25ig'2 + 

It IS to be remembered that 

Ore = Os,., Cn = c^r, 

but we do not assume the equality of B,, and B,,. 

If we now write 6,., = ^ (_b^^ ^ _ _ 

- ^«r = i {Brs - Bsr), 

the typical equation (1) takes the form 


.( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 


d dT dF STT 

^^+^-+Bnq.+Br^.+ . =-^^ + Q„ 


dt dq^ 

provided 2P’- »,.,,■ + i«,,.+ . + 2 I,„m,+ 

From the equations in this form we derive 


d 


j^{T+V) + 2F=XQ,q, 


(7) 

( 8 ) 

(9) 


dotgtoA “pJt‘ *'“* f»«- “« 

tha ^ i- ‘ e-u ^ ^ increase the total enero-v 74- V af 

the Ttelh L"“4pliittrto® dissipated, at 

essentially positive, it is called by Lord RlyWh*^bv t'l^ ^ i® 

formally employed, the ‘Dissipation-Function’ ^ ^ i* ^^as first 

"r «“ “»«“■> -a o...., 

P 533 (1866) [igai;. i’ W m " ‘ -- 

have been made by Perrel, m 1853. ^ ^ * estimate of the kind appears to 

* “Some General Theorems relating to Vibrations’’ P^n/. r 
(1873) [fife Papers, t i p. 170]; Theory of Sound, Ait 81 ’ *’ ^ 
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ftimijxifire Si/ntciuH in General 


Thf in i7} which siro <lui‘ to F may bo distinguished as the 

■ !iit*n«iii.d tfnn.H." Thi* remaining Utuih in q^, q.^, ... g„, with coefficients 
li lit the r«'l.itiitn ft, ~ /iar,urt' of the type we have already met with 
ift till' g« (oTa! »■ {natioii'i of a •gyrostatic’ Kystem (Art 141), they may there- 
I m* hi n fi ril'd to an tho 'gyroslatit' t(‘rm.s’ 

309 Win n the gyrostatio tonuK are abHont, the equation (7) reduces to 

'''’''''.I. (10) 

dt rqr ' _ <)(/, dqr 

A* 111 Art. 107. We may Huppose that by transformation of coordinates 
till eHpti 'omuti lor T and V are n‘dnc(‘(l to auius of sej^uaros, thus : 

27’ + it't4n7 (11) 

2 1' (V/t" h tv/a" 4- . . . + c,,qn^ (12) 

It iti ipieiifly, but Uy no means neeeaHarily, happens that the same trans- 
loiitiiition al 'I* li'diieeii F to this form, say 

2F /<,<],’ + 1>4/ + - + Ma 

The lypieal eolation (10) then assutnes the simple form 

«,7/r -h />i4r + Cg/r *= (^^) 

which ha-, heeti diHeussed in Art. 305. Each coordinate qr now varies 

Whro /' 1. ...It wlnird hy tlm same temsformat.on an 7' and V, tlio equations of small 

my, ( /-„</, i-Ma t - 4- '’■•‘'i" 4- ) 

'*e/i t ^',11 1/1 !■ + Ca^a - lAi L (15) 

"«'/« I (■/Vj'iaT"-4-/'im2»4-<Vin-=-Vn> ) 

» !,fO’ t„« 'v, . . f„r oxauiiilo, in tho oaso of froo oscillations about 

H -‘“y aii^ elliptic-harmomc 

the ini-i. of the orbit routrimUoK ™l'ng to tho law « 

I i.tilwhai wlum iUt) frictiotial coofficieBts K, are small, 

-t 

i' " JV. ^ •>“ ” 

no. «ay y, . Tim rth equatmu thou roduoos to 

Or'/V 1 ^VrSfr hMr ' " ,,, 

- "'““-If “'“1‘ ““wSvttS; .-'li 305 

,L y. , are omlt.l.hc! by Urn mmdl .•ooillomuts 
H, i! if >- “m-dl tho solution of (HI) is of tho typo 

+ 


f<**ir* 
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The relatively small vanations of the remaining coordinates are then given by the remain- 
ing equations of the system (15). For example, mth the same approximations, 

«.?.+6™?r+o.?.=0, (19) 

( 20 ) 


Except in the case of approximate equahty of period between two fundamental modes, 
the elliptic orbits of the particles will on the present suppositions be very flat 


If we were to assume that cos (o■^^-£), 

(21) 

where <r has the same value as m the case of no friction, whilst a varies slowly with the 
time, and that the variations of the other coordinates are relatively small, we should find 

T + q^^ + \Cy.q^ — a, 

nearly. Again, the dissipation is 

■ (22) 

the mean value of which is 

.. (23) 

approximately Hence equating the rate of decay of the energy to the 
the dissipation, we get 

mean value of 

da , hy.^ 

dt~' ^ ' 

(24) 

whence 

(25) 

• 

• (26) 


as in Art 305. This method of ascertaining the rate of decay of the oscillations is some- 
times useful when the complete determination of the character of the motion, as affected 
by friction, would be difficult (cf. Arts 331, 338). 

When the frictional coefficients are relatively great, the inertia of the system becomes 
meffective , and the most appropriate system of coordinates is that which reduces F and V 
simultaneously to sums of squares, say 


hi + 62 + . -f 5 n ini ] 

2 F = Cl + + c^q,C-. J 

The equations of free-inotion are then of the type 

h^qr+c^qr=0, 

whence 

if r== — 


. (27) 

. . (28) 
• (29) 

. .(30) 


310. When gyrostatic as well as frictional terms are present in the 
fundamental equations, the theory is naturally more complicated. It will be 
sufficient heie to consider the case of two degrees of freedom, by way of 
further elucidation of a point discussed in Art 205. 


The equations of motion are now of the types 

"1 ?i + -I- ( 612 -I- ^) 5 - 2 + «! S'! = $ 1 , 
® 2 ? 2 + (521 - (3) jl-H 622 ? 2 +C 2 ? 2 = § 2 - 


( 1 ) 
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309 - 310 ] Gyrostatie System with Friction 


To deterraine the modes of free motion we put ^i== 0 , assume that and ^'2 

vary as This leads to the biquadratic m X 

aia^\^ aih^'^ X^ + (a2^i + %^2+^^4-&ii&22*“ ^12^) 

4 *(^U <52 + ^ 22 <^i) ^"tCiC 2 = 0 »( 2 ) 

There is no difficulty m shewing, with the help of criteria given by Routh^, that if, as in 
our case, the quantities 

ai, 611, 622 > &11^22"“^12^ 

are all positive, the necessary and sufficient conditions that this biquadratic should have 
the real parts of its roots all negative are that Ci, C2 should both be positive 

If we neglect terms of the second order m the fiictional coefficients, the same conclusion 
may be attained more directly as follows On this hypothesis the roots of ( 2 ) are, approxi- 
mately, 

X=— ai±i(ri, — a 2 db?' 0 '’ 2 , ( 3 ) 


where o*i, 0-2 are, to the first order, the same as m the case of no friction, viz they are the 
roots of 

ai ^2 (r'^-(c)^2<Ji 4-^1 02 +^^) 0*2-1- Cl C2=0, . . (4) 


whilst ai, a2 are determined by 


+ = i 


(hi 



-2=il 

& 

+ 

]r 

\,®i 

"2/ 


0*2^ 

\«1 

^’2/ 


(5) 


It IS evident that, if o-i and 0*2 are to be real, Cj, C2 must have the same sign, and that if 
ai, 02 are to be positive, this sign must be + Conversely, if Ci, cj are both positive, the 
values of o-i^, are real and positive, and the quantities cq/ai, 02/^2 both lie in the interval 
between them It then easily follows from ( 5 ) that ai, 02 are both positive t 


If one of the coefficients Ci, C2 (say bo zero, one of the values of o* (say (r<^ is zero, 
indicating a free mode of infinitely long period Wo then have 

^ 22 <^l 


o'r 


' ai ~ aia^i 


a 2 = 


a 2 Ci + p^ 


( 6 ) 


As 111 Alt. 205 we could easily write down the expressions for the forced oscillations in 
the general case where Qz consider more particularly 

the case where C2=0 and & = The equations ( 1 ) then give 

{Ci- (r^ai-\-i(rhii) + = Qii ] 

h ( 7 ) 

icr (612 - ^) + (^c^(«2 + ^22) 2'2 = ' 


* Advanced Rigid Dynamics j Art 287 . 

I A simple example of the above theory is supplied by the case of a particle m an ellipsoidal 
bowl rotating about a principal axis, which is vortical. If the bowl be trictionless, the equili- 
brium of the particle when at the lowest point will be stable unless the period of the rotation ho 
hetween the periods of the two fundamental modes of oscillation (one m each principal plane) of 
the particle when the bowl is ai rest But if there he friction of motion between the particle and 
the bowl, there will be ‘secular’ stability only so long as the speed of the rotation is less than 
that of the slower of the two modes referred to If the rotation be more rapid, the particle will 
gradually work its way outwards into a position of relative equilibrium in which it rotates with 
the bowl like the bob of a conical pendulum. In this state the system made up of the particle 
and the howl has less eneigy for the same angular momentum than when the particle was at 
the bottom Of. Art 250 


34—2 
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Hence qi- 


— ai a 2 t ( j ^ — (^2 & 11 + < 3^1 ^22) +■ 4 “ ^11 ^22 ■“ ^12^) HH ^22 ^1 


Qv 


This may also be written qi— §1 

^ aia2{(^«r+ai)2+(ri2}(ta-4-a2) 


. .( 8 ) 

. ..(9) 


Our mam object is to examine the case of a disturbing force of long period, for the sake 
of its bearing on Laplace’s argument as to the fortnightly tide (Art 216) We will there- 
fore suppose that the ratio o-i/o-, as well as <ri/ai, is large The formula then reduces to 


^1= 




^crCt>2 “4" ^22 


ai (T-f {i(T + 02) ^ ^22 <^1 4- 1 ) 


:Qx 


. . ( 10 ) 


Everything now turns on the values of the ratios < 7/02 and cra^J^^ 
these may be both neglected, we have 


If (T be so small that 


.... ( 11 ) 


m agreement with the equilibrium theory The assumption here made is that the period 
of the imposed force is long compared with the time in which free motions would, owing 
to friction, fall to of their initial amplitudes This condition is evidently far from 
being fulfilled in the case of the fortnightly tide If, as is more in agreement with the 
actual state of things, we assume 0-/02 and cra^jh^^ to be large, we obtain 


as m Art 205 (24) 


^ - ^2^2 a _ <^2 r \ 


( 12 ) 


Visoosity, 

311 We proceed to consider the special kind of resistance which is met 
with in fluids The methods we shall employ are of necessity the same as 
are applicable to the resistance to distortion, known as ' elasticity,' which is 
characteristic of solid bodies The two classes of phenomena are of course 
physically distinct, the “latter depending on the actual changes of shape 
produced, the former on the raU of change of shape, but the mathematical 
methods appropriate to them are to a great extent identical 

If we imagine three planes to be drawn through any point P perpen- 
dicular to the axes of x, y, z, respectively, the three components of the stress, 
per unit area, exerted across the first of these planes may be denoted by 
Pxx) Pxy, Pxzj respectively , those of the stress across the second plane by 
Pz/icj Pyyi Pyz j those of the stress across the third plane by pzx> Pzy* pzz^- 
If we fix our attention on an element hxSyBz having its centre at P, we find, 
on taking moments, and dividing by SxhySz, 

Pyz = pzy > Pzx = Pxz 9 Pxy = Pyx > 

In conformity with, the usual practice in the theory of Elasticity, we reckon a tension as 
positive, a pressure as negative Thus in the case of a fnctionless fluid we have 


Pxx — Vvv — !Pzz — '“'V* 



310-312] Oblique Stresses 

the extraneous forces and the kinetic reactions being omitted, since they arc 
of a higher order of small quantities than the surface tractions, ihese 
equalities reduce the nine components of stress to six , in the case ot a 
VISCOUS fluid they will also follow independently from the expressions toi 
Pyz, Pzx, p.y IQ terms of the rates of distortion, to be given presently 

(Art 313) 

312 It appears from Arts. 1. 2 that in a fluid the deviation of the state 
of stress denoted by p^, p^, • from one of pressure uniform directions 

depends entirely on the motion of distortion in the neighbourhood of ^ 
on the SIX quantities a, b, c,f, g, h by which this distortion was in Art 30 
shewn to be specified. Before endeavouring to express . as functions 
of these quantities, it will be convenient to establish certain formulae ot 

transformation 

Let us draw Px', Py', Pz' m the directions of the ^ ^ 

principal axes of distortion at P, and let a , b , c be the 


direction-cosines. We have, then, 

Hence 


- as- + '■ &■) 87 


30 

V 



mi. 


li. 

mi. 


h, 






‘ dz' 




JLJLV-/JLXV W 

a = li^a' + y ] 

h = + mih' + mid, V (1) 

0 = nid + niV + nid, j 

the last two relations being written down from symmetry We notice that 

a + 6 + c = ci.^ + 6^ + 

as we should expect, since either side measures the ‘expansion’ (Art 7). 
Again 

t + S " ("■ si’ + 87 al) 

+ (%!? + »■ 4' + al) ' 

and this, with the two corresponding formulae, gives 
/ = nhnxd + mini)' + I 

g = niid + njii}' + niiO , > • ■ ■ 

h = limpd + l^mi)' + hmad. J 


( 3 ) 
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313 From the symmetry of the circumstaucciH it is plain that thi* 
stresses exerted at P across the planes z'a/, x\i/ must la» wlmlly perpim 
dicular to these planes Let us denote them hy pi, p,,, n\s|HH*livi*Ij. In 
the figure of Art 2 let AP(7 now represent a plants, drawn pm’pmidiriilar tu j\ 
infinitely close to P, meeting the axes of y\ / m ^4, H, (\ it‘hjHH’tiv«4y : 
and let A denote the area ABG The areas of tht‘ rmnaiuing of llm 
tetrahedron PABG will thou be ZjA 4^, Rosohing paralhd to .r tin* 
forces acting on the tetrahedron, wo find 

pica; A = Pi4 A . li + Pa4 A 4 4" pJ'A • 4 i 

the external impressed forces and the reHiHtanc(‘H to artH‘l( 4 ’ation hoiiig 
omitted for the same reason as before. Hence, and liy similar nsasoniiig, 


Pxx—Pili +Piy 1 

Pyy = Pi'^i + > 1 ) 

Pzz =Pir^i J 

We notice that 

P«X + Pyy '^'Pzz =Px + p‘i + ih * .... J 2 ) 


Hence the arithmetic mean of the normal proHsures on any throo mutually 
perpendicular planes through the point P is the saum Wi‘ Hhall doimto 
this mean pressure by p*. 

Again, resolving parallel to y, we obtain the third of the following HVtn 
metrical system of equations • 


Jjyz i-p Wtj, 

Pzx—Pinyli +P2^^a4 
Pxy^Pik'^1 +Pa4^a2 +p^^yn^. 




These shew that 

P 2/2 Pzy ) Pzx'~"P{iczi Pvy ^ Pyxi 

as was proved independently in Art. 311 . 

If m lie »me 4^re we suppose PA, PB, PU l„ be draw,. ,»,mll,.| l„ 
w s, e reepectiwelj,, whilst JBOie sny ptoe dm,™ „o.,r p, wl.,„„ direeti,,,,. 
e«ees ere 1. m, n we find m the seme w.y thet the empmumt, (p.,, , , 

of the stress exerted across this piano are Pht t 

Phx = Ipxx + + npxz, 1 

Phy = lpy«: + mpyy + npyi, l 

Phz = Ipzx + mp^iy 4- j 

..d Wtoe.. to. e. J « ZenX’ ■‘f “"“r 

expansion at the point (ic, y, See Art Sihnfia i* deponds also on tho rate of 
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314 Now pu P., differ from -p by quantities depending on the 
motion of distortion, which must therefore he functions of a , h o, only 
The simplest hypothesis we can frame on this point is that these functions 
are linear We write therefore 

p^ = -p+X {a' + h' + o') + 2/ia', 
p„ = -p + \{a' + h' + c') + 
p^=- — p •{■Xipl -^h +c^) + 2/ic , 

where X. p are constants depending on the nature of the fluid, ^nd on its 
physical state, this being the most general assumption consistent with the 
above suppositions, and with symmetry Substituting these values of 
in (1) and (3) of Art 313, and making use of the results of Art. 312, we hnd 

^ ^ + 2/ia, ■ 

Pw = ^ + & + c) + 

p,^ = -p + X(a + + c) + 2pc, 

Py,= 2pf, Pt^=^P9, P^ = 2M ■ •• 

The definition ofp adopted in Art 313 implies the relation 

3X + 2a = 0, W 


( 2 ) 


....(3) 


whence, finally, introducing the values of a, b, c,f, g, h from Art 30 






dv 

dw\ 

+ 

ifJL 

dll 

Pxx 

-P- 

■ 1 

Kdoo 

dy 

^Tz) 

dlo’ 




fdu 

dv 

dw\ 

Id- 

2fjb 

dv 

Pyy = 

-p- 





dy’ 




(du 

dv 


Id- 

2/jl 

dw 

11 

-p- 



'^dy 


Vz' 


( 5 ) 




fdiv 

dv\ 

s 



\dy 


11 



fdu 


— Pxz } 1 

Pzx — 



■'■0a') 



fdv 


11 

P*<; = 

■fl 

[di 

■^0y) 


The constant p is called the ‘coefficient of viscosity ’ Its physical meaning 
may be illustrated by reference to the case of a fluid in what is called 
‘laminar’ motion (Art. 30) , i e the fluid moves in a system of parallel planes, 
the velocity being in diiection everywhere the same, and in magnitude 
proportional to the distance from some fixed plane of the system. Each 
stratum of fluid will then exert on the one next to it a tangential traction, 
opposing the relative motion, whose amount per unit area is p times the 
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variation of velocity per unit distance perpendicular to the planes. In 
symbols, \i u — ay, b = 0, w = 0, we have 

Pxx=Pyy=Pzz = —p, Pyz = 0, p,,^ = 0, p^y — (M. 

If [ilf], [£], [I’] denote the units of mass, length, and time, the dimensions 
of the p s are \_ML ^], and those of the rates of distortion (a, h, c, . . . ) are 
so that the dimensions of p are 

The stresses in different fluids, under similar circumstances of motion, will 
he proportional to the corresponding values of p ; but if we wish to compare 
their effects in modifying the existing motion we have to take account of 
the ratio of these stresses to the inertia of the fluid From this point of 
view, the^ determining quantity is the ratio pjp , it is therefore usual to 
denote this by a special symbol i/, called by Maxwell the ‘kinematic coefficient’ 
of viscosity The dimensions of v are 

It will be noticed that the hypothesis made above that the stresses 
Pxx, ••• are linear functions of the rates of strain a, 6, c, ... is of a purely 
tentative character, and that although there is considerable a priori proba- 
bility that it will represent the facts accurately in the case of infinitely small 
motions, we have so far no assurance that it will hold generally. It has 
however been pointed out by Prof. Osborne Eeynoldsf that the equations 
based on this hypothesis have been put to a very severe test in the experi- 
ments of Poiseuille and others, to he leferred to presently (Art 319). 
Considenng the very wide range of values of the rates of distortion over 
which these experiments extend, we can hardly hesitate to accept the 
equations in question as a complete statement of the laws of viscosity. In 
the case of gases we have additional grounds for this assumption in the 
investigations of the kinetic theory by MaxwellJ. 

The practical determination of y. (or v) is a matter of some difficulty Without entering 
into th^e details of experimental methods, we quote a few of the best-established results. 
The calculations of von Helmholtz §, based on Poiseuille’s observations, give for water 

0178 

^ 1+ 03375 -h 00022102’ 

in c G.s units, where 6 is the temperature Centigrade The viscosity, as in the case of all 
iqpids as yet investigated, diminishes rapidly as the temperature rises , thus at 17° 0 the 
value IS pi 7 = 0109 

_ * In compressible fluids there may, on a certain view, be a second coefficient of viscosity, 

involved m the expression for the mean pressure p as depending on the physical state, and the 
rate of expansion See Arts 313, 341. 

t “On the Theory of Lubrication, Phil Trans , t. clxxvii p 157 (1886) [Sc PapeiSy 
t 11 p. 228J ^ 

t “On the Dynamical Theory of Gases,” Pfef. Ttans ,t clvii p 49 (1866) [Se. Papeis, t u. 
P 2bJ 

^ § XJeber Reibung tropfbarer Flussigkeiten,’’ Wien Sitzungsher , t xl. p 607 (1860) [Ges Alh, 

1. 1 p 172j. 
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Coefficient of Viscosity 


Tor mercury Kocli* found 

jLto= 01697, and /aio= 01633, 

respectively 

In gases, the value of ^ rs found to bo sensibly independent of 
wide limits, but to increase somewhat with rise of temperature Maxwell found as the 

result of his experiments on vibrating disks! , 

0001878(1+ 00366 d), 

this makes proportional to the absolute temperature as measured by the air to 

Subsequent observers have found a somewhat smaller value for the first factor and a les 
rapid increase with temperature We may take perhaps as a fairly approximate value 

000170 

for the temperature 0“ C For air at atmospheric pressure, assuming p = 00129 this gives 

vo= 132 

The value of v vanes inversely as the pressure | 


316 We have still to inquire into the dynamical conditions to be 
satisfied at the boundaries 

At a free surface, or at the surface of contact of two dissimilar fluids, 
the three components of stress across the surface 

resulting conditions can easily be written down with the help of Ait 3 ( )• 

A more difficult question arises as to the state of things at the surface 
of contact of a fluid with a solid It appears probable that in all ordinary 
cases there is no motion, relative to the solid, of the fluid “ 

contact with it. The contrary supposition would imply an ® ^ ^ ‘ 

resistance to the sliding of one portion of the fluid past another than o 
sliding of the fluid over a solid H- 

If however we wish, temporarily, to leave this point open, the most natural 
to make is that the slipping is resisted by a tangential force 
velocity If we consider the motion of a small film of fliud, o f f 
compaL with Its lateral dimensions, in contact with the Bolid, i - 
tangential traction on its inner surface must ultimately the 

outer surface by the solid The former force may be calculated from Ar . . ( , 

latter is in a dmection opposite to the relative velocity, and 

constant O, say) which expresses the ratio of the tangential force to the relative velocity 
may bo called the ‘ coefficient of sliding friction 


Phil Tiara t olxxvii p 767 (1886) [Stokes’ Jfat/i and Thy s Paper i,i v p 180]. , 

X I r/full alunt of the resuUs obtained by various experimenters is given m Winkel- 

mann’s Handhuch der Physih, 1. 1 , Art ‘Eeibang ’ account 

§ This statement requires an obvious modification when capi an y 


Of Art. 382 

11 Stokes, I c fiost p 539. 
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316, The equations of motion of a viscous iluid are obtaiiuHl hy cnm* 
sidermg, as in Art, 6, a rectangular element having its tMUitro at i\ 

Taking, for instance, the resolution parallel to w, the dillertunH^ of tin* norinal 
tractions on the two y^-faees gives {djhxjc/d*^') Snt S//&, 11m tangontin! 

tractions on the two ^^-facos contribute ^t/ and the two 

a’^-faces give in like manner (dpzjdz)^^ IIeii(H‘, with our uhual 

notation, 


Du 

^ISi 


= pZ + 


^Pxas 

9.'^’ 


JPv=c 


+ 


dz ’ 


Dv 

Pm 


Dw 

PTi 


^ 9a? 9y dz ’ 

P^' ^ dx +'9// ^ 


f I ) 


Substituting the values frum Art. :)14 (5), (G), w.* fuiil 


Du dp . dd — 


Bv 


dp 


d6 


Dw -y d6 „ 

p-Bi^p^-i^^i^dz^P^''^' 


A‘l) 


where ^ = ^"+^"+9^ 

dx^dy^ dz’ 

and V“ has its usual meaning. 

When the fluid is incompro.ssible, those reduce to 


(:i) 


Bii 

Pjft 


P 

P 


Bv 

Bi 

Bw 

Ui 


= M'-0^+mVx ' 
= pZ ~^P + pV’‘w. , 


( 4 ) 


These dynamical equations were first obtained by Navior* and lN>iH.Hi»a + 
on vaiious considerations as to the mutual action of the ultimate iiuih'eules 
of fluids. The method above adopted, which is free from all hypothesis 


p. 380 (182™)°^'^^ Mouvement das Pluides,” iVWm. de I’Acad. des HHenrn, t. vi. 

+ “M^moire Bur las ^aaat.ons g^n&alaa da l'^:qullibra at du Monvemaat dos Oortm HoUdim 
^lastiques et des Muides,’ Journ, de VKcole Polytechn , t. xm, p. 1 (1829) 
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539 


of this kind, appears to be due m principle to de Saint-Venant ^ and 
Stokes t 

The first of them, for 


The equations (4) admit of an interesting interpretation 
•example, may be written 

Du 

W 


p o.r 


( 5 ) 


The first two terms on the right hand express the rate of vaiiation of u in consequence of 
the external forces and of the instantaneous distiibution of pressure, and have the same 
forms as in the case of a friotionlcss liquid The remaining teini vv\ due to ^^'scosity 
gives an additional vaiiation following the same law as that of tompoiatiire in Thermal 
Conduction, or of density in the theory of Difiusion This variation is in fact proportional 
to the (positive or negative) excess of the mean value of u thiough a small sphere of given 
radius surrounding the point (ir. y, .) ovei its value at that pointy In connection with 
this analogy it is interesting to note that the value of r foi water is of the «ame order of 
magnitude as that ( 01249) found by Dr Everett for the thermometrio conductivity of the 

Greenwich gravel 

When the forces X, Y, ^Ihavc a potential Q, the equations (4) may bo wiitten 


9 /. 

4- ^ 


wheie 


du 
dt 

l> ' 


.. (C) 


( 7 ) 


q denoting the resultant velocity, and v, C the components of the angular velocity of the 
fluid. If we ohimnate x by cross-diflcrentiation, wo find 




(8) 


Dri , ‘2 

The first three terms on the light hand of each of these equations expros.s, as in Art 146, 
the rates at which r,, C vary for a given particle, when the vortex-lmcs ® 

fluid, and the stiengths of the vortices remain constant. The additional variation of those 
quantities, duo to viscosity, is given by the last terms, and follows tho law of coiiduction of 
heat It IS evident from this analogy that vortox-motion cannot originate in the interioi 
of a VISCOUS liquid, but must bo diffused inwards from tho boundary 


* Comptes Bendus, t xvii. p 1240 (1843). „ ^ , rn + 

t “ On the Theories of the Internal Friction of Fluids m Motion, &o., Oamh. Tram , t. viii 

T) 287 (1845) [Math and Phys. Payers, t i p 75] „ ^ r yr 

^ t Maxwell, “ On the Mathematical Classiaoation of Physical Quantities, J?’"®- 
Soc , t 111 . p 224 (1871) [Sc Payers, tup 257], Elect) icity and Magnetism, Art 6. 



640 ViseoHitj/ [(‘HAP. xi 

317 . To compute the rate of dinsipation of energy, due vii^c*<miiy, 
wo conBider first the portion of fluid which at time t occupir^n n reotaiigulrir 
element hxSt/Sz having its centre at (x, y, z\ (Calculating the iviIch at 
which work ib being done by the tractions on tin* pairs of iippositt* %e 
obtain 


(1> 

The terms 


^Pxr , ^Pm , ^Pii 
. dx dy ds! 


(>Pxi , dpyt 
, dx dy 


express, by Art. 31G (1), the rate at which the tractiouH uii the fiiees ,,re 
(lomg work on the element m a whole, in increasing its kinetic energy umi 
m compensating the work done against the extraneous forc'es A’, V, Z. ’ The 
remaiiung terms express the rate at which work is Innng done in ehaiigiug 
the volume and shape of the element. They may bt! written 

(Pxxd+Pm,^ +Px!0 + 2p„jf+ 2pt3ig + 2pxyh)BxStjdt (.*») 

where a, b, c,f, g, h have the same meanings as in Arts. 30, 3 1 4. Huhstitut ing 
from Art 314 (2), (.3), wo got 

— p(a + b + o) BxBySs 

+ [- (a + + c)» + 2fi (rt“ + + c« + 2/'» + 2y= + 2/t“)] SxByBs. . . .(4) 

It will ho snfhcioiit for tins prosemt to consider the casi' where tlxTo is 
no variation of density, so that 

a + 6 + 0 *» 0 (f,) 

The expression (4) then reduces to 

2/j. (a“ + 6= + c“ + 2/“ + 2g^ + 2hJ>) BxByBz, (Ii ) 

which accordingly represents the rate at which mechanical energy is dis- 
appearing. On the principles established by Joule, tins eimrgy thus 
apparently lost takes the form of heat, developed in the elenumt. 

If we integrate over the whole volume of the liquid, w(( find, for tin* 
total rate of dissipation, 


2i^ = Sjj<^dasdydz, 


...( 7 ) 
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wlu're 


Dissipation of Dnergy 


<l> 




+ 2 




+ 2 


(dwV 

Wz) 


+ 


/dw 

dvV 

fdu dwV 

/dv 

dufl 

(ay 

+ 0.) + 

dx) 

\9ai 

+ 02/)} 


541 


.( 8 )* 


If vvi» wibtnu't from thw the expression 


'du 0_y 


dwy 

dz) ’ 


wiiirh w on the proBont liypotlicsiB, we obtain 

dio" 
h dv^ 

-v(' 


1 feir d 

vy , /du dwy 1 

/da _ 

0m\*| 

\\<y < 

J +U"3d +' 


3y// 


'dv dio dv dw . dw 'bii 


\<)y dz 


dz dy ^ dz 0^ 


0w; 0-1^ 0w ^ ^ /Qs 

00 . dz dxdy dy dx) 


If we integrate tluH over a region bueb. that 'V, w vanish at every point of the 
iHnindary, iw in the cane of a liquid filling a closed vessel, on the hypothesis of no slipping, 
thf^ iitritw tine to the Hocond line vanish (after a partial integration), and we obtain 

Si,F^\\\^dxdydz=!^4^lilll{^^'\‘Ti^^'C'^)dxdydz . .. . (10)t 

In the gent^ral case, when no limitation is made as to the boundary conditions, the 


Vj w 

i, n, C 


dS, 


( 11 ) 


ftinuuk (») h'utlH to 

-f/i j j j j jJJ 

whMV in th(> fortnor of the two surface-integrals, 8ft denotes an element of the normal, and, 
in the’ latter, /, n are the direction-cosmes of the normal, drawn inwards in each case 

from the burffUH’s-olonicnt djS. 

Wlum tlu' motion couHulored is irrotational, this formula reducos to 

fLf 


2F= 


‘Jf 


dn 


dS, 


( 12 ) 


Winply. In the particular case of a spherical boundary this expression follows independ- 

initly frcuu Art, 44 ( 5 ). 

It im>mTA from (B) that F cannot vanish unless 

and/=^=A=0, 

at every i.oint of the fluid. It follows, on reforoneo to Art 30, that the only condition 
under Jhich a lunud can bo in motion without dissipation of energy by viscosity is that 
Zi m t 1 Sore any extension or contraction of linear elements, m 

c’iWO <»f a rigid body. 

• StokeH. “ on the ISffect of the Internal Fiiction of Fluids on the Motion of Pendulums.” 
(lamh. '/Vrtiiit., t. ix p [B] (1851) [.Sc. 1 wpen, t ^ ^ Hydrodynamik,” Math Ann , 

t. ix. (WHO)- 
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Frohlmm of t^teadi/ Motion. j 

318. The first application which svo shall consult^r is t.c tin* ht«‘iidy j 

motion of h(|nid, uudcr pressure, botwc^eu two fixed parallcd plnnes. I 

I 

Let the origin bo taken half-way bt^Winm the plain's, and the axis uf 
perpendicular to them. Wo assume, in the first instanetN that n is a 
function of s only, and that t;, w«0. Since tln^ traction parallel to x on any ^ 

plane perpendicular to y m equal to fxditjdz^ the differema' of the traefiijtiH 
on the two faces of a stratum of unit anai ami thiekuess h fiWH a resultant 
/Md^ujdz^ . Sz, This must bo balanced by the normal pressureh, wliicdi give ii- ' 

resultant — per unit volume of the stratum. Hnneo 


dhi, dp 

^ dz^ “ da; ' 


( I ) 


Also, since there is no motion parallel to //, dp/dz must vanish. These re^ulth 
might of course have been obtained immediaUdy from tlu^ giuienil equal ions 
of Art. 31G. 


It follows that the presHure-gradumt dp/d^r is an ahsolute eoiiHlnnf, 
Hence (1) gives 

u«A4/#.3f*f J 

zp dw 

and determining the constants so as to make a«() for z^±h, we find 


1 


Hence 


2/x 

rh 

udz 

J^h 




.n 


da; 




H/t dp 
'-HP da;' 


.(4) 


Whon, as in Prof. Itolo Sluvw’s ('ximrimontN* a li<iui(l flows in IwiKlinifnsioii . l«.fwi*oit 
oloHO panillol plates, we may wiito 


tPii (In di> 

^()i'‘“‘(U’ 

provided wo neglect the rates of va,riation of it, v with rcsiH‘ot to .c, 1/ in coinjiitri-.oii »ifli 
their rates of variation with respect to Also, assuming that w (’> ((vorywliens wo have 
1.0. p is a function of tv and 1/ only. The (•.ondituais of no slipping at the plotii- 1 

±/it are Hatinfiod if wo write 


u~- 




Mi 


The quantities u\ i?' hero denote the mean veloeitioH along a line lianillel tti .j, im#l arr 
asHumed to he functions of .r, y only. Huhstituting in (5) we find 


dp Zfx 






dy IP ^ 


...All 


Eeforrod to in the footnote on p. 80 . 
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Steady Motion 


Hence v' may be regarded as the components of an irrotational motion of a liquid in 
two dimensions, in which the velocity-potential is 




( 8 ) 


The kinematical conditions, when the liquid is forced by pressure past an obstacle 
havino- the form of a lamina of thickness 2A placed between the plates, are accordingly 
identrcal, for the most part, with those relating to the two-dimensional flow ol ^ friction- 
less fluid past a cylinder whose section has the shape of the lamina. The statement is 
made with a slight qualification, since the equations (5) must cease to hold at distance 
from the obstacle comparable with h, owing to the fact that the viscous liquid cannot g i e 
past the surface of the obstacle, as a perfect fluid would do But the configurations of the 
stream-lines m the two problems can be made as nearly the same as we choose by taking 
the platea sufficiently close together* 

319 The investigation of the steady flow of a liquid through a straight, 
pipe of uniform circular section is equally simple, and physically more 

important. 

If we take the axis of coincident with the axis of the tube, and assume 
that the velocity is everywhere parallel to and a function of the istanco 
(r) from this axis, the tangential stress across a plane perpendicular to r will 
be /x3W3r Hence, considering a cylindrical shell of fluid, whose bounding 
radii are r- and r + dr, and whose length is I, the difference of the tangential 
tractions on the two curved surfaces gives a retarding force 

0 

0r' 




On account of the steady character of the motion, this must be balanced by 
the normal pressures on the ends of the shell. Since dwjdz - 0, the difference 
of these normal pressures is equal to 

(l5i-i’2)27rr8r, 

where p, are the values of p (the mean pressure) at the two ends. Hence 


3 ( dW 
d?V dr 


fil 


. r. 


•( 1 ) 


Auain, if we resolve along the radius the forces acting on a rectangular 
element, we find 3p/3r = 0, so that the mean pressuie is uniform over each 
section of the pipe 

The equation (1) might have been obtained from Art. 316 (4) by direct, 
transformation of Coordinates, putting 

r = ((x^ + 2 /“)* 

* Stokes, “Mathematical Proof of the Identity of the Stream-Lines obtainea by means of a 
Viscous Film with those of a Perfect Fluid moving in Two Dimensions, Smt Ass Bep., 18J8, 
p 143 {Math, and JPhys. Papers, t v. p. 278] 
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The integral of (1) is 

(2) 

Since the velocity must he finite at the axis, we must have J. = 0; and if we 
determine B on the hypothesis that there is no slipping at the wall of the 
pipe (r = a, say), we obtain 


^ = (3) 

This gives, for the flux across any section, 

Jr (o 

It has been assumed, for shortness, that the flow takes place under 

pressure only. If we have an extraneous force ^ acting parallel to the 
length of the pipe, the flux will be 

iTa^( p,-p, 

I (^) 

In practice, X is the component of gravity m the direction of the length 

The formula (4) contains exactly the laws found experimentally by 
Poiseuille* in his researches on the flow of water through capillary tubes , 
VIZ that the time of efflux of a given volume of water is directly as the 
length of the tube, inversely as the difference of pressure at the two ends, 
and inversely as the fourth power of the diameter. 


This last result is of great importance as furnishing a conclusive proof that there is in 
these experiments no appreciable slipping of the fluid in contact with the wall If we were 
to assume a slippmg-coefiicient /3, as explained in Art 315, the surface-condition would be 

dw ^ 

-A* 


or 


ifX=^//3 


w— 



This determines B, in (2), so that 


. .( 6 ) 


(7) 

If X/a be small, this gives sensibly the same law ot velocity as in a tube of radius a+X, on 
the hypothesis of no slipping The corresponding value of the flux is 


8/. ~T~' 



, ( 8 ) 


If X were more than a very minute fraction of a in the narrowest tubes employed by 
Poiseuille [a= 0015 cm] a deviation from the law of the fourth power of the diameter, 


* “Eecherches exp^nmentales sur le mouvement des liquides dans les tubes de tr^s petits 
diametres, CoTrvptes JRendus, tt xi , xii (1840-1), Mevi des Sav Etrangers, t ix (1846), 
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whicli was fouBd to hold very exactly, would become apparent This is sufficient to 
exclude the possibility of values of X such as 235 cm , which were inferred by Helmholt. 
and Piotrowski from their experiments on the torsional oscillations of a metal globe hllecl 
with water, described in the paper already cited* 

The ^sumption of no slipping being thus justified, the comparison of the formula (4) 
with experiment gives a very direct means of determining the value of the coefficient for 
various fluids 

It is easily found from (3) and (4) that the rate of shear close to the wall 
of the tube IS equal to 4w,/u, where is the mean velocity ovei the cross- 
section As a numerical example, we may take a case given by Poiseuille, 
where a mean velocity of 126 6 c s was obtained in a tube of •01134 cm. 
diameter. This makes 4«io/a = 89300, if the unit of time be the second 

320. Some theoretical results for sections other than circular may be 
briefly noticed 

10 The solution for a channel of anmOar section is readily deduced from equation (2) 
of the preceding Art , with A retained Thus if the boundary-conditions be that =0 for 
T — a and we find 



giving a flux •• • (2) 

20 It has been pointed out by GreenhilH that the analytical conditions of the present 
problem are similar to those which determine the motion of a frictionless liquid in a 
mtating prismatic vessel of the same form of section (Art 72) If the axis of . be para lei 
to the length of the pipe, and if we assume that w is a function of x, y only, then in the 
case of steady motion the equations reduce to 

^ ’1, (3) 




[ 

02’ J 


where vi‘=d^ldx'‘+d^l^y^ Hence, denoting by P the constant pressure-gradient ( dp/dz), 
•we have „ 

( 4 ) 

with the condition that w=0 at the boundary. If wo write f for w, and 2<» 

for P// 1 , we reproduce the conditions of the Art referred to This proves the analogy in 

question 

In the case of an elliptic section of somi-axes a, b, we assume 




* For a fuller discussion of this point see Whetham, “On the alleged Slipping at the 
Boundary of a Liquid in Motion,” Fhil Trans , A. t clxxxi p. 569 (1890) 

t “ On the Flow of a Viscous Liquid m a Pipe or Channel,” Proc. Land. Math. Soe., t. xiii. 

p 43 (1881). 

35 
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which will satisfy (4) provided 
The discharge per second is therefore 


j2 


( 6 ) 


ffj. P itwW 

= .. (7)* 

This bears to the discharge through a circular pipe of the same sectional area the ratio 
2ab/(a^ + b^) For small values of the eccentricity (e) this fraction differs from unity by a 
quantity of the order Hence considerable variations may exist in the shape of the 
section without seriously affecting the discharge, provided the sectional area be unaltered 
Even when a 5 = 8 7, the discharge is diminished by less than one per cent 


321 We consider next some simple cases of steady rotatory motion 

The first is that of two-dimensional rotation about the axis of the 
angular velocity being a function of the distance (r) from this axis 
Writing 

w = — my, v = co£c, (1) 

we find that the rates of extension along and perpendicular to the radius 
vector are zero, whilst the rate of shear in the plane ^y is rdonldr Hence 
the moment, about the axis, of the tangential forces on a cylindrical surface 
of radius r, is per unit length of the axis, = fjurdccldr 2irr . r On account of 
the steady motion, the fluid included between two coaxial cylinders is neithei 
gaining nor losing angular momentum, so that the above expression must 
be independent of r This gives 

A ^ 

+ ^ ( 2 ) 

If the fluid extend to infinity, while the internal boundary is that of a solid 
cylinder of radius a, whose angular velocity is Wo, we have 

= (3) 

The fiictional couple on the cylinder is therefore 




....(4) 


If the fluid were bounded externally by a fixed coaxial cylindrical surface 
of radius h we should find 


7-2 ^2 _ ^2 


&>0, 


which gives a frictional couple 


— 47r/A 




(5) 

(6) t 


v/ some other forms of section, appears to have been 

htamed by Boussmesq, in 1868, see Hicks, But Ass Bep , 1882, p 63 

t '^tns problem was first treated, not quite accurately, by Newton, Pijrecrpra, Lib n Prop 51 

The above results were given substantially by Stokes, U ec ante pp. 539, 541 > • 
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322 A similar solution, restricted however to the case of infinitely small 
motions, can be obtained for the steady motion of a fluid surrounding a solid 
sphere which is made to rotate uniformly about a diameter. Taking the 
centre as origin, and the axis of rotation as axis of ccy we assume 

u = — a>y, V = a)X, w = 0, ( 1 ) 

where w is a function of the radius vector r, only. If we put 

P = Joyrdr (2) 

these equations may be wntten 

dP dP „ 

dy ox 

and It appears on substitution in Art 316 (4) that, provided we neglect the 
terms of the second order in the velocities, the equations are satisfied by 

p = const , V^P = const (4) 

The latter equation may he written 

.(5) 

whence to = — + 5 • • • (6) 


^ 4 - ? ^ = const., or r ^- + 3to = const., 
r dr dr 




If the fluid extend to infinity and is at rest there, whilst too is the 
angular velocity of the rotating sphere (r = a), we have 

(7) 


a'’ 


If the external boundary be a fixed concentric sphere of ladius h the 
solution IS 

}p _ ,.3 

«o 


00 = • 


1)»- 


The retarding couple on the sphere may be calculated directly by moans 
of the formulae of Art 314, or, perhaps more simply, by means of the Dissi- 
pation Function of Art 317 We find without difficulty that the rate of 
dissipation of energy is 

^// 1*'®' ^ (S) (Ir) 

If N denote the couple which must be applied to the sphere to maintain 
the rotation, this expression must he equivalent to Nco,,, whence 


7>r o 

A = 87r/.^,---,o,o, 

or, m the case corresponding to (7), where 6 = oo , 

N = STT/Z-O-^aio 

* Kirchhoiff, Mechanik, o. zxvi 


.. . ( 10 ) 

...( 11 )* 

36—2 
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The neglect of the terms of the second order in this problem involves a 
more serious limitation of its practical value than might be expected It is 
not difficult to ascertain that the assumption virtually made is that the ratio 
co^a^jv is small If we put 018 (water), and a =10, we find that the 
equatorial velocity co^a must be small compared with 0018 (c s.)^ 

When the terms of the second order are sensible, no steady motion of the above kind is 
possible The sphere then acts like a centrifugal fan, the motion at a distance from the 
sphere consisting of a flow outwards from the equator and inwards towards the poles, 
superposed on a motion of rotation t 

It appears from Art 316 that the equations of motion may be written 

+ , ( 12 ) 

where • * ... ...(13) 

P 

Hence a steady motion which satisfies the conditions of any given problem, when the 
terms of the second order are neglected, will hold when these are retained, provided we 
introduce the constraining forces 

. . .(14)|; 

The only change is that the pressure p is diminished by These forces are everywhere 

perpendicular to the stream-lines and to the vortex-lines, and their intensity is given by 
the product sin x, where o) is the angular velocity of the fluid element, and x is the 
angle between the direction of the velocity q and the axis of the rotation co 

In the problem investigated in this Art. it is evident d priori that the constraining 
forces 

A=--cd2^, R— — Z—Q ... . . (15) 

would make the solution rigorous It may easily be verified that these expressions differ 
from (14) by terms of the forms -00/9^, -0a/0^, -dSljdz^ respectively, which will only 
modify the pressure 


323. The motion of a viscous incompressible fluid, when the effects of 
inertia are insensible, can be treated in a very general manner, in terms of 
spherical harmonic functions 


It will be convenient, in the first place, to investigate the general solution 
of the following system of equations 

W = 0, VV = 0, W = 0, 


dv dw' ^ P 
dx dp djz 


.( 1 ) 

■(2) 


The functions vf, v', w' may be expanded in series of solid harmonics, and 


* Of. Lord Eayleigh, “ On the Tlow of Viscous Liquids, especially m two Dimensions,” Fhil 
Mag. (4), t. xxxvi p 364 (1893) [Sc. JPapers, t. iv. p 78] 
t Stokes, l.c ante p. 639. 


t Lord Rayleigh, I c 
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it is plain that the terms of algebraical degree n in these expansions, say 
Un, Vn', Wn', must Separately satisfy (2) The equations (1) may therefore 
be put in the forms 

1 ^ 1 ^ 
dy V 3^ 3^/ / 9^ \ 3^ dw / ' 

d /dWn dVn / 3^>/ __ 3^^A 

d 2 ! \dy dz J do()\do[} Sy / 

3 dWn\ ^ \ 

^ V”^ ”” "3^ y 3^/ \ 9^ dz J ^ 

Hence 

dwn dvn _ 3%^ 3'^f/ _ 9^rt _ 3%n 3'z;7/ _ 3^^i _ 3%ti ^ 

9ic ’ 9^ 3^^; 9y ’ dx dy dz ’ 

where is some function of so, y, z, and it further appears from these 
relations that 7^%^= 0, so that Xn is a solid haiinonic of degree n. 



From (4) we also obtain 

with two similar equations Now it follows from (1) and (2) that 

(xUn + yVn + ZWn) = 0 , ( 6 ) 

so that we may write 

OOUn + yVn + = 4>n+l, (0 

where tf>n+i is a solid harmonic of degree ?H- 1 Hence (5) may be written 

™ 

The factor n+l may be dropped without loss of generality, and we obtain 
as the solution of the proposed system of equations . 


w' = 2 

t>' =2 

2 


' d(l)n 

dx 


w 


+ ^ dy y dz)’ 


'^4>n dx^ dXn\ 
dy^^'dz " dx)' 

’3cf). 


dx dy J 
where the harmonics ^n> %% are arbitiary*. 




(f) 


* Of. Borchardt, “ TJntersuohungen uber die Elasticitat fester Korper unter Beruoksicbtigung 
der Warme,” BerL Monatsher., Jan 9, 187B [Oesaunmelte Wei he, Berlin, 1888, p 245]. The in 
Yestigation m the text is from a paper “ On the Oscillations of a Viscous Spheroid,” JProc Lond. 
Math Soc , t xm p 51 (1881) 
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324 ^ If we neglect the mertia-terms, the equations of motion of a 
VISCOUS liquid reduce, in the absence of extraneous forces, to the forms 


'‘’““"S’ 




With 


dy’ 

dw 


fiV^w = 


d2’ 


— 4.^ '^ — n 

da dy'^dz~ 


By differentiation we obtain 

= 0 , 

so that p can be expanded in a senes of solid harmonics, thus 

P ~ ^Pn- 

The terms of the solution which involve harmonics of different algebraical 
degrees will be independent. To obtam the terms in^„ we assume 


( 1 ) 

( 2 ) 

.(3) 

.(4) 


dx dx ^ 

V = Ar^ JBr^+^ ^ 

dy Zy ’ 

w = Ar'^ ^ , 

dz dz 7^+^ ’ ' 


(5) 


where ijjjg multiplied by B are solid harmonics of 

degree n + 1, by Arts. 81, 83. Now 

Hence the equations (1) are satisfied, provided 

1 


A = 


^ 2 (2h. + 1) ^ 

Also, substituting m (2), we find 

2nA - (ra + 1) (2?i + 3) ^ = 0, 

whence B = 


.( 6 ) 


(« + l)(2ir+l)(2?i + 3)/t’ 
Hence the general solution of the system (1) and (2) is 

u 


■0) 




I 

w = -2 


L 1 9 „„ : 


(2 (2w + 1) 9a3 ^ (n + 1) (2n + 1) (2^ + 3) 

[•+< ' 

L 9 Pn ] 

1 

(2 (2n + 1) dy (n + 1) {2n + l)(2n + Z)dy 

j- + u', ► 

p„: 

1 , ' 

(2(2n+l) dz (n+l)(2^ + l)(2^4-3)0^r2’^+i 

\j+w,) 


( 8 ) 


where u’ , v', w' have the forms given in (9) of the preceding Art.* 

I “ 'ienved, with some modifications, from various sources Cf. Thomson 

and Tait, Natwal Ph7hsophy, Art 7S6, Borchardt, U , Oberbeck, “Ueber stationare Plussig- 
keitsbewegungen mit Beruoksiohtigung der inneren Reibung,” Crelle, t lvvvi p 62 (1876). 
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The formulae (8) make 

+ p + ^20 = i 2 Vn + tnj>. ( 9 ) 

Also, if we denote by f, ij, ? the components of the angular velocity of 
the fluid (Art 30), we find 




' ya (« + 1) \ 9a! dz J ' dy ' 

== - 2 .,-r {x ^-y + 2 (m + 1 ) ^ 

^ ya (« + l) V 93 / 9a:-' ^ 


dz 


■ (10) 


These make 


2 {x^ + 2 / 1 ; + z^) = 211 (n + 1) %„ 


. ...( 11 ) 


325 . The results of Arts 323 , 324 can be applied to the solution of a 
number of problems where the boundary conditions have relation to spherical 
surfaces. The most interesting cases fall under one or other of two classes , 
VIZ. we either have 

xu + yv zw = 0, (1) 

everywhere, and therefore = 0, = 0, or 

x^ + yy -V z^=0, (2) 

and therefore %« = 0 

1“ Let us investigate the steady motion of a liquid past a fixed spherical obstacle. If 
we take the origin at the centre, and the axis of x parallel to the flow, the boundary con- 
ditions are that m=0, v=0, w=0 for r=a (the radius), and u= U, v=0, w=Q for r=oo It 
IS obvious that the vortex-hncs will bo circles about the axis of x, so that the relation (2) 
will be fulfilled Again, the equation (9) of Art 324, taken in conjunction with the con- 
dition to be satisfied at infinity, shews that as regards the functions and (j)n we are 
to surface-harmonics of the first order, and therefore to the oases 9i=l, n= -2 
Also, we must evidently have = 0 Assuming, then, 

P-2=4^, (j)i=Ux, . ■ -(9) 


■ ( 4 ) 


we find 




ZB 


A 

2fjLr 

A 


ZB 

w— ^ ,xXZ- . XZ 

The condition of no slipping at tho surface r = a gives 

M . A 

Zyia'^ ’ ’ 

or A = -^fxUa^ 
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XU ^y'o + CT f ^ ~ ^ X^ 

^=0. ’?=i52, f= 


Tla / 


fc ~,3 ' 


[chap, XI 

... ( 6 ) 

(V) 

( 8 ) 


The components of stress across the surface of a sphere of radius r are, by Art 313, 


XV z 

Prx^-:Pxx+^-Vxy^~Pxzi 

X y z 
P'ry^~Pyx'^~Vyy\--'Pyz') " 

XV Z 

Prz^-Pzx^-P^^-Psz 


. . (9) 


If we substitute the values .. , from Art 314, we find 

( 0 \ 0 
r ^-\\u-^y.^{xu-^yv-\-zw\\ 

^Pv^-^yPw^Wyz- -^P+/A ^ -^fi^i^u+yv+zw), [• . . ( 10 ) 

^Pzx-\‘yPzy‘\-2P2Z=-Zp+ !*> 1^'?^4-/X^(^W+P + ;SWJ) j 

In the present case we have 

i9-Po+P-2=??0’-f^^ ( 11 ) 

We thus obtain, for the component tractions on the surface r==a, 

pry=-^p„ ( 12 ) 

If 8S denote an element of the surface, we find 

nPrx<^^=Q'rrfxUa, jjprydS=0, jjpp^djS=0 . . . (13) 

The resultant force on the sphere is therefore parallel to Xy and equal to 67 r/>ia U. 

The character of the motion may be most concisely expressed by means of the stream- 
function of Art 94 If we put x=r cos d, the flux ( 27 r\lr) through a circle with Ox as axis, 
whose radius subtends an angle 0 at 0, is given by 

(14) 

as IS evident at once from ( 7 } 


If we impress on everything a velocity -Urn the direction of ir, we get the case of a 
sphere moving steadily through a viscous fluid which is at rest at infinity The stream- 
function 18 then 

i|<'=fi7a?-(l-J^jsin2d . . ..(16)* 


* This problem was first solved by Stokes, in terms of the stream-function, I c. ante p. 541. 
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The following diagram shews the stream-lines const, in this case, for a senes of 
equidistant values of -vlr The contrast with the case of a frictionless liquid, delineated on 
P 121, IS remarkable, but it must he remembered that the fundamental assumptions are 
very different. In the former case inertia was predominant, and viscosity neglected , in 
the present problem these circumstances are reversed 



If X be the extraneous force acting on the sphere, this must balance the resistance, 
whence 

X^^TTfxaU . .(16) 

It IS to be noticed that the formula (15) makes the momentum and the energy of the fluid 
both infinite* The steady motion here investigated could therefore only bo lully estab- 
lished by a constant force X acting on the s^ihere through an infinite distance 

The whole of this investigation is based on the assumption that the inertia-terins 
udufbx , ... in the fundamental equations (4) of Art. 316 may be neglected in comparison 
with whi , ... It easily follows from (6) above that Ua must be small compared with v 
This condition can always be realized by making U or a sufficiently small, but in the case 
of mobile fluids like water this restricts us to velocities or dimensions which are, from a 
practical point of view, exceedingly minute Thus even for a sphere of a millimetre radius 


^ Lord Eayleigh, Phil Mag. (5), t, xxi p. 374= (footnote) (1886) [Sc, Papeis, t ii p 480] 
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moving through water (i/= 018), the velocity must be considerably less than *18 cm 
per sec * 

We may employ the formula (16) to find the ‘ terminal velocity ’ of a sphere falling 
vertically in a fluid t The force X is then the excess of the gravity of the sphere over 
its buoyancy, viz 

X=i^{p^-p)a?g, . . . (IV) 

where p denotes the density of the fluid, and pi the mean density of the sphere This gives 

ir=^eiz£gai (18) 

H' 

This will only apply, as already stated, jirovided Ualv is small For a particle of sand 
descending in water, we may put (roughly) 

pi=2/), 1/= 018, ^=981, 

whence it appears that ct must be small compared with 0114 cm. Subject to this condition, 
the terminal velocity is U — 12(^00 

For a globule of water falling through the air, we have 

pi = l, p= 00129, 00017 

This gives a terminal velocity 27=1 280000 subject to the condition that a is small com- 
pared with 006 cm 


2® The problem of a rotating sphere in an infinite mass of liquid is solved by assuming 




(19) 


Zy 30 > 00 " 0a! ’ “0V 

X-2='^". (20) 

the axis of being that of rotation At the surface r=a we must have 

^=-0)y, v = coa, W = 0, 

if CO be the angular velocity of the sphere This gives cf. Art 322 


326 The solutions of the corresponding problems for an ellipsoid can 
be obtained m terms of the gravitation -potential of the solid, regarded as 
homogeneous and of unit density. 


The equation of the surface being 


0^ f 



the gravitation-potential is given, at external points, by Dirichlet’s formula J 


n = 7ra6c 


/:(w 


+-k^¥Vk' 




A ’ 


. ( 1 ) 


.(2) 


^ Lord Bayleigh, I c ante p 548 For an experimental mq[mry into the law of resistance 
and the terminal velocity, when the above condition is violated, see Allen, “The Motion of a 
Sphere in a Viscous Fluid,” Phil Mag (5), t 1 pp 323, 519 (1900) 
t Stokes, I c ante p. 541. 

t Grelle, t xxxii p 80 (1846) [Werhe, t ii p 11], see also Kirehhoff, Mechamk, c xvin., 
and Thomson and Tait, Natural Philosop>M/ (2nd ed ), Art. 494 m 
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where 

A={(a2+X)(62+X)(c2+X)}^, 

(3) 

and the lower limit is the positive root of 



^,2 yi ^2 _ 

a-i+X ' b^+X ' c^+X 

(4) 

This makes 

0Q ^ 0X2 _ „ 3i2 _ 

0^=2;ra*, g-=2>r^y, g^ = 27ry., . 

(5) 

where a == ahe 

Jx 

d\ n 7 f“ [“ 

(a2+X)A’ (62 +X)a’ '^~Jk(c^+\)A ■ 

(6) 

We will also write 



(7) 


it has been shewn in Art 113 that this satisfies 


If the fluid be streaming past the ellipsoid, regarded as fix:ed, with the general velocity 
U in the direction of we assume* 


4 1 D / 

+B[x 


,.3X_ 


CSC 




v-A +Bv^^- 


. d^Q. „ 9;^ 
w=A + 

ossaz cz 


(8) 


These satisfy the equation of continuity, m virtue of the relations 

and they evidently make v=0, w=0 Si,t infinity Again, they make 

V%==2i? I 


= w2?; = 2i3--^- . 


0^2 > 




dscdz’ 


so that the equations (1) of Art 324 arc satisfied by 

dy 

p = 2^/>tg-^+ const 


.(9) 


( 10 ) 


n 


L d\ dX 


It remains to shew by a proper choice of A, ^ we can make UjV,w=^0 Q>t the surface (1). 
The conditions v=0, w=0 require 

= 0, or 27r4>4"i3=0 . . (11) 

jx-o 

With the help of this relation, the condition ^ = 0 reduces to 

27rAaQ-i?xo+ £^==0, . - . »(12) 

where the suffix denotes that the lower limit in the integrals (6) and (7) is to bo replaced 
by zero Hence 


TT A =• - 1 Ba^, 


B= 


U 

Xo + ao^^'**^ 


.(13) 


At a great distance r from the origin we have 


{Ttahc 2abc 

ys- 

r A. ^ 


whence it appears, on comparison with the equations (4) of the preceding Art , that the 
disturbance is the same as would be produced by a sphere of radius M, determined by 

iC7R=2abaB, or „ . .(14) 

^ ®x;o+“oo‘‘ 


Oberbeck, I c ante p 550 
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The resistance experienced by the ellipsoid will therefore be 

%7TiiRU. . . . . (15) 

In the case of a circular disk moving broadside-on, we have a = 0, 6 = c, whence 
<io=2, ;(o=7rac, so that 

= c ~ 85 c. 

.STT 

We must not delay longer over problems which, for reasons already 
given, have hardly any real application except to fluids of extremely great 
viscosity We can therefore only advert to the mathematically very elegant 
investigations which have been given of the steady rotation of an ellipsoid*, 
and of the flow through a channel bounded by a hyperboloid of revolution 
of one sheet f 

Some examples of a different kind, relating to two-dimensional steady 
motions in a circular cylinder, due to sources and sinks in various positions 
on the boundary, have been discussed by Lord Rayleigh J 

327 We may however notice some general theorems, relating to the 
dissipation of energy in the steady motion of a liquid under constant extra- 
neous forces, which have been given by von Helmholtz and Korteweg. They 
involve the assumption that the inertia-tei ms in the dynamical equations 
may all be neglected 

1*^ Considering the motion m a region bounded by any closed surface 2, let w, w be 
the component velocities in the steady motion, and w-Pw', the values of the 

same components m any other motion subject only to the condition that v\ w' vanish at 
all points of the boundary 2 By Art 317 (3), the dissipation in the altered motion is 
equal to 

JJJ{(Pa:« + py + + + * • +2 (pya+Pya) (/+/0 + . .(1) 

where the accent attached to any symbol indicates the value which the function in ques- 
tion assumes when w, -y, w are replaced by w' Now the formulae (2), (3) of Art 314 
shew that, in the case of an incompressible fluid, 

+Pyv +PzzC' + ^Pyzf + ^Pzx9' + ^Pxy^' 

=p'xxC0+p'yvh+p'^,c+2p'y^f+2p'^g+2p'^yh, . . (2) 

each side being a symmetric function of a, 6, c, /, g, h and a\ h\ c', g\ K Hence, and 
by Art 317, the expression (1) reduces to 

JJ|4 » dsody dz + of ■\-pyy V ^-pzzd 4- ^^Pyzf' + "^Pzx^ + ’^pxy^) dxdydz 4- l^\^'dxdy dz 

The second integral may he written 

+ - + )dxdydz, 

* Edwardes, Quart Journ Math , t. xxvi pp 70, 157 (1892). 

t Sampson, he anU^ 118 

J “ On the Flow of Viscous Liquids, especially m Two Dimensions,” Phil Mag (5), t xxxvi. 
p 354 (1893) [Sc Papers^ t iv p 78] 
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and hj a partial integration, remembering that ?/', v', w' vanish at the boundary, this 
becomes 

by Art 316 If the extraneous forces Z, F, Zhave a smgle>valiied potential, this vanishes^ 
in virtue of the equation of continuity, by Art 42 (4) 

Under these conditions the dissipation in the altered motion is equal to 

. . (3) 

or 2 (F+ F') That is, it exceeds the dissipation m the steady motion by the essentially 
positive quantity 2F' which represents the dissipation in the motion u', w' 

In other words, provided the mertia-terms may be neglected, the steady motion 
of a liquid under constant forces having a single-valued potential is characterized by 
the property that the dissipation in any region is less than in any other motion consistent 
with the same values of u, % w at the boundary of this region 

It follows that, with prescribed velocities over the boundary, there is only one type of 
steady motion in the region * 

2° If % V, w refer to any motion whatever in the given region, we have 

2F=jjjidxd2/dz==2ijj{p^a^a-{-pyyb+p:,,c+2jpyJ’^2p,^g+2p^y/i)d:x)d^dz, (4) 

since the formula (2) holds when dots take the place of accents 

The treatment of this integral is the same as before If we suppose that v, w 
vanish over the bounding surface 2, we find 

- -^p^^\(^%‘^^v^-{-w^)dji)dydz^plll{Xu-{-Y'o-\‘Zw) dxdydz ... (5) 

The latter integral vanishes when the extraneous forces have a single-valued potential, 
so that 

F— — pl\l(u^’\-v^-^'w^)doGdifdz (6) 

This IS essentially negative, so that F continually diminishes, the process ceasing only 
when t^==0, 'z;=0, that is, when the motion has become steady. 

Hence when the velocities over the boundary 2 are maintained constant, the motion in 
the interior will tend to become steady The typo of steady motion ultimately attained is 
therefore stable, as well as unique t 

It has been shewn by Lord Eayleigh J that the above theorem can be extended so as to 
apply to any dynamical system devoid of potential energy, in which the kinetic energy {T} 
and the dissipation-function {F) can bo expressed as quadratic functions of the generalized 
velocities, with constant coefficients 

If the extraneous forces have not a single-valued potential, or if instead of given 
velocities we have given tractions over the boundary, the theorems require a slight modi- 

* Helmholtz, “ Zur Theone der stationaren Strome m reibendeu Flussigkeiten,” Verh. d, 
naturhist - 7 ned Veieins, Oct 30, ISCSflFtss Abh , t i p 223] 

t Korteweg, “ On a General Theorem of the Stability of the Motion of a Yiscous Fluid,’” 
PhiL Mag» (5), t xvi p II2 (1883) 
t I c ante p 548. 
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The linear magnitude 


27r 

T 


or (^TTV 


27r\^ 


IS of great iroportance m all problems of oscillatory motion winch do not 
involve changes of density, as indicating the extent to which the effects of 
viscosity penetrate into the fluid. In the case of air {v = 13) its value is 
1 28P^ centimetres, if P be the period of oscillation in seconds For water 
the corresponding value is 47P^ We shall have further illustrations, 
presently, of the fact that the influence of viscosity extends only to a 
short distance from the surface of a body performing small oscillations with 
sufficient frequency 

The retaidmg force on the rigid plane is, per unit area. 




'du 

\3y\ 


3/«o 


= /A/Sa {cos {at + e) — sin {at + e)} 


= pv^a^a cos {at + e + Itt) . ... (9) 

The force has its maxima at intervals of one-eighth of a pcnod before the 
oscillating plane passes through its mean position. 

On the forced oscillation above investigated we may superpose any of tho normal modes 
of free motion of which the system is capable If we assume that 

icccAoosmy+Bsinm^, .. ( 1 ®) 

and substitute in (1), we find ^ = - 

whence we obtain the solution 

(it cos . (1^) 

The admissible values of on, and the ratios A B are as a rule determined by tho 
boundary conditions The arbitrary constants which lomain arc then to ho found in 
terms of the initial conditions, by Fouriei-’s methods 

In the case of a fluid extending from oo to -t-co , all real values of m arc 
admissible The solution, in terms of tho initial conditions, can in thi.s case bo immedi- 
ately written down by Fourier’s Theorem (Art 236 (4)) Thus 


1 r 00 ^00 

- dm] /(X) COM m (y ~X) < 
TT j 0 7 


-'vmH 


d\, 


if w=/(y) 

he the arbitrary initial distribution of velocity 

The integration with respect to m can be etlected by the known formula 


J e cos I 




We thus find 




(13) 

(14) 

(15) 

(16) 


__ J. 

2 (rrvt )^ . 

As a particular case, let us suppose that f{^)=± U, where the upper or lower sign is 
to be taken according as y is positive or negative This will represent the case of an 
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initial surface of discontinuity coincident with the plane 2 ^ = 0 After the first instant, the 
velocity at this surface will be zero on both sides We find 


U 


. J (p - __ g ~ 


2 (TTvt)^ . 

By a change of variables, and easy reductions, this can be brought to the form 

«=2 ^Erf-^ 


where in Glaisher’s (revised) notation t 

Erf^= J 






.(17) 


.(18)^ 


.(19) 


The function 27r ^Erfij? was tabulated by EnckeJ It appears that u will equal 
when 4769. For water, this gives, in seconds and centimetres, 

jf=61 8.y2 

The corresponding result for air is 

These results indicate how rapidly a surface of discontinuity in a viscous fluid would be 
obliterated, if indeed it could ever be formed 


The angular velocity (f) of the fluid is given by 


- y^l4vt 


( 20 ) 


This represents the diffusion of the angular velocity, which is initially confined to a vortex- 
sheet coincident with the plane y=0, into the fluid on either side 


329 When the fluid does not extend to infinity, but is bounded by a 
fixed rigid plane y — hy then, in determining the motion due to a forced 
oscillation of the plane y = 0, both terms of (3) are required, and the boundary 
conditions give 

J. + 5 = a, + Be- -=0, (21) 


whence 


smh(l+^);8^ 


gl(cri+e) 


.( 22 ) 


as is easily verified. This gives for the retarding force per unit area on the 
oscillating plane 





= yu, (1 + ^) /3a coth (1 -h ^) /3A . 


(23) 


The real part of this expression may be reduced to the form 

sinh 2ffli cos {at + 6-^ ^tt) -f sin 2/3A sin (( 73 ^ + e + j^Tr) 


Aj2fjL^a 


cosh 2j3h — cos 2/3A 


.(24) 


* Lord Bayleigh, “ On the Stability, or Instability, of certain Fluid Motions,” Proc Lond, 
Math. Soc , t. XI. p. 57 (1880) [Sc. Payers, 1 . 1 p 474] 

t See Phil Mag (4), t xlii. p 294 (1871), and Encyc Britann., 9th ed., Art. “ Tables ” 
t Perl Ast J ahrhuch, 1834. The table has been reprinted by De Morgan, Encyc. Meti op , 
Art “Probabilities,” and Lord Kelvin, Math, and Phys, Papers, t iii. p 434 
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When is moderately large this is equivalent to (9) above , whilst for 
small values of /3/i it reduces to 


^ cos (o-i^ -f e), 


(25) 


as might have been foreseen 

This example contains the theory of the modification introduced by Maxwell* into 
Coulomb’s method t of investigating the viscosity of fluids by the rotational oscillation of 
a circular disk in its own (horizontal) plane The addition of fixed parallel disks at a 
short distance above and below greatly increases the effect of viscosity 

The free modes of motion are exx^resscd by (12), with the conditions that w = 0 for y=0 
and y=^h. This gives J. =0 and where s is integral The corresponding moduli 

of decay are then given by r — ljv'm?' 


330 As a further example, let us take the case of a horizontal force 

X =/cos (crj? + e), .... . . ..(1) 

acting uniformly on an infinite mass of water of uniform depth h 


The equation (1) of Art. 328 is now replaced by 


die 

U 



( 2 ) 


If the origin be taken in the bottom, the boundary- conditions are - 1 ^ = 0 
for 2 / = 0, and dujdy = 0 for y = A, this latter condition expressing the absence 
of tangential force on the free surface Replacing (1) by 


we find 


lb ■ 


%f f cosh ( i -f ^) (A - y) 


cosh(l ^-^)y8A 


-1' 


(o-f+e) 


..(3) 

(4) 


if /3 = ((r/2i/)^, as before 


When ySA is large, the expiession in { } reduces practically to its first 

term for all points of the fluid whose height above the bottom exceeds a 
moderate multiple of /3”h Hence, taking the real part, 




= “ sin (at + e) 
a 


.. (5) 


This shews that ohe bulk of the fluid, with the exception of a stratum at 
the bottom, oscillates exactly like a free particle, the effect of viscosity 
being insensible For points near the bottom the formula (4) becomes 

M = (6) 


t Mem, de VInst , t m, (1800) 


L 


* I c ante p 537. 


36 
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or, on rejecting the imaginary part, 

u = -$va.{at->re) — —e~^y&iVL{<Tt-^y-\-e). .... ( 7 ) 

<T (T 

This might have been, obtained directly, as the solution of (2) satisfying the 
conditions that for y = 0, and 

f 

^^ = ^.sin((r^+ e) 

for large values of /3y 

The curves A, B, G, JD, E, F in the accompanying figui*e represent 
successive forms assumed by the same line of pai tides at intervals of 
one-tenth of a period To complete the series it would be necessary to add 
the images of E, D, C, B with respect to the vertical through 0 The whole 
system of curves may be regarded as successive aspects of a properly shaped 
spiral revolving uniformly about a vertical axis through 0 The vertical range 
of the diagram is one wave-length of the laminar disturbance 



As a numerical illustration we note that if = 0178, and ^iTjcr — 12 hours, 
we find /3“^ = 15 6 centimetres This indicates how utterly insensible must 
be the direct action of viscosity on oceanic tides There can be little 
doubt that such dissipation of energy by ' tidal friction ’ as at present takes 
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or 

2yk^0L .. .. 

(it) 

(it 


whence^ 

a = a„e ■ 

(!()) 


The ukhIuIub of decay, t, ih therefore given by t == 1 or, in terms 
of the wave-length (X), 


In the caao of water, thin givea 

rs-Tiax* KOCondH, 

if X b(‘ cxiirossed in centiniotreH. It folIowH that capillary waven an* very 
rapidly extinguished by viscosity, whilst for a wave-length of one metre t 
would be about 2 hours. 

The above method rests on the assumption that «rT is moderately large, 
where <r(=kG) denotes the ‘speed.’ In mobile fluids such as water this 
oondition is fulfilled for all but excessively minute wave-lengths. 

Tho method fails for another reason when the di‘pth i.s l(‘ss than (wi) ) 
half the wave-length. Owing to the practically inllmti' resist.anee to slipping 
at the bottom, th(‘ dissipation can no longer be eale.ulateil as ii the motion 
were irrotational. 


332 . ’I'he diri'ct calculation of the effect of viscosity on water waves eaii 
be eoudnctc'd as follows. 

If the. axis of y be drawn vertically upwards, and if we assnine that the 
motion is confined to the two dinumsions ;r, //, we hav(> 




t-'-tr" 

’riiese arc satisfied by 



dj/ djj dim 



provided Vl‘^ = 0, *^^*=5 {:>) 


where 



-I- 


0 “ 

dif 


* Htokofl, lx, ante p. 1541. (Througli an oversight in the calculation the* value fur r 

was too small by one-hall ) 
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To determine the ‘normal modes’ which are periodic in respect of cc 
with a prescribed wave-length 2ivjk, we assume a time-factoi and a 
space-factor The solutions of (5) are then 

^ + Be -%) e ' to + a *, ^ = (0 e »’/ + De -”"0 (6) 

with m.- = lr + ~. ■ C^) 

The boundary-conditions will supply equations which arc sufficient to deter- 
mine the nature of the various modes, and the corresponding values of a 

In the case of infinite depth one of these conditions takes the form that 
the motion must be finite for y = -co. Excluding for the present the cases 
where m is puro-imaginary, this requires that B = 0, D = 0, provided m denote 
that root of (7) which has its real part positive Hence 

u = + v = - {kAe’^y - ikOe‘’^«) . (8) 

If ri denote the elevation at the free surface, we must have dvldt = v If 
the origin of y be taken in the undisturbed level, this gives 

y = ( 9 ) 


If Ti denote the surface-tension, the stiess-conditions at the surface arc 
evidently 

= = 

to the first order, since the inclination of the surface to the horizontal is 
assumed to he infinitely small. 

dv . (dv , du\ 




Now ""Pd- 2/x 

whence, hy (4) and (C) we find, at the surface, 


: _ 1 !(ce + 2vk‘^a -1 - gk + TV) A - i {gk -t- T7v’ ■+ ^vkma) 0}, . . .(12) 
a 


= ~ [%vl^A + (cc-h ^vlc^ G], . ..(13) 

P 

where T = Tjjp, the common factor being understood 

Substituting in (10), and eliminating the ratio A 0, wc obtain 

(a +- 2z//c^)^ + gh + T'lc^ = (14) 

If we eliminate m by means of (*7), we get a biquadratic in a, but only those 
roots are admissible which give a positive value to the real part of the left- 
hand member of (14), and so make the real part of m positive. 
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If we write, for shortness, 
gh + T'¥ = 0 -“, 


vl? 

C 


= e, 


... . (15) 


the biquadratic in question takes the form 

(-^2 + 1)2 ^ 1003 ( 9 ) ^ 10 ) 


It IS not difficult to shew that this has always two roots (both complex) 
which violate the restiiction just stated, and two admissible roots which may 
be real or complex according to the magnitude of the ratio 6 If \ be the 
wave-length, and c(j=alk) the wave- velocity in the absence of friction, we 
have 


0 _ 27ri/ 

c c\t 


( 17 ) 


Now, for water, if denote the minimum wave-velocity of Art. 264, 
we find 27n^/Cm= 0048 cm, so that except for very minute wave-lengths 6 
IS a small number. Neglecting the square of 6, we have x=±%, and 


a = — 2vk^ i %(T. 

The condition = 0 shews that 

G __ 2ivh^ _ ^2vJc^ 

A ct -1- 2vk^ cr ’ 

which is, under the same circumstances, very small 
approximately irrotational, with a velocity-potential 

^ ^ Jl^Q—2vkH-{-]cy+%Qcoi:±cri) 


. . . . (18) 

( 19 ) 

Hence the motion is 

( 20 ) 


If we put a—-\‘kAlcr, the equation (9) of the free surface becomes, 
approximately, on taking the real part, 


7} — sin (kx ± at) (21) 

The wave-velocity is ajk. or {glk + Tk)^, as m Art. 264, and the law of 
decay is that investigated independently in the last Art 


To examine more closely the character of the motion, as affected by viscosity, we may 
calculate the angular velocity (co) at any point of the fluid. This is given by 


2(i) = 


dv_ 

dx 


dtt 


V ' 


V 


Now, from (7) and (18), we have, approximately, 
m=(l±z,)/3, where 



. ( 22 ) 


^ Similai results were obtained by Basset, Bydiodynamics, t ii., Arts 520—522 (1888), who 
also treats the case of finite depth Befeience may also be made to Hough, I c ante p 563, 
where the case of a spherical sheet of water is considered 
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Wiilt thi‘ HiuiH* n<»taii<ni an before, we find 

+ ,rlae ^ mn {I r±((r^5+^i/)} (23) 

lldh (InnhuHlieH rapidly from th<^. Hurfaco downwards, in accoidance with the thermal 
analogy poiiitcnl oni in Art 310. Owing to the oscillatoiy character of the motion, the 
hign of the vortunty which is being diffused inwards from the surface is continually 
Insng r«nH‘rhed, h«> that h(\yond a stiatum of thickness comparable with 27r//3 the effect is 
nihenhiide, just an tht^ iluctuations of teniporature at the earth’s surface cease to have 
any smisilile influtniei^ at a ilepth of few yards 

In tin* oaso of a vciry vis(‘ous liuid, such as treacle or pitch, 6 may be 
large when tin*, wave-length is considerable The admissible roots of 
(II!) are tlum both rt*al One of thoui is evidently nearly equal to 2i9, and 
eontinning tin* approximation wci lind 

h+.... 


:26>- 


td 


vvhi'iK^e, uiiglwitiiig ciapillarity, wo have, by (15), 


a = • 


. P- 

“ikv 


.(24) 


The rtimauihig real root is 1 095, nearly, which gives 

a = --01i/i’‘ (25) 

I'ho I’onucsr root is the more important. It rcpicscnts a slow creeping 
of the iluid towards a state of o<],uilibrium with a horizontal surface. The 
rati' of recovery ilcpoiuls on the relation between the gravity of the fluid 
(which is ]iroportioiial to p'p) and the viscosity (^), the influence of inertia 
heiiig iuseiisihle. It apiiears fiom (V) and (15) that ia = /i;, nearly, so that 
the motion is approximately ii rotational*. 

The type of motion corri'spotiding to (25), on the other hand, depends, 
as to its persistence, on the relation between the inertia (p) and the viscosity 
(/*), the effect of guwity being unimportant It dies out very rapidly 

The above invest, iKutiou gives the most, miportant of the normal modes ()f thoprosorihod 
wave leiiKtii, of wlueh Ihe system is eapal.lo Wo know d prion that there must ho an 
infinity of others. 'I'hese eom'spoiiil to i>ure-imagmary values ol hi, and are of a less 

pcrHmUnit (diariu*.i(»r. If in plact' of ((>) wo aHHUiuo 


with 






(26) 

(27) 


a.ud (»arry cut the iim^ntigatiou an before, wa) (iiid 


(a^+M^^a + (/l + rP) J'-iif/l + rP) O-^/phu'aD^O,] 

' i . //o ../9\ /y.-.Q j 


(28) 


* Cf.Tiut, “Note o« U.ppk'H ui a Viscous l«iu«l,” f>m< fk «. /Me, t xvu p 110 (1890) 

[iSV. Piqms, Cambri(lg(‘, 1B9H 1000, t. ii. p. 313] 
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Any real value of 'ni! is admissible, these equations determining tlie ratios A G D , 
and the corresponding value of a is 

( 29 ) 

In any one of these modes the plane ojy is divided horizontally and vei tically into a series 
of qnasi -rectangular compartments, within each of which the fluid circulates, gradually 
coming to rest as the original momentum is spent against viscosity. 

By a proper synthesis of the various normal modes it must be possible to represent the 
decay of any arbitrary initial disturbance 


333 The equations (12) and (13) of the preceding Art enable us to 
examine a related question of some interest, viz. the generation and mam- 
tenance of "waves against viscosity, by suitable forces applied to the surface. 


If the external forces given multiples of where k and a 

are prescribed, the equations in question determine A and C, and thence, by 
(9), the value of rj Thus we find 

p\jv _ (a^ -f A- cr^) A — % {cr^ + 2vkma) G .... 

p'^y _ a 2%v¥A 4 (a + 2v¥) G 

gpv'^gV A-iG ’ 

where has been wiitten for gk + as before 


Let us first examine the effect of a purely tangential force. Assuming 
p'yy = 0, we find 

p'xy _ (a -f 2vh^y 4 

gpT) gk’ a 4 2vk^ — 2vk7n ^ ^ 

If, as we shall suppose for reasons already indicated, vk^Jcr and vkmjG- are 
small, the elevation will be greatest when a = 4 nearly To find the force 
necessary to maintain a train of waves of given amplitude, travelling in the 
direction of ^-positive, we put a = — 2 cr. This makes 


P ^vkcr 
9 ' 


or p'xy = 4^/ikar], 


(4) 


approximately. Hence the force acts forwards on the crests of the waves, 
and backwards at the tioughs, changing sign at the nodes A force having 
the same distribution, hut less intensity in proportion to the height of the 
waves than that given by (4), would only retard, without preventing, the 
decay of the waves by viscosity. A force having the opposite sign would 
accelerate this decay 


The case of purely normal force can be investigated in a similar manner. 
1£ Pa^y = 0, we have 

p'yy _ (g -h Ivlcff -+ cr^— 4v^k^m, 

99'n ~ gk 


( 5 ) 
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The reader may easily satisfy himself that when there is no viscosity this 
coincides with the result of Art 240 If we put a = -to-, we obtain, with 
the same approximations as before, 


Hence the wave-system 


JP vv = ■” 

rj = a sm (kx — at) 


( 6 ) 

•( 7 ) 


will be maintained without increase or decrease by the pressure-distribution 
p' = const -P ^fjbLaa cos {Lx — at), (8) 

applied to the surface It appears that the pressure is greatest on the rear 
and least on the front slopes of the waves* * * § 

If we call to mind the phases of the particles, revolving in their circular 
orbits, at different parts of a wave-profile, it is evident that the forces above 
investigated, whether noimal or tangential, are on the whole urging the 
surface-pai tides in the directions in which they are already moving 

Owing to the irregular, eddying, character of a wind blowing over a 
roughened surface, it is not easy to give moie than a general explanation 
of the manner in which it generates and maintains waves It is not difficult 
to see, however, that the action of the wind will tend to produce surface 
forces of the kinds above investigated When the air is moving in the 
direction in which the wave-form is travelling, but with a greater velocity, 
there will evidently be an excess of pressure on the rear-slopes, as well as a 
tangential drag on the exposed crests The aggregate effect of these forces 
will be a surface drift, and the residual tractions, whether normal or tangential, 
will have on the whole the distribution above postulated Hence the 
tendency will be to increase the amplitude of the waves to such a point that 
the dissipation balances the work done by the surface forces In like 
manner waves travelling faster than the wind, or against the wind, will have 
their amplitude continually reducedf 

It has been shewn (Art 264) that, under the joint influence of gravity 
and capillarity, there is a minimum wavc-velocity of 23 2 cm per sec , or 
'45 miles per houi Hence a wind of smaller velocity than this is incapahle 
of reinforcing waves accidentally started, which, if of short wave-length, 
must be lapidly extinguished by viscosity] This is in accordance with 
the observations of Scott Russell§, from whose paper wc make the following 
extract : 

“Let [a spectatoi] begin his observations in a perfect calm, when the surface of the 


* This agrees with the result given at the end o£ Ait 240, where, however, the dissipative 
forces were of a different kind 

^ Cf Any, “Tides and 'Waves,” Arts. 265—272, Stokes, Gavih Tmns , t ix p [62] [Math 
md Phys, Papers, t in p 74] , Lord Bayleigk, I c. ante p. 548. 

t Sii W Thomson, Ic ante p [Baltimore LectuHS,^ 

§ I c ante p 445. 
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water in Hiucmth and roflectn like a luirrer tbc^ images nf Hnrronm!!iif: t » llir-* i|*j^Mr 

anc^e will not ho aflocted by even a Hlight motion (d‘ the air, and a \el««'it <♦! !i< iImo Ii ilf 
a mile an hour (B| in. per Her.) doen imt Hcmnihly ilmturh the ntiiuollnit*.^’^ i»f tie* it ll« * ! iir^ 
Hurfaei', A gentle zepliyr flitting along the Kurfuee from point to {lonil, um) I»o *<h 
to deatroy the perfeidaon of the mirror fora moment, and on departure t he otirfo e n o, uii 4 
pel wIkmI aH before ; if ilie air have a vebanty of ahont a mile an hour, the airf.e ** fie 
water heeomoH lean capable of diBiinet ndlexmn, and on oleanaim* it in t4U li a i Miiiiii ‘mi, 
into he noiieed that the diminution of tliin refleH*tnig power in owiiif^ to tie* pro ^en« e m| 
thoBO minute eorrugatmuH of the Huperfieuil film whieh form wa\ea of fhe i , 
[<*apiUary wavoM],... Thin fir«t niage of dinturbanee has thin iUHtmgnedune uiit I him , 
that the phemnueiia on the Hurfaee eeane ahuoMt Himultaneoualy with the mtiuiiM e esii “f 
the diKturhlng eauHO HO that a Hpoi whieh ih hheltered from the dtreel artimi of tie* mmd 
remaiiw wnootlp the wavea of the third order being incapable of travelling .g*oiif uieoo 4^^ 
to any eonHulerable dintanee, exei'pt when under the eoutinued aetion of tie* otioiind dn 
turbiug force. Thin condition ih the indication of prcHeni force, not of the! wlnob i . |m t, 
While it remaiiiH it givcH iliat deep blaekucHH tt) tlu* water which tln^ nailor i < lo « c f oinoif 
to rc'gard an the indesi: of the prcHenee of wind, and ttfien im the forerunner of more 

‘‘TliOHceond (’ondition of wave motion in to he ohserved wlaui the \elorifjv i*f tla* \uiel 
acting on the nmooth watcu^han incri'aned to two imlcH an hour. Small w.iv* ,* ficii ho*pii 
to Hhc uniformly over the whole mirface t>f the water; ibc^si* are waves id the mh furi ord*u; 
and cover the water with ccmHulerable regularity. C'apillary wmea dmappiar from iht* 
rkigcH of ihase wavcH, but are to be found Hhelt-twed in the liollows between fheiii, and oti 
the anterior alopcH of thoHC waven. The regularity of the diHirihuthm of the. t* oialai v 
wavcH over the Hurface in remarkable; tlu^y begin wdth about an inch of amphtnde, iiid a 
cou])le of inchcH long , tlioy enlarge im the velocity or duration of t,he wave men* i e . bv 
and by the eoterminal waven unite; the riilgen increaHc%and if the wind inenwie the w.m i 
become cunped, and are regular wav<»H of the mrand tmler [gravity wa,viM p, *rieg\ eoiit miie 
enlarging their dimeimimm, and the depth to which tiu‘y produce the leptatmii im ir i huh 
HimultaiictouHly with their maguitud(‘, the Hurfac’C het*onu‘H e^^tennively inaerinl with wave^ 
tif nearly uuifonu magnitude/’ 

It will 1)0 Hooti tihat <nir thooroticnl inv(‘HiigaiionH give eomdileiable 
iiiHight into the iuoipiont ntagoH of wavt‘-formaiion. 

334 . Tim tialniing tdlbci of oil on waiter wavc*s apjmarH t-*! be iliie to lln* 
wmatiom of tonnion cauKod by the (‘xUaihionh and tmnlrmdioii< nf fin* 
ooniaminatod Hurtaoot. Tim surface-ttuision of pure wahT in Ii-hh than thv 
Huiu of the tonnionH of the Hurfaetvs of wvparation of oil and air. nml oil jiin! 
water, ivHiHUiiividy, so that a drop of oil tdirown on watm* is gradmill) diawit 
out into a tbiu film. Wlmu the film is HuIHcicmily t!fm, say not nmre iliait 
two niilliontliH of a millimetn* in thi(*kneHH, it is found that tin* bui.doti is nu 
longer constant but m increasc^d when the thicknf*ss is redueml by s! retidiiiig. 
and (jonvernidy. It is evident at onc(‘ from tlu‘ iiguro on p. :I 47 thaf in 

Scott KuBHoirH wave of the ylr# ordtr ig thim Holitar)' wave’ diHCUhsed mar Ati. 

t JieynoldH, “On the bffeot of Oil m doHtroying Wavew on the Hurfiw*i) of Wiitei/' II# <1. ,1m, 
iieiK, ISHO [,SV. i’epcr#, t. i. p. 409J j Aitken, “ On tho Kfect of Oil on a Stormy Sea/’ Prm% 

S(H\ Edln,, i. 3CU. p I5(» (1HB3)* 
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SS5j Effeet of Oil on Wdter Wmm 

(m«*ill«nl‘»ry wnwH th«‘ t<‘U(U‘iH7 is for auy portion of the surface to bo 
ultoriiatoly onutriictiHl mid oxitoidod, aiHsirilmg as it is above or below the 
iiiraii lovol. llu* f»uiLHt‘qumii Muiatious in tension produce an alteinating 
tungoiitiul lirag on tin* watt‘r, with a (‘onsispumt increase in the rate of 

diHHipiition <d* oin*rg\'. 


Up* pifH If fitriuulap ns to vtihuiit this (*\plaiintion, to a cox’tiiiu extent, to tho 

fi* '! of i alt lllit mil 

It ii lM*fort‘hand tliat tlio of the (pi.iHin^lasiunty of tlio oil-iiliu will 1)6 

oi'iHtor tlm nlinrlor tlio wave loni^h ; mid that if tlu* w {wodengih bo suilicioiitly Hinall tlio 
4 irfV‘o\%ill bo praotitMlIy int*\tonHibl<\ ainl tin* hori/.ontal v(do<‘ity at tlio surface will bo 
aiiintllod. Wi» will n ihiuiio thi» <*oudiip»n to bo fuUillotb 

Thv iiifonnil luotnai of tip* water will be giviai by tho toniiulao (8) of Art 332, but tlio 
ilt'feMiiiiiat PUi Mf tip* coiiNfant 4 im liitlbiHSit. 'Pho I’oiidition t,o bt* satistuHl by tlio normal 

*«tro« in llio *'*4Hi»* 14*4 m tho Art tstipl, and ;mp.» 


ip’ I iorb .1 titr^ I ^Ivfcnm) fb-sO, . . (1) 

(^) 


r lofoiniP! ti*m to tho total fonsion of iho oil fdm. In place of tho coiubtion of vanishing 
t 4 ti'*outial wo lia\o tin* condition 




p n for 

// <1, 

(3) 



//{%| I //d 

' u 

(4) 

Klnuin ittip* tlm mti»» A 

: (\ wc tmd 






Hi (iV l ir) 

kit^ u, 

(0 

oix on ebiiiiimt ing m by 

jiiemiH of the ispiation 





<X’** 

i" 

V 

(«) 


C‘ 

1 f («“ 1 ir' 

V k\r' 0 

(V) 


o«piafiiin baa ini oKtrancous root a n, and other roots are mfubuisHdilo as giving, 
when /aibdilHtod in r>b nogativi* valu(‘’i to the real pari of nu H vk^/tr is small, the 
roliwmti roof 4 ate, to a first npproxinmtimn » +br, an<l to a second 


a 


fhO 

" 2 v/2 ’ 


.•(B) 


whore the oorroction 
dotnty i 4 tlioreforo 


t.i till- '..iii«i'ir ir <||' 111 !' iHi'illatimin Ih uoKli'ctol Tho uuhIuIuh of 


t 



(!)) 


Till, nttiu ..r Ifiin t... tho iii..ihiluii ..ht.iiii<‘il m thi' hyimthoHiH of Hurfaco-toimion 

I VIA I is v^hicli m hy h.\inithcwiH wimll*. 

336 . Priiblom.H of {iriiiKliu iihiUuu in thrcci (limtmHioiiH, having special 
rt‘lat.i«m to upherifol Hiirfiifi'H, may be treak'd in a general manner, as follows. 


Thi« inwHllKHtUm Ik alilin-viiUod fmin that Kiwa i« tho iiroooamg odition. 
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It IS convemeut to give, first, the general solution of the system of 
equations ^ (V= + /,^) i,' = 0, (V"- + ii.' = 0, (1) 

9m' dv' , dw' 


dx 91/ 9^ 


= 0 , 


( 2 ) 


in terms of spherical harmonics This is an extension of the problem 
eonsidered in Art 323 We will_ consider only, in the first instance, case, 
where u\ v\ U)' are finite at the origin 

The solrtions fall na-teally mto two distmct claseee. If f denote the 
radius vector, the typical solution of the First Class is 


0 0 


....(3) 


where is a solid harmonic of positive degree n, i® 

Art. 287 (7) It is easdy verified, on reference to Arts -86, - , 
above expressions do in fact satisfy (1) and (2) 

It IS to be noticed that this solution makes 

xu' + yv' + zw' = 0 

The typical solution of the Second Class is 


...(4) 


It,' = (n + 1) yp-n-i 


9a? 

■,d4>n 


0irr“+i’ 

v' ={n + 1) ^an+i 

„'-(» + 1) (fc) ’A - ® 


( 5 ) 


n The coefficients of 


where <f.„ is a solid harmonic of positive degree .. 

(7ir) and t„+x(/ir) in these expressions are solid harmonics of legrocs 
n-1 and M + 1 respectively, so that the equations (1) are satisfied, io 
verify that (2) is also satisfied we need the formulae of reduction 


i|r„'a) = -?tn+i(0. 

(?) + (2n + 1) fn (?) = fn-i (0> 
which are repeated firom Art. 287 

The formulae (5) make 

xu' + yv' + W = n (n + 1) (2ii + 1) (^^r) 

the reduction being efifected by means of (6) and (7) 


...( 6 ) 

.. .(7) 


( 8 ) 



335] Periodic Motion with a Spherical Boundary 

If we write 

~ dy dz’ 
we find, in the solutions of the First Class, 

A ' 


57S 


diif dw' 

2^ 


~dx dy’ 


..(9) 


^77, -j- i 


2 ,,' = -, 

2^' = ' 


(n + 1) irn-i (hr) ^ 




..( 10 ) 


(n + 1) ^ - «t»+x 


X" 1 
9.sr-’‘+M 


( 11 ) 


2^ + 1 

1 

2n + 1 . 

These make 2 (xt + yv + <) = - »^ (« + 1) (hr) Xn- 
In the solutions of the Second Class, we have 

2 |' = - (2n + 1) h^tn (hr) (y^-^^) ^ 

27 }' = - (2u + 1) (/(»") * 3i) 

2^' = - (2w + 1) (/w) \^^~y ^.) 

and therefore + Z/’?' + < = ^ 

In the derivation of these results use has been made of (6), and of the 

formulae 


( 12 ) 


(13) 



/ 


_ „2n+i A 

XXn'- 

“■ 271 4- i ' 


dx 


^‘2 

/9X» 

n 211+1 _2C-’ - 

2/X« 

2n 4* 1 

\dy 

dyr^^+\ 



(9%« 

,..n+li XiL' 


2?i + 1 


“ ’ dz 


(14) 


which are easily seen to hold, whatevei the foim of %» 

To shew that the aggregate of the solutions of *7?®® (^^ 
with all integial values of u, and all possible foims of the harmonics x„, 
constitutes the complete solution of the proposed system of equations (1) and 
(2), we remark in the first place that the equations in question imp y 

+ /t=“) (xu + yv + zw') = 0, . . (15) 

and (V^ + /i^) (a;r + 2/V + = 0 •• • (^^^ 

It IS evident from Aits 286, 287, that the complete solution of 

to the condition of finiteness at the origin, is contained in the ^ 

and (11). above, if these be generalized by prefixing the 

with respect to m Now when xu' + yv +fw and x^ +yn + ? f +^. 1 ^ 
throughout any space, the values of u, v', w' are rendered by ( ) comp e y 
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determinate. For if there were two sets of values, say u\ p\ //»' niul ii'\ r 
both satisfying the prescribed conditions, then, writing 

= n' — h!\ Vi •= — ?/', Wx -- - ///', 


we should have 


anh + yi\ + zwx ^ 0 , 


dUx . ?/’i , dlOx 
dx +?)// + f)r ^ 


^0. 


1 17 I 


If Ml, Vi, Wi bo regarded a.s the oompemouL voldcil.ic.s ttf a liipiid, tin- lii-'l nt 
these shews that the hues of flow ai'o closod curves lying on a syslein <•}' ertii 
centric spherical surfaces Honco the ‘oirculatiou’ (Art. :U ) in un% .stadi I me 
has a finite value On the other lian(],thc! hocoiuI (•([uaiion hhew.s. by Ari. .‘I™, 
that the circulation in any circuit drawn on one of tlio above .splimeal Miirf.ieoH 
is zero. These conclusions arc iiToconciloahlo uu1o.sh r,, an- all / rv <>. 

Hence, in the present problem, wlnuu'vor the f'uiK’tion.s (ji,, and h.ive 
been dotcriniiicd by (8) and (11), the vahu's of r\ v' follow uiiiiiueh a- in 
(3) and (o). 


When the region contcinplatcid is bounded iiifernalli/ In a spln-neal 
surface, the condition of finitene.s.s when •/■•=() is no longer itn'po.Mai, ami \ve 
have an additional system of solutions m which the fumdions t//,, (JT are 
replaced by ''K,i(t), m accordance with Art 2H7* 


336. The cc|uations of small motion of an iiuiompri'ssihle fluid are, in 
the absence of extraneous forces, 


0M 

dt'' 


1 dp 
pdx 


+ vV^-ii, 


dv 

dt'' 


1 dp 
P(>!/ 


+ i'V“r, 


dm __ 1 dp 


di 


pvz 


rV>, ...(h 


with 


dir. dy 




Advantage is liere taken of an improvomont mtrotlucod ky fjovts “The* FriTt iputi t\nrv4 
Vibrations of an Elastic Spliorioal Hholl contahuug a given Ma*iH of hitiuui/* /bee. 

Hoc , t xix. p 170 (1888) 

The tecfjomg mvGBtigation is taken, with shgla chaiiKes „C notatum, r..,m (i.e 

Osoillatioiis o£ a Visoouh Bphoioid,” /'roc. Laml. iUtth. S,h., t. xi.i. /,I , IhmIc 
O n the Vibrations of an Mlastio Splioro,” /'roc. I.ond MM .S'oe., t. xiu. Is-MIsso,. .-o,; 

-S'".'.', ;. .vi. 

p. 7 (1884) The method has mneo boon applied by the anthor, and by oth(*r Avtitrr^ pt ^ i.mit 

variety of physical problems It has until rooenU,y boon overlooked that Kuhstiuitnillv thi' omte 
analysis had boon given by Clebsch m the paper -Uobor dio Itofleidou an einor Kug. UlliH,- ‘‘ t„ 
which reference has already been made on pp 102, 4H7, of this ishtion. The fact that t'lehwh 
axled (eonfossodly) m the piimary objoot of liis mvostigation, which vvas to treat a proldwii ol 
hysioal Optics indopeiidontly of tho assumptions of tlio ‘ gcoinetrical ’ thooiy liL ncrhai.. 
contributed to tho unjust negloet into which his paper has falhm. The analytical ditliculli!-, 
which he found insuperable, when tho wave-length is small compared with tlio cireutnfcim.o,. , f 
■the sphere, are identical with those alluded to on p. 49C ante. ^ mmic of 
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It' Wf as'Uiii'* lliid i\ n' all \:in as (he (I) may ba wntitca 


(V' ! h ) 


I t /f . tip 

, fV* I //')r ^ , 

/ifj' fUjf 


\ h") IV - ^ 

pvz 


a 

V ' 


Hlirn* h‘ 

Fmhii it) .IIhI I.*»I U«* <lrdl|fM* 

r p ih 

H< a jfaiti»a{|ar Milittinii uf t.l) and ril 

lip \ t p 


It p ^ * 

and tin* j^^*in*ral MiltitiHU 'h 

lip , 

H , v\ 

li ‘p i\r 


h p rp ’ 

! vp , 

r ' ) V 

h p f*// 


(V 


I Vp ^ 
h'p(‘ ^ 


( 4 ) 

.(“0 


w 


h 'p < 




ii\ /, iv iUi‘ d»‘t«*nidii«**| hy Ihn rnudit iuitn uf ihf‘ |»nM*t‘ding Art. 

Ilinirt' tin* Milittiinn ill .'-jtht»nrut hanu<ndn.\ .suhjt'tdi f.lu^ natiditiaii of 
af, tlii‘ fall inti^ two rlasM**4, 

In tho Firnt i laH.n sw louo 
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1 i‘p„ 
h ft I'lf 

1 <a 

! Il'^, 

.an'*” 

('ff 

in’i,, 
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iV 

I r p., 
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i'(miittmcut. 
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iln^ point 
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The component tractions on the surface of a sphere of radius r are given 
as in Art 325 by 


= - ajp + /4 ^ - Ij M + ; 11 . ^ (a)U + 2 /r + zvS), 


r])ry 


/ 0 \ 0 

= —yp + P‘{r^ — ljv + + yr + zw), 

( 0 \ 0 

-T-] 

In the solutions of the First Glass we find without difficulty 


( 12 ) 


rprx-' 




rPry=-yP + JPnU 




dyJ 


djs 

dec dz ) ^ I 


(13) 


rprz = - ■ 


+ r.h^r-3/l'h) 


where 


(14) 


dy dx) 

Pn^y {hr^}r,i (hr) + (^^ - 1) \]r„ (hr)}. 

To obtain the corresponding formulae for the solutions of the Second 
Class, we remark first that the terms in pn gi^e 


3 


The remaining terms involve 

d_ 

dr 


r>Pn ndpn^f 2(n-l ) 
dx h? dx 






d _p_n 


2n+ ij dx '2n + ldx 

(15) 


r - 1 V' = (11 + 1) {ArfV-x (hr) 4- (ir - 2) (hr)} ^ 

3 (f>„ 


- n {/wf '„+i (hr) + (hr)} ^ , . (16) 


and 

3 

dx 


(xii' + yr' + 2 w') = n (n + 1) (2n + 1) i//-re (hr) 

» 

= n (n + 1) (hr) ^ (hr) 7iV™+“ ^ 


(17) 


Various reductions ha-ve here been effected by means of Ait 335 (6) (7) (14) 
Hence, and by symmetry, we obtain 


J . P ^2w-fi 1. . (j ^ 1 7) n.2r!,4-i ^ \ 


dx dx 


dx ’ 


r^') = A ^ + B _ j. (j ^ n ^ 

7 Pry A.^ 0 ^ +-i^nr g^/ ’ 

8 4n 
dz ' 


( 18 ) 


rq'i — ^ ^ 4- 4- (7 j- 7) 


0,2: 




337 The general formulae being once established, the application to 
special problems is easy 

We may first investigate the decay of the motion of a viscous fluid contained in a 
spherical vessel which is at rest 

The boundary conditions are that 

^^=0, y=0, . . (1) 

for the ladius of the vessel In the modes of the First Class, represented by 
Art 336 (8), these conditions are satisfied by 

. ( 2 ) 

The roots of this are all real, and the corresponding values of the modulus of decay (t) arc 
given by 

r=-~=:™ , .... . (3) 

a V 

The modes n=^l are of a rotatory charactci , the equation (2) then takes the form 

tun /6a= ha, .. » (d) 

the lowest root of which is Aa=4 493 Hence 

r= 0495 

V 

In the case of water, we have v— 018 o s , and 

r— 2 seconds, 

if a be expressed in centimetres 

The modes of the Second Glass aic given by Art 33() (10) The surface conditions ina} 
be expressed by saying that the following three functions of w, y, viz 

^=/i 0“) ^'‘ 0 ^ P [ O) 

must severally vanish when 7 —a Now these functions, as they stand, arc sums of 
solid harmonics, and so satisfy the equations 

v2u=0, v^v=0, v^w=0, . . (6) 

L 37 
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and aince they are finite tliroughout the sphere, and vanish at the boundary, they must 
everywhere vanish, by Art 40 Hence, forming the ec[uation 



0u , 9v 9w . 

01? 9.S ‘ 

(7) 

we find 

'v|.„^.l(/^a) = 0 

■ • (8) 

Again, since 

^■u+yv+■2■w = 0, ... 

- (9) 

for ? = a, we find 

Pu + 0^ + 1) +• 1 ) =0, 

- ■ (10) 


where use has been made of Art 335 (6) (7) This determines the ratio <56,, 


111 the case ?^=l, the eq^nation (8) becomes 

tan/ia=g^'^“^2> • - • • (H) 

the lowest root of which is A<^=5 764, leading to 

t=0301 - 

V 

Tor the method of combining the various solutions so as to represent the decay of any 
mbitraiy initial motion we must icfer to a papei cited on p 574 


2^^ We take nei.t the case of a hollow spherical shell containing liquid, and oscillating 
by the torsion of a suspending wire* 

The forced oscillations of the liquid will evidently be of the First Class, with = l If 

the axis of z coincide with the vertical diameter of the shell, we find, putting 
Art. 336 (8), 

V— —Cyfri{h/)v, iv—O . . . (12) 

If 0) denote the angular velocity of the shell, the surface-condition gives 

(13) 


It appears that at any instant the particles situate on a spherical surface of radius r 
<c(!)i!icentric with the bouiidai y are rotating together with an angular velocity 


If we .assume that 


(Ai’O 


^((r^4-e) 


(14) 

(15) 


and put 




•- (IC) 


where, as in Art. 328, 



..(lY) 


tile expression (14) foi the angular velocity may he separated into its real and imaginary 
parts with the help of the formula 


^0= 


smf 


cosC 


■ ( 18 ) 


This was first heated, m a diffaent manner, by Helmholtz, I c ante p 536 
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If the Viscosity he so small that is considerable, then, keeping only the most 
important term, we have, for xioints near the surface, 

-3^-, 

<ind theicforc, for the angular velocity (14), 

p-Hn-r) n!)+ej 

the real part of which is 

[ert — ^ {y - a) + e] 

As in the case of laminar motion (Art 328), this leprescnts a system of waves travelling 
inwards from the suifaco with lapidly diminishing amplitude 

When, on the other hand, the viscosity is very great, (Ba is small, and the formula (14) 
reduces to 

CO cos (o-^+e), .... . . (22) 

neaily, when the imagimtry pait is rejected. This shews that the fluid now moves almost 
bodily with the sphcie 

The stress-components at the surface of the sphere arc given by Art 336 (LB) In the 
present case the formulae reduce to 

Pu=-'‘,I>+I^Ckf,'{/iu.)^, p,„=- -'tp-ij.OA-f,'{Aii)si, 'P,z=-Ip .( 23 ) 

'( ({> (0 

If denote <in element of the siufaco, these give a cou[)le 

jV==: - Cfx/i\l/i' (/ui) co, (24) 

Yi 

by (13) and Ait 335 (C) 

In the case of small viscosity, whore /3a is largo, we hnd, on reference to Art 287 (8), 
putting /ia=(l -z)f3a, that 

= • (25) 

approximately, wlicrc f == ( 1 —i)[3(i This leads to 

jV— ‘-^^ 7rfjLa'\l + 1 ) (Baoo. . . . ,(26) 

If we take account of the time-factor in (15), this is equivalent to 

^V'= - *) ffpft"' (fia) " * - )S rrfit(? (^ci) <0 (27) 

The firbt term has the effect of a alight addition to the iiiortui of the sphere , the second 
gives a frictional force varying as the velocity 


(19) 

( 20 ) 

(2n 


338 The general formulae of Arts 33.>, 330 may he furthei applied to 
discuss the effect of viscosity on the oscillations of a mass of liquid about 
the spherical form The principal result of the investigation can, however, 
be obtained more simply by the method of Art. 331. 


37—2 
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It was skewa in Art 259 that wken viscosity is neglected, tko velocity-potential in 
any fundamental mode is of the form 

<;()=A ^5'„.C0s(<rl!4-e), ■ - - ■ ■ 0) 

where is a surface harmouio This gives for twice the kinetic energy included within a. 
spheie of radius r the expression 

=f>na •• •• 

if Scr denote an elementary solid angle, and therefore for the total kinetic energy 

A^cos^ (o-^-l-e) ... - (3) 

The potential energy must therefore he 

V—^pna^lSn^d'jix sin^ (o-zf + c), (4) 

and the total energy is 

T-\-V==hpnajjSn^d'nr . (© 

Again, the dissipation in a sphere of radius r, calculated on the assumption that the 
motion is irrotational, is, by Art 317 (12), 




• (6) 

Now 

II 

(7) 


each side, when multiplied by pbr being double the kinetic energy of the fluid contained 
between two spheres of radii i and i Hence, from (2), 


{ jq‘d^= ©‘“‘7 

Substituting 111 (6), and putting r=a, wc have, for the total dissipation, 

2F—2n{n-l)(2n+l)~jjfSn^d'uor A^cOkS^ (o-^-l-c), (8)/ 

the mean value of which, per unit time, is 

2F==7i(n—l)(2n-i-l)^jj>S^i,^dzu‘ A'*^ .. • (9) 

If the effect of viscosity be represented by a gradual variation of the cooflicicnt ^1, we 
must have 

^(r+y) = _2F, . . . (10) 

whence, substituting fiom (5) and (9), 

^ = -(«-l)(2« + l)^,d (11) 

This shews that A oc wheie 

T= - - (12')^ 

The most remarkable feature of this result is the excessively minute extent to winch 
the ObCillations of a globe of moderate dimensions aie affected by such a degree of viscosity 


JProc Loud Math Soe , t xiii pp. 61, 65 (1881) 
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as IS oidinarily met with iti nature For a globe of the size of the eaith, and of the same 
kinematic viscosity as water, we have, on the c g s system, a = 6 37x 10^, v~ 0178, and 
the value of r for the giavitational oscillation of longest pciiod (7i=2) is therefore 

r — 1 44x 10^^ years 

Even with the value found by Darwin* for the viscosity of pitch near the freezing tempera- 
ture, VIZ /X = 1 3 X 108 X we find, taking g = 980, the value 

r = ] 80 hours 


for the modulus of decay of the slowest oscillation of a globe of the size of the earth, 
having the density of water and the viscosity of pitch Since this is still large compared 
with the peiiod of 1 h 34 m found in Ait 259, it appeals that such a globe would oscillate 
almost like a perfect fluid 

The above investigation docs not involve any special assumption as to the nature of 
the forces which produce the tendency to the spherical form The result applies, there- 
fore, equally well to the vibrations of a liquid globule under the surface-tension of the 
bounding film The modulus of decay of the slowest oscillation of a globule of water is, in 
seconds, r=ll 2^^, where the unit of a is the centimetre 


The same method, applied to the case of a siiherical bubble, gives 

^ . . (13) 

(h-1-2)(2?z-1-1) V ’ 

where v is the viscosity of the surrounding liquid If this bo water wo have, for 

T = 2 8al 


The formula (12) includes of course the case of waves on a plane surface 
very great we find, putting X^^Tva/n, 

X^ 


When n is 


.(14) 


in agreement with Art 331 

The above results all postulate that 27 rr is a considerable multiple of the period The 
opposite extreme, where the viscosity is so great that the motion is aperiodic, can be 
investigated by the method of Arts 323, 324, the effects of inertia being disregaided In 
the case of a highly viscous globe returning to the siihciical form under the influence of 
gravitation, it appears that 

n ga^ 


a result first given by Darwin (I c) Cf Art 332 (24) 


339 Problems of periodic motion of a liquid in the space between two 
concentric spheres require for their treatment additional solutions of the 
equations of Art 336, in which p is of the form and the functions 

ylr^ihr) which occur in the complementary functions w' are to be 

replaced by 

The question is simplified, when the radius of the second sphere is 

On the Bodily Tides of Yiscous and Semi-Elastic Spheroids, P/uZ Transit clxx p 1 

(1878) 
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infinite, by the condition that the fluid is at rest at infinity. It was shewn 
m Art. 281 that the functions aie both included in the form 


f d YAe'-i+Be-’i 

[m) — r~ ® 

In the present applications, we have ^-hr, where k is defined by 
Art 336 (4), and we will suppose, for definiteness, that that value of A 
IS adopted which makes the real part of ih positive The condition of zero 
motion at infinity then requires that = 0, and we have to deal only with 
the function 


/u(D= - 


d 


( 2 ) 


introduced m Art. 287. It was there pointed out that the formulae of 
reduction for 4(f) are exactly the same as for and 'T',, (f), and the 

general solution of the equations of small periodic motion of a viscous liquid, 
for the space external to a sphere, is therefore given at once by Art 336 (8), 
(10), with written for and /„(Ar) for ^jraQir) 


1“ The rotatory oscillations of a sphere surrounded by an infinite mass of liquid are 
included in the solutions of the First Class, with n—l As in Art 337, 2» we nut y, =(72. 
aad find 

^ 0 =^ 0 , .( 3 ) 

witli the condition 6yi(Aa)=~aD, .(4) 

CL being the radius, and cd the angular velocity of the sphere, which we siip2)0&G given by 
the formula 


. . (5) 

Putting /i=(l -t) where ^=((r/2i/)^, we find that the particles on a concentric sphere 
of radius r are rotating together with the angular velocity 

fi^ha) l^iha ’ 

where the values of/i {hr)Ji {ha) have been substituted from Art 287 (15). The real part 
of (6) IS ^ / 1 


.( 6 ) 


^”^(*'"“^[{1+3 (a-|-!-)+2/32flt}'} cos {(r(-/3(r- a)-|-ej 

-i3(r-a)sin +.e)], 


1 -l-2;8ce.4- 2/32a2 I'i 

coiT6S]ponding to an angulai velocity 

&)=aCOS ((T^+c) ... 

of the sphere 

The couple on the sphere is found in the same way as in Art 337 to be 

ji{ha) ^ Utiha, 

Putting /ifl!= (1 ~ %) ySa, and separating the real and imaginary parts we find 
iV= _ 8 jr.ifY’in A6da+63^«^H -23^a8) +2^8^o^i (1 +^a) 

I42^a + 2^^a2 -- 


(7) 

( 8 ) 

(i)) 

( 10 ) 
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Effect of Viscosity on the Pendulum 


This is^oqmvalent to 


l + da> 

JSf=.^‘\Trpa dt " 


34 - 6 / 3^6 + 6 / 3 %^ + 2 / 3 %' ^ 
l + 2/3a+2^^a‘'^ 


The interpretation is similar to that of Art 337 (27)* 

■When the period (Stt/o-) is infinitely long, this reduces to 

jS^=z —ST rpa^co, 

in agreement with Art 322 (1 1). 


58 a 


.(n> 


( 12 ) 


2" In the case of a ball pendulum oscillating in an mtiuitc mass of fluid, which wo 
treat as incompressible, wo take the origin at the mean position of the centre, and the axis 
of X in the direction of the oscillation 


The conditions to be satisfied at the surface arc then 

«=ir, 11 = 0 , w=o, . ( 13 ) 

for i=« (the radius), where U denotes the velocity of the sphere Tt is evident that wc 
are ooiicerned only with a solution of the Second Class , and the formulae (10) of Ait 330, 
when modified as aforesaid, m<ike 


XU -fy-y jp -n- 1 + ^ ^ + 1 )/»t 

By comparison with (13), it appears that this must involve surface harmonics of the 
oTdiGT only We therefoio put ?i = l, and assume 

p_,=A^:„ <#)i=/J^ . . (i'"') 


Hence 




A 0 

0y 

A 0 X 
dz P 


-Bfiikr) li:¥' 


( 16 ) 


The conditions (13) are therefore satisfied if 

A=p/dci»/2(M-». (17) 

The character of the motion, which is evidently symmetrical about the axis ol x, can ho 
most concisely expressed by means of the stream-function From (14) or (lb) wo line 




2 A ^ 

/Ap / 




01 , substituting from Art. 287 (15), 

+ = ^ + 3 Qr^ + jjP UX. . 

If we put x=r cos 9, this loads, in terms of the strcfiru-function of Art 94, to 

,j,= -ira^sm‘-id|(l-^*--/Jp + /^(»+)J,)«-"‘‘’-“^^ • • 


. (19) 


. ( 20 ) 


Another solution of this pioblem is given by Kirchhoff, Mechaiuh, c xxvi 
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Wilting . ... ... . < (21) 

and therefore A=(l — t) /3, where ^=(c-ftu)\ we find, on rejecting the imaginary pait of (20), 

't'= -4““' Sin2 5 [|(l 4- CO.s((r«+e)+ A (l+^^ sm (iri+e)]-^ 

; jcos {o-t - /3 (r - a) 4 «) + sill {(TZf - /3 (r - a) 4 e}| e~ ^ (22) 


2 / 30 ^ 1 


At a sufficient distance from the sphere, the part of the disturbance which is expressed 
by the terms in the first line of this expression is predominant This part is irrotatioiital, 
and dififeis only in amplitude and phase from the motion produced by a sphere oscillating 
in a frictionless liquid (Arts 92, 96) The terms in the second line are of the type we have 
already met with in the case of laminar motion (Ait 328) 


To calculate the resultant force (Z) on the sphere, we have recourse to Art 336 (18). 
Substituting from (15), and rejecting all but the constant terms in since the surface- 
harmonics of other than zero order will disajipear when integrated over the sphere, wc find 

J , ( 23 ) 

where {ha,), .... . (24) 

hyArt 336 (19) Hence, hy (17), 

- (*■» 

This IS equivalent to 

+ (SC) 

The first term gives the correction to the inertia of the sphere This amounts to the 
fraction 


of the mass of fluid displaced, instead of \ as in the case of a frictionless liquid (Art 92) 
The second term gives a frictional force varying as the velocity* 

When the period 27r/v is made infinitely long, thq formula (26) reduces to 

Jf= — SrrpvaU^ . . . (27) 

in agreement with Art 325 (16), since ^ = (rl2v 


340. A few notes may be appended on the two-dimensional problems 
which are analogous to those of Arts 33T-S39 


* This problem was first solved, in a different manner, hy Stokes, I c ante p 541 Toi other 
methods of treatment see 0 E. Meyer, “ Ueber die pendelnde Bewegung einer Kugel unter dem 
Einiusse der innexen Eeibnng des umgehenden Mediums,” Crelle, t Ixxiii. (1871), Kirchhofi, 
Mechamk, c xxvi. The more general case where the velocity of the sphere is an arbitrary 
function of the time has been discussed by Basset, “On the Motion of a Sphere m a Yiscous 
Liquid,” FJiil Trans., t. clxxix p 43 (1887), Hydrodynamics, c xxii 
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Teims of the second older being neglected, the equations aie 



du 1 «> ^ X7 

dt pda, dt pdy 

• (1) 

With 

du dv ^ 
dx dy 


As in Alt 

332, these arc satisfied by 



96 d^lr d<j> dyfr 

(2) 

and 

11 

(S) 

provided 

= = 

. (4) 


1^* It will bo found that the modes of dooay of an arbitraiy initial motion of a In^uid 
enclosed in a fixed circular cylindci arc giv'cn, in. polar cooidinates, by 



when ^ now stands for the stream-function of Art 59^ The condition of :^ero normal 
motion at the boundary {r^a) is already satisfied, and the tangential velocity 0^/3r will 
also vanish there, provided 

haJ^ 

which IS equivalent, by Art 297 (5), to 

J,,x{La)^0 . . ••(«) 

This determines the admissible values of and thence the values of the moduli of decay 

In the case of symmetry wo have s = 0 The lowest root of Jx {ka)==0 is i;a=3 832, 
which gives 

r= 0681 - 

V 

If we put, for water, v= 014 c G s , wc find r=4 9a‘^ .seconds, provided a be expressed in 
centimetres 

For 5=1, the lowest root is /pa=5T35, whence 

ct^ 

r=0379 , 

V 

or, for water, 

In the case of periodic motion, with a time-factor a , we have, from (4), 

(Vi^+k^)yl/'=0j -0) 

Xirovided h^=--zcrlvi or (say) 

^=(0 • -( 8 ) 

» This result is from the paper “ On the Motion of a Viscous Fluid contained in a Spherical 
Vessel,” cited on p 574. The case s = 0 was discussed by Steam, “On some Cases of the Varymg 
Motion of a Viscous Fluid,” Quait. Jouin. Math , t. xvn p 90 (1880). 
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The Bolution of (7) in polar coordinates involves Bessel’s Functions with the complex 
argument The selection of suitable functions for the various cases, and the 

working out of results in a practical form, involve some points of delicacy* * * § In view of 
the length of the necessary investigations, and of the fact that the problems in question 
are inferior in interest to those which relate to a spherical boundary, we must content our- 
selves with a reference to the original papers by Stokes t 

One remarkable result may, however, be mentioned. When the period of a cylmder 
oscillating in an infinite liquid is made infinitely long, or (what comes to the same thing) 
if we attempt to find the steady motion produced by the translation of such a cylinder 
with constant velocity, we find oui selves unable to satisfy all the conditions The physical 
explanation maybe given in thewoids of Stokes ^‘The pressure of the cylinder on the 
fluid continually tends to increase the quantity of fluid which it carries with it, while the 
fiiction of the fluid at a distance from the cylinder continually tends to dimmish it In 
the case of a sphere, these two causes eventually counteract each other, and the motion 
becomes uniform But in the case of a cylinder, the increase in the quantity of fluid 
carried continually gams on the decrease due to the friction of the surrounding fluid, and 
the quantity carried increases indefinitely as the cylinder moves on ” 


Viscosity m Gases 

341 When variations of density have to be taken into account, the most 
general supposition we can make with regard to the ‘ mean pressure ’ j), 
consistently with our previous assumptions, is, in the case of a perfect ’ gas, 

p = Rpd - / (a + & + c), (1) 

where 6 is the absolute temperature, J? is a constant depending on the 
nature of the gas, and fj! is a second coeflficient of viscosity:|: There does not 
appear to be any experimental evidence as to the precise value to be attributed 
to p ! , but according to the kinetic theory of gases / = 0§, and we shall for 
simplicity adopt this hypothesis If it is desired to retain p! m the formulae, 
the necessary corrections can be easily made 

It was shewn in Art. 317 that the work done in time ht by the tractions 
on the faces of an element hxhjhz, in changing the volume and shape of the 
element, is 

— p (a+h c)Bxhy^z Sit + Sy Sf, -(2) 

where ^ + 2p. (a- -f 6^ + + 2/^ + + 2A^) . (3) 

* The investigations of A.rt. 192 reqime revision when the argument is to)nple 7 The 
formulae (4), (5), (6), are valid, provided the real pait of the argument be positive (as is secured 
by the choice of h in (8) above), but the derivation of the descending and ascending senes (13) 
and (20) presents new points Incidentally, the results obtained by equating separately leal and 
imaginary parts would call foi examination 

i I c ante p 541 

f Of Kirchhoff, Vorlesiingen uhet die Theo) le dei WarniCf Leipzig, 1894, c \i , Stokes, Mat)u 
and Phys Papers, t in p 136. 

§ Maxwell, I c ante p 536 
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Now, by Art. 7 (3), 


a + 5 + c = — 


I Bp 
p Bt 



.(4) 


whi'ro V (li'iiotes tli(' voluiiui of unit inas.s Hence if B bo the intrinsic 
oiH'igy per unit nia.ss, and hQ SxSr/S^ tho heat given out by the element in 
time Sf, we h:ui‘ the (Hiuation of energy; 


Bv 


BE 


p + Bt — pBxBi/B3 Bt + SQ BxByBz. . .(5) 


If tho Hauu‘ cliaiii|,^(‘s of density and teiuperaturc were made with infinite 
slt>vvii(‘ss, thi‘ amount of heat given out, «ay SQ' SwBySzj would be 
deku’uumKl by 

Dv DF 

— p pBxSj/Bz . Bt = pBxBjjBz , Bt + BQ' BxByBz . .(6) 


(bmparing, \V(‘ have 

= SQ' + ... (7) 

Ilmieo when viscosity is in opeiation an additional amount of heat^ 
measured by per unit volume and per unit time, must bo conveyed away 
from tlK‘ idiummt If this additional flow of heat cannot be effected, there 
will be additional (expansion or nsc‘ of temperature The conclusion is that 
tlu‘ viscMKsity of the gas involves thc^ generation of heat at the rate per 
unit vohmus at the expense of other fonus of energy. 


I f we write (3) in the ferm 

+ .... ( 8 ) 

it is seen that # is (wsentially positive, and (moreover) that it cannot vanish unless 

a^hrsi c, and f^g ■= h =• 0, 

i.e. unless the di.stortion of the fluid element consists of an expansion or contraction which 
IS the same in all liirections. The comdusion that there is no dissipation of energy in this 
easi^ rests of course on tho assumption that the value of }x m (1) is J^ero 


342. W<^ may briefly notice^ the effect of viscosity on sound- wuives. For 

c;onsist(Uuy it is micc^ssary to take account at the same time of heat-con- 
(huddon, wh{)S(‘ influenci^ is of tlu^ same ordcT of impoitanco*, but in tlu!? 
first mstaiuu^ Wi‘ follow Stokesf in examining tho effect of visi^osity alone. 

Tn the (*as(‘ of planer waves in a laterally luilimitod medium, wo have, 
if we tak(^ tlu^ axis of x in th(‘ direction of propagation, <uid neglect terms of 
tlH‘ secoud onhn* in the velocity, 


dt podx 


( 1 ) 


* TluBwaB Urst rcmaiked by Kirchhoff, “Ueber don KmfluBS dcr ■Waimeleiiung in einom 
Gasc auf die Schallbcwegung,” i%/r/ Ann , t cxxxiv. p 177 (1H6H) AhK, 1 . 1 p. 640]. 
t I c. ante p 467. 
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by Art 316 (2), (3). 
IS, as in Art 273, 


If s denote the condensation, the equation of continuity 


__du 
dt~~ dx^ 


-( 2 ) 


and the physical equation is, if the transfer of heat be neglected, 


+ 

where c is the velocity of sound in the absence of viscosity, 
and 5, we have 

.2^^ .4 

dt^ ^ dx^ dx^^dt 


.(3) 

Eliminating p 
. ..(4) 


To apply this to the case of forced waves, we may suppose that at the 


plane x=0 

a given vibration 



u — 

. . . (5) 

is kept up 

Assuming as the solution of (4) 





(6) 

we find 

+ ^%vcr) = — <7-, 

0) 

whence 

>»-±7(i-4*^j 

(8) 


If we neglect the square of va/c^, and take the lower sign, this gives 


„ 1/(7- 

m = i , 

c ^ 


( 9 ) 


Substituting m (6), and taking the real part, we get, for the waves propa- 
gated in the direction of (r-positive 


r= ae~^l^ cos cr 



.( 10 ) 


where i = ( 11 ) 

The amplitude of the waves diminishes exponentially as they proceed, the 
diminution being more rapid the greater the value of cr The wave-velocity 
is, to the first order of vcrjc^, unaffected by the friction. 


The linear magnitude I measures the distance in which the amplitude 
falls to Ije of its original value If X denote the wave-length (27rc/<7), 
we have 

" ”27rr 


it IS assumed in the above calculation that this is a small ratio 


. . .( 12 ) 
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hi tliti <‘nht' of air-wavo8 we liavo e=3 32 x 10*^, j/=*132, c o B , whence 
^"■''=ar)OX-ixio-5 /:=9 5CX2 x10\ 

if X he e\pr<\s.s(Ml in einitnnotreH 


To find t!i(‘ decay oi free waves of any prescribed 

wave-length (27r//^), we 

assume 


ii = ; . . . 

1 — i 

and, substituting in (4), wc obtain 


or + \vL^a == — . . 

(14) 

If we negl<‘ct th(‘ sipiare of vk/c, this gives 


a — ‘^vk“ ± ike 

(15) 

Hcmcc, in n^al foim, 


u — ae cos k (oo ± ct), . 

(16) 

wh.-n- 

(10* 


343 Wluui conductivity is to bo allowed for, the dynamical equation 
{ 1 ), tuul tht^ (‘(juation of eontumity (2) are unaffected, but the physical 
ndaiioiiH must be modified 


''rhe amount of heat icHpined to produce small changes m the volume d 
mid (absolutii) tompinuturc d of unit mass of a gas is 

MZv + Nhe, 

wherti N is the spcciflo hcnit at constant volume, and 

l/ = (7-l)S^ (18) 

^0 


Multiplying this by the mass per unit aica of a thin stiatum, and 
(‘(luating to (frOiKii' wheio q is the theirnal conductivity, wo find f 


wlii'ri^ 


dd 

dt 


+ (7-1) 


9i)dv 

c)t 


,d^e 

^ dod^ ’ 



(19) 

.. ( 20 ) 


1 (*. // IS the ‘ tluuinomctiic’ conductivity |. 


l'\>i a calculation, on the haino aHHUinpUona, of the effect ol viscosity m damping the 
vibratioiiH of an contained within hplieucal and cyhnducal cuvelopos lofoionco may be made to 
the paper “ On the Motion ol a Vihcous Fluid coulamed m a aphoncal Vessel,” cited on p 574 
The heat Kcnoratcd by mtcmal faction iB hcio neglected, as being ot the second order 
of small (luantitu‘H The system ot exact equations is given by Kirchlioff, Vorlehungen uher 
die Thaoric dei Wdrmc, e xi 

j Maxwell, Theouj oj Heat, c xvui 
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The relation between p, p, 6 is 

P ^ 



If we put p = />o(l+s), 0 = {!+■>?), 

And neglect terras of the second order in s and i;, the equations 
may be written 

ap .as ,d-v 

= 

and p=^)o(l+« + ’7) 

Substituting this value of p m (1), we have 

dt doG dx dcG^ ' 

where h, — Newtonian velocity of sound (Art. 274^) 

s by (2), we find 

= 7,2 + 4 j, 

dt- dx- dxdt ^ dx^di' ' : 


and 


dr) ^sdn , 0-77 


[chap XI 

■ ( 21 ) 

• (22) 

(19) and (21) 

..(23) 

. - (24) 

■ ■ (25) 

Eliminating 

^ - ■ ( 20 ) 
(27) 


which aie two simultaneous equations to determine u and 7} 
If we now assume that u and tj both vary as 

^at+iliX^ 

we find (a-^ ~ h^nv^ - pocni?) ii + h’^ctMrj = 0, 


(7 — 1) rmv -f (a — vxir) 77 = 0, 
whence a ^ - {c-a 4- {^-v + v) a-} + v (0- -1- = 0, 

where we have wiitten for yh- 


. .(28) 
.. .(29) 


We verify that if i/ = 0, v' = 0, we have (x=±mc. Also that if z^=0, 
V =^00 y ^ye have a=±mh, as we should expect, since the conditions are now 
" isothermal ’ 


Accoiding to Maxwelhs kinetic theory of gases 

V = ip, . . (30) 

but we shall only assume that v' and v are of the same orclei of magnitude 

In the case of simple-haimome motion wo have a = ^^^, where 27r/cr m the 
period. We have seen that for ordinary sound-waves the ratio va-jc- is small 
The equation (29) is a quadratic in m^, whose roots are 
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apjirdxuuutcly A nioru accuiato value of the foimer root is 



'riu* coiunli'te Kulutiiou fur ;c> 0 is luuud to ho, ajiproxmiately, 


sss A i 4 . A ^ , 

7; = ~ ' A I +'"‘ - I 

p ter ' 

pnnidiHl ill,, an* clu)H(*ii so as to have* their real parts negative The arbi- 
Irnr) ooostnuts ^*1,, Aj (aiabh* us to i(*pr(*scut the effect of prescribed peiiodic 
\ariatioas of h n,nd t; at the plain* .r = 0 For ordinary fioquencics the ratio 
Hi r (T is Ini^o, un<l the* ratio yly//li accordingly usually small The second 
toun in thi* valiu* of w is Hum unimportant, even ncai the origin, and m any 
4‘ust* it lH*(*onu‘s insigndica.nt in coinparisomvith the hist ieim for sufficiently 
great, \alnos of .r. Its use is to repiesent the purely local effect of a periodic 
snutee of lu*at at tin* origin. 

If we adopt, the valiu* (J^O) of /, and la.k(‘ — L4I0, wo find fiom 

(.‘14) that tin* valium of I is diininished by eonductivity in the ratio G47 

Tlie inv(‘htigation of this Art* is duo substantially to Kirchhoff^, who 
furtlu‘r (*xanunod the eiiec.t on the propaga.tion of sound-waves in a nanow 
tube*. This probl(*m is important for its bearing on the well-known experi- 
nicmts of Kundk Lord llayl(‘igU has appluul the same piinciples to explain 
the a<*tiou of porous boduss in absorption of sound"]-. 



Tiirbulod Aiotion, 

344 It i(‘nianiH to (‘alt attention to the chief outsianding difficidty of 
mir subject. 

It has already bemn pointtsl out that the neglect of the terms of the 
KiHiond Older (^ndnldx, &e.) seriously limits the application of many of the 
prec(‘ding r(‘Hults to fluids possessed of ordinaiy degices of mobility Unless 
ilu* v<dociti(*s be* very small, the actual motion m such cases, so fai as it 

l.r. ante p 587 The investigation m given in Loid KayknglCs Theory oj Hound, 2n(l ed , 
Arts. 548-350 

t “On Porous Bodies m relation to Sound,” Thil Mag* t. xvi p, 181 (1883) [He Ta!pe)h, 
t. ii. p. 220 , Theory of Hound, Art. 351] 
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admits of being observed, is found to be very different from that represented 
by our formulae. For example, when a solid of 'easy’ shape moves through 
a liquid, an megular, eddying, motion is produced in a layer of the fluid 
next to the solid, and a widening trail of eddies is left behind, whilst the 
motion at a distance laterally is comparatively smooth and uniform 

The mathematical disability above pointed out does not apply to cases, 
of recUhnecuT flow, such as have been discussed in Arts 318, 319, but even 
heie observation shews that the types of motion above investigated, though 
always theoietically possible, become under certain conditions unstable. 
The case of flow through a pipe of circular section has been made the 
subject of a very careful expeiimental study by Eeynolds^, by means of 
filaments of coloured fluid introduced into the stream. So long as the mean 
velocity over the cross-section falls below a certain limit depending on 
the ladius of the pipe and the nature of the fluid, the flow is smooth, and 
in accordance with Poiseuilles laws, but when this limit is exceeded the 
motion becomes wildly irregular, and the tube appears to he filled with 
interlacing and constantly varying streams, crossing and recrossingthe pipef. 
It was infeired by Eeynolds, from considerations of dimensions, that the 
afoiesaid limit must he determined by the ratio of w^ct to v, where a is the 
radius, and v the (kinematic) viscosity. This was verified by experiment, 
the critical ratio being found to be, roughly, 

^=1000 (1)1 

Thus for a pipe one centimetre in radius the critical velocity for water 
(y = 018) would he 18 cm. per sec. 

Simultaneously with the change in the charactex of the motion, when 
the critical ratio is passed, there is a change m the relation between the 
pressure-gradient (dpjdz) and the mean velocity So long as w,^a/v falls 
below the above limit, dpjdz vanes as Wo, as in Poiseuillc’s experiments, but 
when the irregular mode of flow has set in, dpjdz varies more nearly as wi 

The practical formula adopted by writers on Hydraulics, for pipes whose 
diameter exceeds a certain limit, is 

. . ... ( 2 ) 

where J2 is the tangential resistance per unit area, is the mean velocity 
relative to the wetted surface, and / is a numerical constant depending on 
the nature of the surface As a lOugh average value for the case of water 

“An Expeiimental Investigation of the Circumstances -whicli deteimmc whothei the Motion 
of Water shall te Diiect or Sinuous, and of the Law of Resistance m Paiallel Channels,” Phil 
Turns, t. clxxiv p 935 (1883) [Sc Papers, tup 51] 

I Somewhat similar observations were made hy Hagen, Perl Ahh , 1854, p 17 

*1 Tbe dependence on v was tested by varying the temperature The result is confiimed, for a 
wider range of temperature, hy Cokei and Clement, Phil Trans,, A, t cci p. 45 (1902) See also 
Baines and Coher, Proc Roy Soc , t Ixxiv. p 341 (1904) 



Tt(rhn/<>nt Motion 


mvA 


344 ) 


nii»viiig (wr a c‘lfuii inm Murfkfi', wt* may iakt* / ■'OO.')''’. A m(tn> 
i'xprchHicai for /i‘, takiiifj into acfiiunt the influmico of tin* diamctor, was givoti 
by l)nrt*y, as the I'asult of very <-xtcusiv«- obsorvatioiiH on tin* flow <»f wator 
throuj^h ctinduits'*'. 

'i'ho n-sist.uaa*, in tho niso of t.url>ul<‘n1, fl<»w, is fonud to bo soiwibly 
indojM-ndont of thi* loiajH'nituro, an<l thondbro of tin* viHcosity of tho flui<l. 

Tin H iH what wt* hlioiihl iiiitipijmtt* fri^ta (Hiuhiih^ratfions SlinuaiHiou.M/ if it Int 
iiHHiuatHl that li r 

If wc» aiTi^pt till’ fariiiuhi (2) an the oxproHhhai of obm*rvocl faotn, a 
ooiioliiht«»o i»f htiijio iiitt*rohf loaj ut inwv Ut‘ drawn. Taking tln^ axin of z 
in tin* gniirral clirootion of flu* flow, if n» donoto tho, mmn volocity (witli 
rohpool to tin* time) at any point of Hpiu*o, wo havo, at tho Htirfaoc*, 










if <ionot<* tin* jfi-noral volm-ify nf t.lio Htroani, and Bn an olonn’id, of (In* 

noriiial If wi* tiikc* a linoar inagnitndo i ntioh that 

(ho 

I hN ’ 

llion / tiioai^ttroH tin* distauot* hotwonn tw(^ planon unn’ing wdth n rnlati\o 
volooity in Ihn rngnlar ‘laminar’ flow which would give tin* wituo taiigontial 
stnw. Wo luid 

t 

421 ) 

hor oxiunplo.ptitfiiig a .1(H) ((\s,l,y* ‘i -OOfn wo oldniti / *0:i4oiii| 

Tho miiidlno.HH of this ronidt Huggc‘Bt.s t.hat iu tho titrhul<*iit ihm of a fluid 
thrmigh a pipoof uot ttfOMiuall di?i,un*tt‘r tho valtio(d‘ /o in noarly iiniforui ovor 
tho Hootioinfidliug rapiillv to within a veuy niinuto diHianc‘o of tho walKy 

AppHi’d t*» pipi*H Butlioionti width, tin* finaintla (t!) givon 




'i 27 ro/f « rrfpuwt?, 


or 


I dp 

pdz 


* (I 


44 ) 


^ Hw Iliiiiliiiii*, Applm! Mtrkmuu, Att. itHH : Onwin, Hneyr, ihititmtu ‘<Hh ArO 

t iiffhfifhm rrlttfirtv uu mmmnunt de /Vaw dttm tunutir^ Vmi% taril'i, 

Tho hnaiuia hv liiinkiiio iimi I hi win. 

t Iiciril liiiyloigh, “On tho i|yi’»ition of tho tif tho lOow tff IOuiiIm/’ JAffO ihg 

i. xxxtv. |i* hit flHirij psv, L iin |», Wit 

I Of. Hir W. TiwimMoii, Phd, Mit 0 . (fih t. xxiv. jn 2 V ( 1 HH 7 ). 

II TliiM wtw ni fiioi fmnitl oit|»oritiioiHally hy Darny, to, Hoo ako Mnrww, “On tho 
trilaitinii of Volnoity in ii Vinoinw Final ovor fcha ikmiH-Boatioa of a Ihffo, iitid on ilw Aotioii 
at tho OritJottl Voitriiy,’’ ihao. limj, Sm\ A, t. Ixxvi p, *iUA tnW), 

L. :m 
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The form of the relatiou which was found to hold by Eeynolds, in his 
experiments, was 

1 dp 

pdz"^ ’ 

where m = 1 723 

The increased resistance, for velocities above a certain limit, represented 
by the formula (2) or (4), is no doubt due to the action of the eddies in 
continually bringing fresh fluid, moving with a considerable relative velocity, 
close up to tbe boundary, and so increasing the distortion-rate {dw/dn) greatly 
beyond that which would obtain in regular ‘laminar’ motionf. 

The frictional or ‘skm-resistance’ij; experienced by a solid of ‘easy’ shape 
moving through a liquid is to be accounted for on the same principles. 
The circumstances are however more complicated than in the case of a pipe 
The friction appears to vary roughly as the square of the velocity , but it is 
different in different parts of the wetted area, for a reason given by 
W. Froude§, to whom the most exact observations on the subject are due 

Another interesting case of turbulent motion has been investigated 
experimentally by Mallockll 

345 . It must unfortunately he confessed that the theoretical explanation 
of the instability of linear flow under the conditions stated, and of the 
manner in which eddies are maintained against viscosity, is still somewhat 
obscure We can only offer a brief acconnt of the various attempts which 
have been made to elucidate the question 

Lord Uayleigh, in several papersf, has set himself to examine the 
stability of various arrangements of vortices, such as might be produced by 
viscosity The fact that, in the disturbed motion, viscosity is ignored does 
not seriously affect the physical value of the results except perhaps in cases 
where these would imply slipping at a rigid boundary 

Of Hagen, lx An interesting historical account of the whole matter is given by Knibbs, 
Eoy.Soc N.S W, t xxxi p. 314 (1897) 

f Stokes, Math and Phys Papers, t i p 99. 

h So called by writers on naval architecture, to distinguish it from the < wave-iesistance ’ 
leferred to in Aits. 245, 253 

§ “Expeiiments on the Saiface-fiiction experienced by a Plane moving through Water,” JBrit, 
Affs Rep , 1872, p. 118 “The portion of the surface that goes first in the line of motion, m 
experiencing resistance fiom the water, must m turn communicate to the water motion, in the 
direction in which it is itself travelling. Consequently the portion of the watei which succeeds 
the first will be rubbing, not against stationary water, but against water partially moving in its 
own diiection, and cannot therefore experience as much resistance from it.” 

II “Experiments on Pluid Yisoosity,” P/mX Trans A,t clxxxvii p. 41 (1895) 

IT “On the Stability or Instability of certain Pluid Motions,” Proc Lond Math. Soc , t xi 
p 57 (1880); t xix p. 67 (1887), t xxvii p 5 (1895); “On tbe Question of the Stability of the 
Tlowof Fluids,” P/uL Afap {5),t xxxiv p 59 (1892), “ On the Instability of Cylindrical Fluid 
Surfaces,” Phil Mag (5), t xxxiv p 177 (1892) [Sc Papers, t.i p 474; t. in. pp. 575, 594; t iv 
p 203] 
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Afe the method is wimple, and as the lesults have an independent interest, we may 
bucfiy notice the two-dimensional form of the piohlem. 

Lot ns suppose that in a slight disturbance of the steadj laminar motion 

where U is a function of y only, we have 

= 0 . . . . (1) 


The equation of continuity is 


0 ?^' . 01 ?' 


The dynamical equations reduce, by Art. 146, to the condition of constant angular 
velocity DilDt=Oi or 

where W 


wnerc 

Hence, neglecting terms of the .second order in it', v', 

fd „d\/dv' du.'\ <PU , 


V , rr \ I \ ^ r /r\ 



Contemplating now a disturbance winch is periodic in respect to .r, we assume that 
w'j o' vary as Hence, from (2) and (5), 

( 6 ) 

0y ’ 

1 •/ . 7 rrN /‘7 / 

and “g-j • • P) 

Eliminating we find 


which is the fundamental equation. 

If, foi any value of y, dUjdij iw discontmuoas, the equation (8) must be replaced by 


where A denotes the difitercnce of the values of the respective quantities on the two sides 
of the plane of discontinuity. This iw obtained from (8) by integration with respect to y, 
the discontinuity being regarded as the limit of an infinitely rapid variation The 
foimula (9) may also be obtained as the condition of continuity of pressure, or as tlie 
condition that there should be no tangential slipping at the (displaced) boundary. 


At a fixed boundary, wc must have v'—O. 

Suppose that a layer of fluid of uniform vorticity bounded by the planes ±/i, is 
interposed between two masses of fluid moving irrotationally, the velocity being everywhere 
continuous This forms an interesting variation of a iiroblem discussed in Art. 283 

Assuming, then, C7'=ti for y > 7i, U^uyjk for h> y >--h^ and /7= -u. for y < - A, 
we notice that dP‘Uldy’^ = % everywhere, so that (8) reduces to 


d^v 

^2 


7V=0 


( 10 ) 


38— -2 
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The appropriate solutions of this aie 

toxy>h, 1 

v'=Be-^+Ce^, tox h>y >-h , J- 
i>'=i)e*’i', fory<-A J 

The continuity of »' requires 

Ae-“=5e-“+C'e“, ] 

With the help of these relations, the condition (9) gives 

2 (<r+Au) C'e**-2(i?e-»+(7e‘'>) = 0, 

2 {<x-]ai)Be'‘'^-^j {B^+ Ce-’‘’^) =0 
Elumnating the ratio B (7, we obtain 

a2=g,{(2M-l)2-e-«'*) 


( 11 ) 


. (1^) 


(13) 


. (14) 


For smaU values of kh this malres -k‘^v?, as in the case of absolute discontiiuuty 
(Art 233) For large values of kh^ on the other hand, u~ ±^u, indicating stability Henco 
the question as to the stability for disturbances of wave-length X depends on the ratio X/2/i 
The values of the function in { } on the right-hand of (14) have been tabulated by 
Lord Eayleigh It appears that there is mstabihty if X/2A > 5, about , and that the 
instability is a maximum foi X/2A=8 

2» In the papers referred to. Lord Rayleigh has further investigated vai-ious cases of 
flow between parallel walls, with the view of throwing light on the conditions of stability 
of linear motion in a pipe The mam result is that if d^Ujdy'^ does not change sign, 
in other words, if the curve with y as abscissa and U as ordinate is of one ourvatiiio 
throughout, the motion is stable Since, however, the disturbed motion involves slipping 
at the" walls, it remains doubtful how far the conclusions apply to the question at pieseiit 
under consideration, in which the condition of no slipping appears to be fundamental. 

30 The substitution of (10) for (8), when cPUIdi/^0, is equivalent to assuming that 
the rotation f is the same as in the undisturbed motion , since on this hypothesis wo 
have 


which, with (6), leads to the equation m question 

It IS to he observed, however, that when d^Uldy^—Oy the equation (8) may be satisfied, 
for a particular value of y, by cr + For example, we may suppose that at the plane 

y=0 a thin layer of (infinitely small) additional vorticity is introduced We then have, on 
the hypothesis that the fluid is unlimited, 

(16) 

the upper or the lower sign being taken according as y is positive or negative The 
condition (9) is then satisfied by , 

(T 



(17) 

(18) 
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ivliere U, denotes the value of V for y-=0 Since the superposition of^a unifom velocity 
ni the direction of « does not alter the prohlem, we may suppose U^-0, and theretore 
«-=0 The disturbed motion is steady , in other words, the original state of flow is (to the 
first order of small c[iian titles) neutral for a disturbance of this kind 

Lord Kelvin has attacked directly the veiy difficult prohlem of determining 
the stability of laminar motion when viscosity is taken into accountf. He 
concludes that the linear flow of a fluid through a pipe, or of a stream over 
a plane bed, is stable for infinitely small disturbances, but that for disturbances 
of more than a certain amplitude the motion becomes unstable, the limits of 
stability being narrower the smaller the viscosity] 


346 Reynolds, in a remarkable paper§, has attacked the question fiom 
a different point of view Taking the turbulent motion as already existing, 
he seeks to establish a criterion which shall decide whether the turbulent 
chaiacter will inci'ease or dimmish or be stationary 


For this purpose the velocity (», v, w) is resolved into two components Wc may, for 
lU'titance, write 




^odt , 


■ 0 ) 


so that U aie the mean values of v, w' at the point (,v, s/ z), taken over an interval 
0 ? time aiding from to Again we might consider the mo^i values at the 

instant t over a space ,S (o.g a. sphere) sunoundmg tho point (a-, y, a) , thus 

«=i JJJn d%drjdz, j j jvdxdydz, = i | ffu^dTdydz (2) 

Or again, wo might take a double mean, for times ranging over an interval r, and points 
ranging over a space S. The actual velocities are in each case denoted by 

«=5 + «', v=v+v', w=w+i<'', 

where n', ¥, may be called the components of the turbulent motion This implies 

5'=0, ii'=0, w'=0, ... - (^) 

where the bar placed over a symbol denotes the mean value, taken aooordmg to the 
particxilai convention adopted 

For simplicity wc will adopt the definition of mean value which is embodied m tho 

foimiilae (1) 

. 0, S.W ^ 

alimnhlu, ■‘■>4 •' “• •uxriml.a rtid. W i« >« "f*”” ““T 

be made to Love, P»oc Land. Math Soc , t rxui p 199 (189()) 

+ -‘Bectilinear Motion ol Viscous Fluid between two PaiaUel Banes ” ™ 

p 188 (1887), “ Broad Kivei flowing down an Inclined Plane Bed, Phil Mat, (5), t xnv p 27? 

portion of the investigation has been criticised by Loid Bayleigh, I cante p 593 
; -Onlhe Dynamical Theory of Incompressible Viscous Fluids and the Determination of the 
Ciitenon,” Phil. Tram. A , t cKxxvi p. 123 (1894) [Sc Payen, tup ] 
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Reynolds starts from the dynamical equations in the forms 

p - pA + - pnu) ~ puv) -1-^ - pmi;\ . , , . . . (5) 

which are seen to be equivalent to Art 316 (1) in virtue of the equation of continuity 

'bu . 0i7 dw ^ 

• • (®) 

These forms are not essential to the argument, hut are interesting as an application of the 
method employed hy Maxwell* m the kinetic theory of gases They express the rate 
of variation of the momentum contained in a fixed rectangular space bxbyU, as a 
consequence partly of the forces acting on the substance which at the moment occupies 
this space, and partly of the flux of matter across the boundary, carrying its momentum 
with it Thus the fluxes of ai-momentiim across unit areas pierpendicular to 0,r, Oy, Oz, 
are pu %, pv . it, and pm % respectively ; and taking the difference of the fluxes across 
opposite faces of the elementary space USySz, we obtain a gam of «-momentum equal to 

0 0 

u)by-^^(pwmy u)bz 

per unit time 

^ We now take the mean value of each member of the equations (5), using the sub- 
stitoions (3) It IS assumed that we may, without sensible error, take the mean values of 
u, uu', m', uw\ . . to be n, 0 , 0, 0, . , respectively This is not exact, but is permissible 
provided the fluctuations of u, v, w about their mean values are sufficiently numeious 
within the time-interval r. It follows that 

uu=mo-{-it/u'i ziio-=ilw ... (7) 

In this way we obtain 


0 _ — 0 3 

^ dt 05 ; - ?«'«»') -f - pSw - piM), 

whilst the equation of continuity gives 

9S 05 dw 

9® 0?/ 0s ~ 


(S) 

(9) 


These are the equations of mean motion t. It is to he noticed that the dynamical 

equations have the same form as the exact equations (5), provided we introduce additional 
stress-components 


Pxx— pu'zCy Pz^^—pu 

This recalls the explanation of gaseous viscosity hy Maxwell f. 
The equations (8) may he written, in virtue of (9), 


.3,-0 _0 




^ ^ I c. ante p 536 

t Or rather ‘mean-mean-mohon,’ in the phraseology of Piof Reynolds He applies the 

mll““;u ent ‘"t from “lTee2 

tic >«) w caUed by him ‘ lelative-mean-motiou.’ 



;i4(5 1 


lieiinohh' /nimtkfation, 
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If wa nmltiply by 'Uj f\ w ui order, and add, we obbiin 

(t Y “ it *’ I, " aO 

i> (,r«+ }V-+Jir<'’)+« |jy, i7uc-i>ii'i('')+l^ (ft* - p«''’’)+g, (pj*- 

b<4 UH brat hupjHwe iliat ther<^ arcs lu) oxtraneoun f<»rceH -V, T, Z , and lot ub apply (12) 
fti t,li« oiim* of ih n‘giou bonnd(Hl by fhcnl walls at wliitdi ?«, r, io^ and tlioroforo alno w, w, 
III! viininb. If we wntt* 



(14) 


7'o«|() jjj {u‘‘-ho^+id^)<t.vdi/<L, . ., 

we obttun, after Hcnue partial integrationH, 

" / / f 


/’M I ft. CJ + 1 ) (t + 3 +?'!' (?!■ + 


. (15) 

t \f'r/ ' V'y/ \fa/ v// c:./ \n: ar/ va/; u/// ; 

and 

Tht‘ fornmla (14) give's the* rate of variation of the eaiergy of tlio moan motion (w, 'e, w), 
1lie firnt i(u*m on th<» right liand reeproHontH thc^ diHsipation duo to the moan motion 
nionis and w (‘hHontially negative*. The Hoe.ond t<*rm roproHonis the rate at which work m 
bfdng <lum* by the* fieiitiouH Htri'HHOH (lb). 

Now if 7 Mm‘ the true* kinet.ic tsH'rgy, we may write, In virtue of aHSumptioiiH already 
iiiide, 

7^ 7;+7^ (i7) 


T' h^JJ f 


wbfTi* 

Le. 7^' in the' kinetu! eiuugy of the eddying motion. And, an in Art 327, it may be Hhewn 
that on thi' pri'sent nuppomtion of lixinl houndanoH at which there ih no slipping, the toUl 
dimipation in, on the avmagi*, <Hpial to the num of tin* disHipatioiiH due to tho mean- 
motion and tlu‘ eddying motion respectively. Thus 

dT 
dt ’ 

when? 


J J J j j^'d*'dj/dk, (1^))* 

VUI?I'I5 

* It Hhould l»t! noticed that we are imro virtually taking the differential timo-oloment SI to 
he of the order of magnitude of tho interval r employed in tho deflnitioiiH (1). Tho procedure m 
tho text avoids tho use of some very lengthy equations wliieh appear in tho original. 
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Comparing with (14), we have 


dt 


==“11 f f I'^di'dydc. 

J J J J J J 


.( 21 ) 


The sign of the expression on the right-hand determines whether the mean energy T 
of the eddying motion (it', 'v', w') will increase or diminish. The first part, which alone 
in\olves the viscosity is essentially negative, the second part depends on the inertia of 
the fimd, and may he positive or negative according to circumstances 


When there are extraneous forces X, F, Z to be taken into account, and when the 
velocities y, w do not necessarily vanish at the boundary of the region considered, the 
eq^iiation (14) requires to be amended by the addition of terms which represent partly the 
convection of kinetic energy of mean motion into the region, partly the work done by 
the forces X, X, and partly the work done at the boundary by the mean stresses 
fxx) Pzx’, - , and by the fictitious stresses 

The equation (21), on the other hand, requires only the addition of a term representing 
the convection of the energy of turbulent motion across the boundary 

The derivation of the remarkable formulae (19) and (21), and of the modifications just 
referred to, appears to be free from objection, on the conventions adopted But, in apply- 
ing these formulae to actual conditions, the restrictions and assumptions which have been 
introduced as to the character of the turbulent motions must be borne m mind 

One or two consequences of the formula (21) may be noted* In the first place, the 
relative magnitude of the two terms on the right-hand is unaflPected if we reverse the signs 
of 'it , w , or if we multiply them by any constant factor. The stability of a given state 
of mean motion should not therefore depend on the scale of the disturbance. On the other 
hand, certain combinations of w* appear to be more favourable to stability than 
otheis. Thus, in the case of disturbed laminar motion parallel to between two rigid 
planes y= ±6, the formula (16) reduces to 


• . ..( 22 ) 

so that the types of disturbance which, tend to increase are those in which (for y>0) 
combinations of u', with the same sign preponderate This indicates a tendency to 
equalization of the velocity in the different strata Again, the relative importance of the 
second term in (21), which alone can contribute to the increase of P, is greater the greater 
the rates of strain dtijdxj, , in the mean motion This suggests a reason why a gi\en 

type of mean motion does not begin to break down unxil a certain critical velocity is 
reached. 


If we apply the (modified) formulae to the case of flow in a uniform cylindrical pipe, 
the supposition that the pressure gradient ( - dpjdz) is zero, we find 


dt 


and 


whore 


= pX?07ra^-27r j^^(^7'dr + 2ir 
r = - jy dr, 


dt 


4»o=/x 








(23) 
. (24) 
.(25) 


Of lorentz, “Over den -weerstand dien eeu vloeistofstroom la eene cylmdrische tuis 
oudemndt Amst Veul , t vi. p 28 (1897) This papei gives a very clear acoount of the 
whole Hiethod. Some terms are accidentally omitted from the rather complicated system of 
e<iuations, but this does not affect the mam conclusions 
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The region here considered is that contained between two cross-sections (of area iroF) at 
unit distance apart, the axis of z coincides with that of the pipe, and q denotes the 
velocity at right angles to this axis It is assumed of course that ^=0 and , also 

that the mean state of things is in all respects the same at each section The conditions 
of steady motion are obtained by eq[uating the right-hand members of (23) and (24) to zero 

Keynolds discusses in detail the two-dimensional form of the problem, where there is a 
flow parallel to a) between two fixed plane walls y—±h Assuming that u varies as 
as in Art 318, he seeks to determine a minimum value of the flux consistent with the 
condition dT'ldt=0, but for this we must refer to the original paper The result 
obtained is that the critical ratio where Uq is the mean value of n between the limits 
y — ±5, must exceed 258^ 

* A different result is obtained by Sharpe, “On the Stability of the Motion of a Viscous 
Liquid,” r?a7zs Amer Math Soc ^ t vi p. 496 (1905). 



CHAPTER XII, 


EOTATING MASSES OE LIQUID 


347 This subject had its origin in the investigations on the theory of 
the Earth’s Figure which began with Newton and Maclaurin, and were 
continued by the great French school of mathematicians which flourished 
near the end of the eighteenth and the beginning of the nineteenth century. 
It has m recent times undergone great development, at the hands, notably, 
of Thomson and Tait, Pomcaid, and Darwin 

The problem is to ascertain the possible forms of relative equilibrium of 
a homogeneous gravitating mass of liquid, when rotating about a fixed axis 
with constant angulai velocity, and to determine the stability oi instability 
of such forms 

We begin with the case where the external boundary is ellipsoidal We 
write down, in the first place, some formulae relating to the attraction 
of ellipsoids 

If the density p be expressed in ‘ astronomical ’ measure, the gravitation- 
potential, at internal points, of a uniform mass enclosed by the surface 



^2 'iP - 

S + P + 

. . . , 

• (1) 

is O = TTpabc J 

■" {. 1 t. J. € _ I'l 

0 ) 

d\ 

' A’ ' 

.(2)* 

where A 

= [{or -f- A) (h^ + A) (jf d- A)}^ 

. . 

. .. .( 3 ) 

This may be written 




n 

= irp 4- 70 ^"" “ %o), 

. 

■ -W 


where, as m Ait 114, 


a. = ahc 


d\ 

0 


, jSo = ahc J 


LV/V -f 

. W+~>-W 


d\ 

0 (c= + X)A’ 


Xo = aic 


( 5 > 

( 6 > 


Forrefeiences see p 554. The sign of has been changed from the usual reckoning 
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Thi* jKttc'iitia! c'lU'rgy of t.h(' iiuisk in giv(‘U by 

V = J JJJ ilpdxdi/dz, (1) 

.'hiTc tin- intcgrat.ion.s ('xtcwl over tlio volume- SubHiituting from (4) wo 
ud 

V •= IJ, (a„if + /3,,/r + - X"! 

6“ 

“4“ X 6* + X 


[ I i ( + I ^ 4 /*W 

•ill 1 “H X /> + X c •+■ X/ 


I 


dX 

A 


^ I TT ya'd) V! ‘ |i(,Xd = - «_ ir-pWlih? •••(«) 

'liiH f*\pr<‘H.si(ni in iH'i^alivr lu^cauHo th(‘ zero of icH*kotinig corrcBpondn to 
Htato iiithutt* clifTuHioti (d’ tho tnasn. If W(‘ a(l()])t an zero of potential 
aorgv iliat of tho laa^s \vlu‘!i f*ollt‘<‘td‘{l into a Hph(a'<» of radluB It,^(abc)K 
/o laiiht add tht‘ tiaaii 

r>'"/r7i‘' (i)) 

If tin* olhpHind lu* <d‘ rov<duiion, tin* nit<‘jk(ralH roduco If it bo of the 
ilfitieittni ft»nu wo may put, in tho notation of Art. 107, 


ml obtain * 




o;,, /i + 'r-r. 

7 ‘d> 


.(tO) 


.( 11 ) 




■(12) 


u'uvidi‘<i flic zero of V ('iirri-Hjioiid t.o Uic Hjiherioal form. If e be (ihe^ 
eeiuitrieily of the meridiiui, we have 

I 


e". 1 


«■' 0 't- I ’ 


iul the formulae may be written 


o vO-''''*) • I 1-flM 

«„ ' /#„ Hill e - , 

|l -v(l -O') ,, j'. 

( t hin " * 

K« |l -d -en" ^ 

For an ovari/ ellipHoid we put (Art. 103) 

, (f® - I 

« = 6 =» ^ c, 


.(o> 

.(14) 

.(15) 

.(!«) 


Mo«t nimply liy writing | \ - (a' r“) uK 
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and obtain 


-y„=2(?"-l) (?coth-'?-l), ] 

7 = lfiryE' jl-(^-^) rcoth-'?| 


- . (17) 
■ (18) 


The case of an infinitely long elliptic cylinder may 
ia f5), -we find 


2h 


«o-a46’ 




70 


also he noticed Putting c=co 

=0 - • (19) 


The energy per unit length of the cylinder : 


Fi=/,,rVWlog^-^. 


.( 20 ) 


Mackoiinn’s Elhfsoids 

348. If the ellipsoid rotate in relative cquilihnum about the axis ot z, 
with angular velocity co, the component acceleiations of the pai tide (x, y, z) 
are - a)-x, - cdy, 0. so that the dynamical equations reduce to 

isp an 0 = --?^-?^ -•(7) 

Hence ^ i +?/“) “ ^^ + ^o^ist (2) 

9 

The surfaces of equal pressure are therefore given by 

('" - ^)*'+ (* “ i) 

In order that one of those may coincide with the external surface 

(4) 

a? ^ & c~ 

we must have 

; 

In the case of an ellipsoid of icvoliition (« =6), these conditions reduce 
to one, viz. 



Since aV(a‘^H-X) is greater or less than c^l{d^ + X)y according as a is^ greater or 
less than c, it follows from the forms of Wo? Yo given m Art. 34)7 (5) that the 
above condition can be fulfilled by a suitable value of (o for any assigned 
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[(laiu'tnry i-llijwoid, 1)tiL not. for the ovary form. This important result is due 

lo Maelauriii 

If w<‘ Hiibhtiiutii* fnaa Art. 847 (11), the coiulitiou (6) takes the form 



;)r, ill thi^ notation of Art, 107, 



(«) 


It will 1 h* noticHMl tliat tlu^ value of <o corresponding to any prescribed 
rlliptifiiy depemds on tlu* density p, and not on the actual size of tbo ellipsoid. 
It is inisily Htnui that tins is in accordance with the theory of ' dimensions/ 


If M h«» the total inasH, II its angular inoinentum about the axis of 

rotation, we have* 

M ^ \ 7 rpa% // = jjil/a/o, (9) 

wheuc j(:5?»+ I) rcot ■ (O) 

The fonnula (7) has bcHui (liseusHiMl, muku* chihu'ent forms, by Simpson, 
rrMembert, and (more fully) by Laphuu'f, It is easily seen that the right- 
ham! sidt* of (7) vanislu‘s for and ^=co, but is otlunavise finite and 

poHitive: <Hms*‘qm‘nily that it has a gnniU'Ht value for some mtcuinediate 
valut* of Then* is thus, for givmi density p, an upper limit to the angular 
vtdoeities for which an (dlipsoid of revolution is a ■jiossible form of relative 
enuililirium A more dt?tailt*d investigation is reiiuired to shew that there 
is only one maximum, and eonseiimaitly no minimum, value of the function 
on the right-hand of (7) or (H). 


laiplacM* also examimsl, from tin* sauu* point of view, the formula for the 
angular mommitum. It appt^ars that the rightdiand side of (10) incrcasos 
continually from 0 to /: as ^decrmises fiom 00 to 0 Houci* for a given 
volume of given fluid Uwiv is one, and only om*, form of Maclaurin’s 
ellipHoiil having a prescrilHsl angular momentum 

Tlu*st* <pn*Htions may also lx* investigated hy actual (nuuputation of the 
ftm<*iions on tin* right-hand Hid(‘sof (7) and (10). Tin* tablt* on the next page^ 
giving nummical details of a sm’itss of Maclaurii/s (dlipsoids, is adapted from 
Thomson and ''faitj. Tin* unit of angular moimmtum lu the last column 
is whma* ‘ aHtroiiomical ' umtH ari* of course impliisL 


^ /.f. ante p. 211*1. 

t Mfamlqm* iUHeuit*, Oivrc 0. in, t’or other rcfemiccH hco Todhuutor, Hint, oj the 
Tfmtrim af AttmettoH. x., xvi 
I Natuml Phdtmtphif^ Art. 772. 
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The maximum value of co^j^Trp is 2247, corresponding to e= 9299, 
<j./c = 2 7l98. For any smaller value of co^l 27 rp there are two possible 


aJR 


0 

1 

2 

3 

4 

5 

6 

7 

8 

8127 

9 

91 

92 

93 

94 

95 

96 

97 

98 

99 
lOO 


10000 
10016 
10068 
10159 
10295 
10491 
10772 
11188 
1 1856 
1 1973 
13189 
1341 
1367 
1396 
1431 
1474 
1529 
1602 
1713 
1921 


c/R 


lOOOO 

*9967 

•9865 

•9691 

9435 

9086 

8618 

7990 

*7114 

•6976 

5749 

•5560 

•5355 

•5131 

*4883 

4603 

•4280 

•3895 

3409 

2710 

0 




0 

0027 

0107 

0243 

0436 

0690 

•1007 

1387 

•1816 

•1868 

•2203 

2225 

*2241 

2247 

2239 

2213 

*2160 

*2063 

•1890 

1551 

0 


Angular 

momentum 


0 

0255 

0514 

0787 

1085 

1417 

1804 

2283 

2934 

3035 

4000 

4156 

4330 

4525 

4748 

5008 

5319 

5692 

6249 

7121 


•ellipsoids of revolution, the eccentncity being in one case less and 
other greater than 9299 


in the 


In the case of a homogeneous liquid mass of density equal to the 
•earth, we have 


mean density of the 


f ^p^=980, i2=:6*37 X 10«, 


if the units of length and time be the 
that the fastest rotation consistent with 
2h 25 m 


centimetre and the second, whence it is found 
an ellipsoidal form of revolution has a period of 


When ^ IS great, the right-hand side of (7) reduces to ^5^-2 
the case of a planetary ellipsoid differing infinixely little from 
€llipticity, 


approximately. Hence in 
a sphere we have, for the 






If g denote the value of gravity at the surface of a sphere of radius 
we have whence 


of the same density, 


co^a 

~Y 


Putting we find that a homogeneous hq.nid globe of the same size and mass as 

the earth, rotating in the same period, would have an ellqoticity of 



UH ;uol 


tV imirrical Details 


oor 


./ avobi'it KUipH()i(Ls. 


349. Tu UMH’diiiti wlu‘tlu‘r an ollipsoid with thm‘ tiiieijHid axes is a 
panstble fnnn u{ ralativt* atimhbrium, return to thn conditions (5) of 
Art<. il4H. Thi‘Ho ari‘ tH[ui\aleut to 


and 


“ fX) 'h- + (a- - 6-) - 0, 

<k)- ofoe/> * 

'^lirp a' ’-Ir 


... ( 2 ) 


If WO from Art. IH7, th(‘ condition (1) may be writlion 





0" 4" X 



Oi) 


Tin* firni factor, o(|naU»d to ;^oro, gives Maclauriifs ollipsoidH, discnssed in the 
|)rctunlinf( ArL The m‘c<md factor gives 

/•‘JO 

+ + W 

w!uc*h may la* r(*garded as an (‘(piatiou detiTinining c in Unins of (f, h, 
Wln*ii ^ 0, evi*ry e‘h‘nu*nt of tin* mtc*gral is positive, and wlum o'* «= a'-^¥j(a^ + //■*) 
ev(*ry eli*nn‘ni in negativi*. IbnuH^ tlnaa* is some value of o, loss than the 
Hmalh^r of the two Htuniaxes a, b, for which the ini(*gral ymiishos. 


The (‘orrenponding valiu* of m is givi‘n by (2), which tak(*s tin* form 

fi) ' / f Xci/X / p. .. 

*iiTp J 0 ( a*' 4* X) ( 6**^ -f X) A ’ 

so that fi) is real It will bt* obs(*rved tliat as ladbn* tin* ratio M-jiirp iloponds 
only on the of the (»llips(nd, and not on its absoluh* sixc*"^ 

The miuationH (4) and (o) were c‘arefully (UscuhhihI by (j. O. Meytirf, who 
hln*wiMl that wln‘n o, b arc* given tlu‘re is only one value of o satisfying (4), 
and that, furtlu*r, a maximum value* (vi55. 4871*)+ of m-jHirp occurs for 
it mb . 1*71111 a Tin* Jacobian i*llipsoi(l then coiucidc'S with one of Mac™ 
lauritfs fmmis. This limiting form, which is shmvn on tin* in*xt page, may 
bt* dc*termiinnl by putting 

a ^ - b^ c*’ 4- X - ( a ' - (/) u\ (f •» ( (d - (f) 


I’hc nosgibihtij (»f ini c*lli|w<>idal form with tlntn* inuHiual axc»H was UrHt a«H«rtt‘d by Jat?obi, 
** lluhw die Figur dm OIi‘icbg«‘WitibtH,” Pogi}> Jrni.f h xxxiu* p* 221) (1H34) IPerkf, t* ii. 
p, 17|; alM) Limwilk, “ Bur la figuro d’uno manBo Iluido homogt'*mi, cn {‘qiiilibr©, et douclo 
cf uii mouvc*mc‘ut do rotation,’* i/oara. df P/icoit* Ihdytechn , t. xiv. p. 21)0 (1H34). 

4 ** Do aoquilibrli fcamlfi ollipHoulituB,*’ Crdh\ t. xxiv, (1842). 

t Acoording to Thomson and Ttnt this should bo *1868. Boo tho tabic on tho opposite page 
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in the second factor of (3). We find 

(U -huv U-) l-f# 


whence 


cot”^ f = 


3_f 14^2^3f4- 


(6) 


.(7r 


There is only one finite root, viz ^=’7171, this gives, for the eccentricity 
of the meridian, e = *8127. 



Since, in the general case, the two ratios a b c are subject to the con- 
dition (4), there is virtually only one variable parameter, and the Jacobian 
ellipsoids form what may be called a ' linear ’ series. The sequence of figures 
in the series is illustrated by the following table, computed by Darwinf As 


Axes 

27rp 

Angular 

momentum 

ajR 

Z)/J2 

cjB 

H97 

1197 

•698 

•1871 

304 

1216 

1179 

698 

*187 

304 

1279 

1123 

696 

•186 

306 

1383 

1045 

*692 

•181 

313 

1601 

924 

•677 

•166 

341 

1899 

811 

•649 

•141 

392 

2 346 

702 

607 

107 

481 

3136 

686 

545 

067 

644 

5 04 

45 

44 

026 

1016 

CO 

0 

0 

0 

CO 


co^l2irp diminishes from its upper limit 1871, the ratio of one equatorial axis 
of the ellipsoid to the polar axis increases, whilst that of the other diminishes, 
the asymptotic form being that of an infinitely long circular cylinder rotating 
about an axis perpendicular to its length (a = oo, b = c) The following 
figuies shew two intermediate forms, the unit of length being the radius (B) 
of the sphere of equal volume. 


Thomson and Tait, Art. 778'. The/ of these writers is eq.ual to onr 
t “ On Jacobi’s Figure of Equilihrinm for a Rotating Mass of Fluid,” P?oc Boy. Soc , t. xli 
p 319 (1886) 
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It may be noticed that an infinitely long elliptic cylinder may rotate in 
relative equilibrium about its longitudinal axis It is easily proved, with 
the help of the formulae (19) of Art 347 that the angular velocity is 
given by 

2'irp (a 4- 6)‘-^ 


Other Special Forms 


350 The problem of relative equilibrium, of which Maclaurin’s and 
Jacobi s ellipsoids are only particular cases, has been the subject of many 
remarkable investigations, to which only slight reference can here be made 

The case of the annulus was first treated by Laplace f, with special 
reference to the theory of Saturn’s rings 

The annulus is supposed to be a figure of revolution about the axis of 
and to possess an equatorial plane of symmetry passing through the origin 
Further, the cross-section is taken to be an ellipse whose semiaxes parallel 
to Ox and Oz are a and c respectively. If 0 be the centre of this section, 
we write OG = D , and it is assumed that the ratios a/D, cjD are both 
small 


Under these conditions, the component attractions at any point in the 
substance of the ring are, to a first approximation, the same as if the radius 
jD were infinite, so that we may write, in accordance with Ait. 347 (19), 


where 


O = 7rp {oL^cd^ 4- r^QZ^) 4- const , 


ao = 


2c 

u 4" c ’ 


7o = 


2a 

a 4- c ’ 


(1) 

( 2 ) 


provided the origin of x be now transferred to G The pressure-equation is, 
accordingly, for points of the cross-section, 

+ + + . .. (3) 

where S denotes the mass of the central attracting body at 0 This may be 
expanded in the form 

^ = -|fa)n-D‘^+2i)a; + ai0-'^p(“oa^+7o2^) + ^fl + ^ + - ) 

... (4) 


* Matthiessen, “Neue Unteisucliungen uber frei rotirende Flussigkeiten,’’ Sehnften dei 
Umv zu Kiel, t vi (1859). This paper contains a veiy complete list of previous writings on the 
subject 

t “M6moire sur la theorie del’anneau de Saturne,” Ifew de VAcad des Sciences, 1789 [1787] 
IMecamque Celeste^ Livre c vi ] 
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If^ IS to be approximately constant over the circumference of the section 




1, 


( 5 ) 


the terms in x must cancel, and the coefficients of x^-‘ and z- must be m the 
ratio of 0 ^ to Hence 

(0^1)^=^ S, ... . (C) 



The former of these equations shews that the peiiod of revolution of the ring 
must be thatpioper to a satellite at the same distance, and the latter may 
be written 

60^ _ 2ac (g -• c) 

27rp (;3a2 + c2)(a + c)’ ' ^ ^ 

whence it appears that the equatorial diameter of the section must be the 
greater 


The expiession on the right-hand has a maximum value 108G, cor- 
responding to ajc = 2 594^. Hence for a fluid ring at a given distance from 
the central body there is an inferior limit to the density 

Laplace points out that a ring such as we have imagined would be 
unstable even if rigid, and must d fortiori be unstable when fluid It is now 
generally held that the constitution of the Saturnian rings is meteoiic. 


When the central body is absent, or its mass relatively small, the 
attiaction of the ring at points of its substance must be calculated to 
a higher degree of approximation It easily appears that the cross-section 
must bo nearly circular, and that the angular velocity must bo much less 
than in the previous case It is found that, when 5^ = 0, 


0 )^ 

27rp 

nearly, provided ajD be small 
to that of Art 162 



This may be vonfied by a method similar 


It has been shewn by Dyson that a ring of this kind would be unstable 
for types of disturbance in which the sectional area varies with the longi- 
tude, and for such types only Its tendency would therefore be to break up 
into detached masses. 


Darwin has investigated ■(“ in great detail the case of two detached masses 


A slightly ditfeient lesult was given by Matthiessen, I c The foimula (9) was obtained by 

Mme Sophie Kowalewsky, A st'i NaUir cxi p 37 (1885), Poincar<!?, I c injra, Dyson, Ic ante 

p 149 See also Basset, Amei Joiiin Math , t xi (1888) 

t “ On Figures of Equilibiium of Botatmg Masses of Fluid,’’ Phil Tiam , A, t clxxviii 

p 379 (1887) 


39—2 
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of liquid rotating in relative equilibiium about their common centre of 
gravity like the components of a double star When the distance between 
the masses is large compared with the dimensions of eithei, the series of 
spherical harmonics in which the solution is expressed are rapidly convergent , 
but in other cases the approximations become very laborious * 


8 

General Problem of Relatwe Eqmhhrium 


351 The question as to the possible configurations of relative equilibrium 
of a rotating homogeneous liquid was taken up from a more general point of 
view by Poincard, in a celebrated paper*!* 


Consider in the first place an ordinary dynamical system of n degrees of 
freedom, whose constitution depends on a variable parameter X, the potential 
energy V being accordingly a function of the n generalized coordinates 
^2, • • • qn and of X The possible configurations of equilibrium corresponding 
to a prescribed value of X are determined by n equations of the type 


dv 

dqr 


= 0 , 


. . .( 1 ) 


and by varying \ we get one or more ‘linear series’ of equilibrium con- 
figurations Such a series may be represented by a curve in an 7z-diraensional 
space, of which • • qn are the Cartesian coordinates 


Again considering small deviations from any equilibrium configuration, 
we have 

= Cii “h C 22 "t* •• • ”i" "b •• 5 • . . (2) 

where Cn, C22, C12, . are ‘ coefiScients of stability’ (Art 167) defined by 


_ 0^7 . 



By a linear transformation of the variations S^i, 8^3, the ex- 

pression (2) can he reduced, in an infinite number of ways, to a sum of 
squares; but whatever mode of reduction be adopted, the number of positive 
as well as of negative coefficients is, by a theorem due to Sylvester, 
invariable The coefficients in the transformed expression may be called 
principal coefficients of stability. In order that the configuration in question 
may be stable, it is necessary and sufficient that these should all be positive. 

As we vary X, the several linear senes will remain distinct so long as the 
discriminant A of the quadratic form (2) does not vanish, i e so long as no 
principal coefficient of stability vanishes But if, as we follow a linear series, 


* I’or a fuller investigation of the prohlems of Arts 347-850 lefeience may be made to 
Tisserand, Traite de Mecamque Celeste, Pans, 1889-1896, t. ii. 

t “ Sur I’eq^mlibre d’ane masse duide anim6e d’lm monvement de lotation,” Acta Math., 
t. 711. p 259 (1885). See also his treatise Figwes d'eqmhhu dhme masse fluide, Pans, 1902 
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A vanishes and changes sign for a particular value of X, it appears that the 
configuration in question is a ' form of bifurcation/ i e it is (as it were) the 
meeting point with another linear senes The case may also arise where, as 
X passes through a particular value, two linear series coalesce and then 
become imaginary If the configuration in question does not belong to any 
other linear series, we have what is called a 'limiting form’ of equilibrium, 
and it may be shewn that A has different signs in the tw’^o series, in the 
neighbourhood of the junction A specially important case is wheie two 
series coalesce and afterwards become imaginary, whilst a third series passes 
continuously through the common point 


The foregoing statements may be illustrated by the case of a system of cue degree 
of freedom*^ The positions of equilibrium aie given by 



( 4 ) 


which determines one or more values of q in terms of X 
to X, we obtain 


d^dq 02 F 
0g'2 dx dq 0X 


If we differentiate with respect 


(5) 


This gives, for each linear series, a unique value of dqjdX, and so determines the succession 
of equilibrium configurations, unless d^Vjdq^^O The se\eral series therefore remain 
distinct so long as the coefficient of stability does not vanish , but if 32F/0^^=O, dq/dX is 
infinite or indeterminate accoiding as d^V/dqdX is or is not different from zero In the 
former case, two senes in general coalesce 


Let us wiito = •• ‘ 

and consider the surface y)-) • 

where a,?/, z arc ordinary Cartesian coordinates The cur\c ^)=0 which sexiaratcs 


y 



the ])arts of the plane for which is positive from those for which ^ is negative, repre- 
sents the various linear senes of equilibrium forms. Also the parts of the curve for which 

As a simple example, take the case of a paiticle free to move in a smooth rigid tube m a 
vertical plane, the tube being capable of being set in different positions by rotation about an axis 
peipendicular to this plane 
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the gradient dzjdy is x^ositive conespond to stable, and those for which 'dzj'by is negative 
to unstable configurations 

The critical points correspond to 00/9^ =0, the tangent-hne to the curve 

IS then parallel to ?/, or else the point in question is a singular point on the curve In 
the former case, if no other branch of the curve goes through the point of contact, we have 
a ‘limiting form ’ , and it is evident that there is a change from stability to instability’^ at 
this point. This case is represented in the jireceding figure, where the two senes PA 
and QA coalesce in the limiting form A 

If however we have also dWldqd\=0, or dzfdic—O, we have a singular point The case 
where two series {PA and QA) coalesce and become imaginary, whilst a third series {HAIi) 
passes through the common point and remains real, is shewn in the following diagram In 



the latter series we have a transition from stability to instability, or mce versd, whilst 
the other series are both stable or both unstable in the neighbourhood of .4 * 


When there are n degrees of freedom, the equations of equilibrium are 





= 0 , 



* (8) 


We may utilize the n-\ equations following the first to determine in terms 

of qi and X Let us denote the result of substituting these values in the general expression 
for Fby -v//* (g'l, X) We have then, 

^ = /ON 

Zqi 'bq^Jqi' ‘ * 

by (8), so that the remaining condition of equilibrium may be written 


From this wo derive 


d\fr 


=0 


^ I 

'dq^ dX 02'i9X ’ 


( 10 ) 

( 11 ) 


which shews that the sequence of equihbnum configurations is unique unless 92 v|a/ 0 ^i 2 = o. 
The rest of the argument is then as before, with yfr substituted for F. It is easily proved 
that the condition is analytically equivalent to A=0t 


* The case of a simple crossing between two series, both of which are real on either side of 
the intersection, may be illustrated in a similar manner 

t The argument is taken, with little alteration, from Poincare’s treatise 
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351—352] of E(piilihThiWj Eorfyis 


352. 1 he l)(‘aring‘ of thoBc considerations on the theory of relative 

(H|mhl>riiim of a lotating system will be apparent 

In th<^ case of CHpulibrinm relative to a rigid frame which is constrained 
to rotat<‘ with constant angular velocity co about a fixed axis, the conditions 
arc most conveniently <‘onaidored tinder the type 


9 

dq. 


(F^To)=0, 


..( 1 ) 


whm'C V is thc^ potential energy, and is the kinetic energy of the system 
when rotating as rigid in any assigned configuration (^j, ^ 2 , qn ) ; cf Art 202 
By varying m we get ihi) various linear senes of equilibrium configuiations 
Morts)V(u% if the system b(i subject to dissipative forces affecting all relative 
motions, ih<^ condition of secular stability is that V-~To should be a 
miniimnn. 


Whem, on iht^ other band, i»he system is free, the case comes under the 
ginumil thiMuy of gyrostatic systems, and the more appropriate form of the 
conditions is 



when^ !{ is tht% kinetics cmergy ()1‘ the system when rotating, as rigid, in the 
configtiration (c/i, r/.^, ... </„) with thci component momenta corresponding to 
the ignored coordinates unaltercKl (Ait, 250), and the condition of secular 
stability is that r + Zr sliould be a minimum Trom the present point of 
vi(‘AV the* cmly ignore*, d (H)ordinat(^ which wo need consider is an angular 
cujordinatc* specufying the* position in space of a plane of reference in the 
systcun, passing through the' axis of rotation and therefore also through the 
cumtn* of in(*rtia. T\\i\ corre^sponding component of momentum is the angulax 
mom(‘ntinu about tin* axis ; we shall denote this by at. By varying k we get 
the various Iin(‘ar scunc^s of eejuilibrium configurations 

In tin* casc^ of a rotating licpiid, the geneialized coordinates q^ q., .. are 
infinite* in number, but the theory is otherwise unaltered Let us suppose, 
for a monn‘ni, that, wc* have* a Inpiid covering a rigid rotating nucleus If 
thc^ mudems be* c^onsiiaiiuHl to rotate* with constant angular velocity, or (what 
conn*H to tin* sanu' thing) if it be*, of preponderant inertia, we have the first 
form of the* problem ; wlutrc'as if the nucleus he free, the second form applies. 
Thci distinction bedwenm the two forms disappears when wo confine ourselves 
to disturbances which do not affc'ct the moment of inertia of the system with 
mHpc‘et to tins axis of rcdatiom 

The* H<*(*ond form of the problem is from the present point of view the 
more* important. Wc*, pass to the case of a homogeneous rotating liquid by 
imagining thc^ nucIcuiH to bc^cjomc infinitely small. In this case the solution 
of the probkun of relative CMpiihbriumis partially known We have, first, the 
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linear series of Maclaurin’s ellipsoids in which, as tc ratig(‘H from 0 io jo , ujU 
ranges from 1 to oo (Art. 348). Again, we have the two* scrien of *!iu‘olniin 
ellipsoids in which, as k ranges from to oo , ajh rangt'S in <me t‘asi* 

from 1 to 00 , and m the other from 1 to 0, wheie o, h (Icmoii^ tht‘ two 
equatorial semi-axes (Art. 349) When we havt^ a form <d’ 

bifurcation, and accoidingly a change in the character of tlu^ Hiahilit.y. 


353. As a simph^ application of the preceding theory wt^ may tuxamine 
the secular stability of Maclaurin’s ellipsoid for those types of cdlipsoiilal 
disturbance in which the axis of rotation remains a principal axisf. 


Lot <» be the angular velocity m the state of oqiulihriiun, and k th(^ angular moiiientuin. 
If i denote the moment of inertia of the disturbed system, the angular velocity, if thin 
to rotate, as rigid, would be «// Hence 


r+/i:=K+|/0y^r+j«“ 

and the condition ol secular stability is that this expression should be a nimimtiin. We 
will suppose for dehnitoness that the iioro of reckoning of V corresponds to tin* state oif 
inlimto diffusion Tlion m any other configuration Fwill ho negaiivix 
In our previous notation we have 

, 2 ) 

being the axis of rotation. Since we may write 



wlieiG /"(a, b) IS a symmetric function of the two indepoiukint variables /x If w’e eon 
Hidor the surface whoso ordinate isy(c^, 6), whore b are regarded as rcHjtanguIar roi»r<li 
nates of a point in a horizontal plane, the configurations of relative (Hpiilibrium will 
correspond to points whoso altitude is stationary, whilst for secular stability the altitude^ 
must further bo a minimum 


lor a«co, or , we ha?e/(a, 6)«0 For e«0, we have V 0, and/(fq b)'f I //**, 
and similarly for h^O. For a«=0, &«0, simultaueously, we have /(a, h) cc It is known 
that, whatever the value of k, there is always one and only one possible form of Mfitdiiurink 
•ellipsoid. lionoo as we follow tlio section of the above-mentioned surface by iht^ plmw of 
symmetry (a=Zj), the ordinate vanes from oo to 0, having one and only one Htatmnar) 
value 111 the interval It is evident that this value is negative, and a minimum j". llonro 
the altitude at this point of the surface cannot be a maximum. Moreovi^r, smet* In a 
limit to the negative value of F, viz when the ollipsoul becomes a splnu’c, there is alwiun 
at least one finite point of mmimum (and negative) altitude on th(‘ surfatHx 


^ The two series include the same succession of geometrical forms, but am from the piwcnt 
point of view to be regarded as analytically distinct 

f Pomcarci, Z o For a more analytical investigation see Basset, On the Btaluhty of 
Mackurm’s Liquid Spheioid,” Pmc Camh. Phil Soc , t vm. p 28 (1892) 

4 It follows that Maolaurw's ollipsoid is always stable for a defoimatiott such that tli,» 
auifaee romams an ellipsoid of levolution Thomson and Tait, Natural I'hilonoyhti (2ml «1 ) 
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Now it appears, on reference to the tables on pp. 006, 608, that -when k < 304¥^i2’^, there 
IS one and only one ellipsoidal foim of oq^mlibriiim, viz one of revolution Tlie preceding 
considerations skew that tkis corresx:)onds to a i)oint of minimum altitude, and is therefore 
secularly stable (for symmetrical ellipsoidal disturbances). 

When K > there are three points of stationaiy altitude, viz one in the plane 

of symmetry, corresponding to a Maclaurm’s ellipsoid, and two others symmetrically 
situated on opposite sides of this plane, corresponding to Jacobian forms It is evident 
from topographical consideiatioiis that the altitude must be a minimum at the two 
last-named i)oints, and neither maximum noi minimum at the former. Any other 
arrangement would involve the existence of additional points of stationary altitude 

The lesult of the investigation is that Maclaunii’s ellipsoid is secularly 
stable or unstable, for ellipsoidal disturbances, according as the eccentricity e is 
less or greater than 8127, the eccentricity of the ellipsoid of revolution which 
IS the starting point of Jacobi’s series , whilst the Jacobian ellipsoids are all 
stable for such disturbances^ 

The further discussion of the stability of Maclaiinn’s ellipsoid would cany 
us too far It was shewn by Poincaie that the equilibrium is secularly stable 
for deformations of cdl types so long as e falls below the above-mentioned 
limit. This IS established by shewing that there is do form of bifurcation for 
any ellipsoid of revolution of smaller eccentricity. It follows, fiom the con- 
sideration of ' exchange of stabilities,’ that Jacobi’s series begin by being 
thoroughly stable 


354 Pomcard has fuither examined the coefficients of stability of the 
series of Maclaunn’s and Jacobi’s ellipsoids, by the method of Lam<^’s 
functions, with the view of ascertaining what members are forms of 
bifurcation He finds that there are an infinite nunibci of such forms, and 
consequently an infinite number of other liiieat seiios of equilibrium 
configurations In each case it is possible to assign the foim of the members 
of the new series in the neighbouihood of the bifurcation. The question has 
been further discussed by Dai win and by Pomcard himself m a subsequent 
paperj 

The case which has attracted most interest is the first bifurcation which 
occurs in the series of Jacobi’s ellipsoids According to Darwin f, the ciitical 
ellipsoid IS that for which a/Ji==l 8858, b[Jtt = ’8150, c/R = 6507. After this 
point Jacobi’s ellipsoids aie unstable 

This lesult was stated, without proof, by Thomson and Tail, I c 
t “ On the Pear-shaped Figure of Equihbrinm of a Botatmg Mass ol Liquid,” Phil Tracis. A, 
t. cxcviii p 301 (1901). 

J “ Sur la Stability desFiguxes Pyriformes affeetds pai uue Masse Pluidc eix Kotation,” Phi. 
Ttans.A, t. cxcvixi p 333 (1901). 
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In the annexed figure*, in which the ratios ajc and bjo are taken as 
coordinates, the straight hne HAK represents the series of Maclaurin’s 
ellipsoids corresponding to different values of k, whilst the branches AR, 
AS represent those of the Jacobian figures. The point Jff corresponds to* 



the case of the sphere, when k — 0, and the Maclaurin series is stable fronoi 
E to A, and afterwards unstable. The points P, Q indicate the stage at 
which the Jacobian ellipsoids become unstable At these points new senes 
branch off; which are probably in the first instance stablef. The first 




» The diagram is oonstiiioted from the tables on pp 606, 608 A sketch is given in Poincare’s- 
treatise 

t See Pomcar6, l.e ; and Darwin, “The StabiMy of the Pear-shaped Figure of Equilihrinm 
Phzl Trans A, t. cc p. 251 (1902). ’ 



:J54 355 1 l*(’((r-Hhap(>d Fi(fi(r<‘ of JBqaiUbrmm eii) 

iiu'mb{!iK <it tlu'sc ii<*\v Miii'Hih have the form shown in the lower diagrams, 
whiidi are taken from the paper hy Daiwiu just referred to 

The (HtrrespoiKluig two-dimensional problem has been discussed by 

!>} a sparial nu^thod 


H mail Osrillafions. 


366. llu‘ .small oHcallations of a rotating cllipsoidfxl mass have been 
clis<aw8(‘(l by xarions writers. 

1 hi‘ nifiiphnst typthH of distarbanco which we can consider arc those in 
whi<di tht* hurfn<a^ nanauis (dhpsoidal, with the axis of revolution as a 
principal axis. In tln^ (awe of Maclaunn’s ellipsoid, there are two distinct 
typc*8 <d thin character; in one of these the surface remains an ellipsoid 
t>f r4‘volntioti, wldlst in tln^ other the etpiatonal axes become unequal, one 
inci casing and the other (h^mmsing, whilst the polar axis is unchanged. It 
waHslunvn liy Eiinuannf that th<^ latter type is unstable when the eccentricity 
(c) of th(‘ nu'ridian Hi‘(^tion ex(‘.<‘tKls *9529, In this investigation frictional 
foret*H are ntd. confcnipiaiiHl, and the criterion is one of 'ordinary' stability. 
W(^ have' HtHUi (Art- 353) that practically the etjuilibrium is unstable when e 
cxctHHln *8127, T!u! periods of Kieinamfs two typos of oscillation (when 
c<*952!)) havi* been calculated by Love, who has also discussed the two- 
diincnHional oHcillations (of (‘lliptic type) of a rotating elliptic cylmdcr§ 

Tint prt»t>lt*in of sniall oHcillations was triiated in a more general manner 
by Foincarejj. It appears from Art. 20(1 that the cipiationB of small motion 
relative tc n^tulbig axes may hc^ written 


(Ut 

(If 


imv 


(hr, ’ 


dn 

dt 


-f" 


dyjr 

S'/’ 


dw dyfr 

dt ' 


where 




.. p 
p 




( 2 ) 


' “ Ott the l'h{aililnium ef Htjtating hiqmd Ctrhnderh,” PhiL Tram A, t cc p. 07 (1902). 
t ** Ilfatmg m den UnteiTuehungen tiber die Bmv(»KunK ernes thlBSigen gkuchartigon Ellip- 
fioiden,” (ilHi, JWim t. ix. p. a flHflO) {Math, Wrrkr, p. 192]. Soo also BaHHct, IPidrodymmics, 
Art* a07, Hiimnnin iihn shewn that .lacnhi’s ellipsohlH are Htable (in tlio above restricted sense) 
for ellipsoidal dwturhimeotu 

t ‘*On the CMcillfiticins of a Ilotating Tdfpnd Hph«‘ioid, and iht‘ Genesis of the Moon,” Phil, 

May. (5), t. xxvii. p. 2^11 (ism)}. 

i ** Gn llie Motion of a Liipiid Elliptic Gjj^hnder under its own Attraction,” Quart. Journ. 

Math., t. xxiii. p. hia (iHHHt. 

II he* antf p. 012. 
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[OHAP. XII 
From these, and 


Rotating Masses of Liquid 


if n denote the gravitation potential of the liquid mass, 
from the equation of continuity 



du dv dw _ 

. 

(3) 

we deduce 




(4) 

If we assume that u, v, w vary as we find 



20-^4 2&) 

- 2a) ^ ^ 

0 ^ ^ ox oy 

11 

q 1 

.(5) 


’ ^ — 4co^ ’ 

and therefore from (3), 

or immediately from (4), 







(6) 

If we write 

1 T = -0 = 7^, 



■(7) 

this takes the form 

dx^ dy^ 0/^ 


.(8) 

If the equation of the 

undisturbed ellipsoid be 




+ > 



. -(9) 


the appropriate solutions of (8) are those which involve the ellipsoidal 
harmonics corresponding to the surface 





which IS obtained from (9) by homogeneous strain*. 


( 10 ) 


At the surface (9) we must have p = const , and therefore 

^ = + ( 11 ) 

The potential O of the disturbed form depends on the normal displacement 
(^) at the surface , this is connected with by a relation of the form 


lu 4- mv -f nw = 



( 12 ) 


where the surface- values of u>, v, w are to be taken from (5). 

The procedure is then as follows Assuming that f is an ellipsoidal 
surface-harmonic relative to (9), the surface- value of O is calculated, and 
substituted in (11) The resulting surface-value of yjr is then expressed in 


* It appears that for some types of free oscillation r is imaginary, and the surface (9) con- 
sequently a hyperboloid. 
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terms of harmoaics relative to the auxiliary surface (10); the corresponding 
expression of ^|r in the interior can then he written down in ellipsoidal solid 
harmonics The condition (12) then gives an equation to determine cr , it 
appears that this equation is always algebraic 

In the case of Maclanrm’s ellipsoid the process is somewhat simplified, 
the harmonics involved being of the types studied in Arts. 104, 107 This 
problem has been fully worked out by Bryan who has in particular com- 
pleted Eiemann’s investigation by shewing that the equilibrium is ‘ordinarily’ 
stable for all types of disturbance so long as the eccentricity of the meridian 
is less than 9529 


JDirichleis Ellipsoids 

356 The motion of a liquid mass under its own gravitation, with 
a varying ellipsoidal surface, was fiist studied by Dirichleth Adopting 
the Lagrangian method of Art 13, he proposes as the subject of investigation 
the whole class of motions in which the displacements are linear functions of 
the coordinates This was carried further, on the same lines, by Dedekmd]: 
and Riemann§ More recently, it has been shewn by Greenbill|| and others 
that the problem can be treated with some advantage by the Eulerian 
method 


We will take first the case where the ellipsoid does not change the 
directions of its axes, and the internal motion is irrotational. This is 
interesting as an example of finite oscillation of a liquid mass about the 
spherical form 

The expression for the velocity-potential has been given m Art. 110 ; viz. 
we have 

= + ( 1 ) 

With the condition of constant volume 


2+*+?.o 

a 0 c 


( 2 ) 


^ “The Waves on a Botatmg Liquid Spheroid of Binite Elhpticitj,” Phil T? ans. A, t. clxxx. 
p 187 (1888) 

h “ TJntersuchungen uber ein Problem der Hydiodynamik, ’ Gott Ahh., t vui p. 3 (3860); 
Crelle, t. iviii p 181 [IFer/ce, t. xi p 263], The paper was posthumous, and was edited and 
amplified by Dedekind 

t Crelle, t Ivin p 217 (1861). 

% I c ante p 619 

II “ On the notation of a liquid Ellipsoid about its Mean Axis,’’ Proc. Camh. Phil Soc,, t in, 
p 283 (1879), “On the general Motion of a liquid Ellipsoid under the Gravitation of its own 
parts,” Proc Camb Phil Soc.^t iv p 4 (1880) 



,622 Rotating Masses of Liquid [chap, xii 

The pressure is then given by 

.. . ...(3) 

by Art. 20 (4), and substituting tlie value of f2 from Art o47 we find 


P 


= + + 4- + 7o^“) •• W 


The conditions that the pressure may be uniform over the external 
surface 


or z- - 

^2 ^ ^ ' 


are therefore 


- + 27rpaoj (.c 2'^P7 o j 


...(5) 


( 6 ) 


These equations, with (2), determine the variations of a, 6, o If we multiply 
the three terms of (2) by the three equal magnitudes in (6), we obtain 

da- -h 6i -f cc + 27rp {ca^aci + /3o&& + 7 oCc) =0 .... (7) 

If we substitute the values of A, 7o from Art 347, this has the integral 

.. ( 8 ) 

.( 9 ) 

( 10 ) 

.. . .(11) 


r°” dx 

a^ + 6- -1- 0 - — ^irpahc -r- = const. . . 

j 0 ^ 

It has already been proved that the potential energy is 

d'x 

V = const ~ I , 

Jo 

and it easily follows from (1) that the kinetic energy is 

T = ■^'irpabc {a^ H- 6^ + c^). . . . 

Hence (8) is recognized as the equation of energy 

y + F = const 

When the ellipsoid is of revolution (a = h), the equation (8), with = R\ 
is sufficient to determine the motion We find 


A7rpi2’^l + ^^c^+F=const . .. .(12) 

The character of the motion depends on the total energy If this be less 
than the potential energy in the state of infinite diffusion, the ellipsoid will 
oscillate regularly between the prolate and oblate forms, with a period 
depending on the amplitude , whilst if the energy exceed this limit it will • 
not oscillate, but will tend to one or other of two extreme forms, viz an 
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infinite line of matter coinciding with the axis of oi an infinite film 
coincident with the plane xy* 


If, in the ease of an ellipsoid of revolution, we superpose on the irrotational motion 
given hy (1) a uniform rotation ( about the axis of r, the component velocities (relative 
to fixed axes) are 


ct ^ it ^ b 

u = r=-y+f.r, 

bt' efc c 


(13) 


The Eulenan equations (Art 6 (2)) then reduce to 

a ty ^ ^ sy £ P dx dx’ 

a a p cy cy 

^ ^ 1 0p ___ 0£3t 

^ p dz dz 

Tlie fiist two equations give, by cross-difterentiatioii, 

J+2“=0, 

C U 


(14) 


(If.) 

(16) 

which IS simiily the expression of von Helmholtz’ theorem that the ‘ strength’ of a vortex 
IS constant (Art. 146) In virtue of (15), the equations (14) have the integral 


1.. 

p' 


- i L* - (■i''^ + y^) - i - Q 4- const 


.(17) 


Introducing the value of Q from Art 347 (4), wo find that the iircssuro will be constant 
over the surface 




“ J., 


provided 


*“ = 0 +27rpyo^ . 


Jii virtue of the relation (15), and of the condition of constancy of volume 


2~ + "=0, 

a c ’ 


tins may be put in tlio form 

’^aa> 4 - 60 4 - 2 aa +■ 4 ^TTpa(^aa 4 ^rffty^cc — 0 , 


whence 


2a^4 


4 2^V-^ - 47rpa% f — ,= const 

J u (rt*‘4‘X) (o*‘^4X)^ 


This, again, may be iden tilled as the equation of energy 
In terms of c as dependent variable, (22) may bo written 


= const 


(18) 

(19) 

(20) 

(21) 

( 22 ) 

(23) 


* Dmohlet, I c When the amplitude of o.sciUation is small, the period must oomoide with 
that obtained by putting m = 2 m the formula (10) of Art 259 This has been veiifiecl by Hicks, 
Floe Camb Phil Soc., t iv p 309 (1883) 
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If the initial circumstances be favourable, the surface will oscillate regularly between 
two extreme forms Since, for a prolate ellipsoid, V increases with c, it is evident that, 
whatever the initial conditions, there is a limit to the elongation in the direction of 
the axis which the rotatmg ellipsoid can attam On the other hand, we may have 
an indefinite spreading out in the equatorial plane*^ 


357 For the further study of the motion of a fluid mass hounded by a 
varying ellipsoidal surface we must refer to the paper by Riemann already 
quoted, and to other memoirs cited below f We may, however, briefly 
notice the case wheie the ellipsoidal boundary is invariable in form, but 
rotates about a principal axis (Oz)^ 


If u, V, denote the velocities relative to axes y rotatmg in their own plane with 
constant angular velocity ©, the equations of motion are, by Art 206, 


Bv, - „ 


1 ^ ^ \ 

p 04? 04/ ’ I 


ci>2y = 

Bw 


1 ^ ^ 
p 

1 ^ ^ ^ 
pdz dz ' 



- . m 


If the fluid have an angular velocity f about lines parallel to the actual velocities 
parallel to the instantaneous positions of the axes will be 


a2-52 

%o = 0 , 


• ( 2 ) 


since the conditions are evidently satisfied by the superposition of the irrotational motion 
which would be produced hy the revolution of a rigid ellipsoidal envelope with angular 
velocity ffl - f on the uniform rotation (cf. Art 110) Hence 

2a2 202 

^“a2+62(“-f)y> ^ = 0 .. (3) 


* Dinchlet, I c 

+ Bnoschi, “Developpements relatifs au § 3 des Eecherohes de Dinchlet sui un problSme 
dHydrodynamique,” CrelU, t. hx p 63 (1861), Lipschitz, “Reduction dei Bewegung eiues 
flussigeu homogenen Ellipsoids auf das Variations-problem ernes einfachen Integrals ” 
a,^, t Ixxvui p 245(1874); GreenhiU, U antep 621, Basset, “Ou the Motion of a Liqub 

Ellipsoid under the Influence of its own Attraction," Proc Zond. Math. Soc , i xni p 255(18861 

[Eydrodymv^^os, c. xv.] ; Tedone, II moto dt un eUtssotde jflmdo tecondo Ihpotest dt mLhuL 
risa, 1894 ^ 

Soc f ^m"^p^233 ^879^ Ellipsoid about its Mean Axis,” Proe. Canib Phil 

n § ^ system of equations relative to moving axes was given by Gieenhill, P,oc 

Camb jPhiL Soc , t» iv p. 4 (1880) 
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Hulwtituting in (l^, and intogratmg^ wo 1‘md 

p' -Q + coimt 


OS.') 


-(• 1 ) 


Ih^iro tin' (Hinditioiih for a fro<^ mirfaco ar<^ 


{ Jin*//" Jn'" 


'} 


TTpyon* 

Thw HicIudc^H ?i numl»(‘r of mtt'nssiang oaHOH. 

I'V If wo put w {, w’o g('t tin’s condit.iouH of Ja,< oIu’h ollipHoid (Art 19) 

J'*. If wo, put m 0, H(» that th(' (’xtcwnal houmia,ry in atationary in H[)a(u\ wc^ got 

ln%'^ 


,.( 5 ) 


Iw/nin l^rpM) ^ | (d) 

ThoHo oonditiouH nro oqiiivahuit io 

(«u Hyi)0‘^(a*^ h'^) 0, . 

n^rto h'%, 

27rp hW ’ n« 

It w ovidt^nti (»n iHHuparwon with Art. ;U9, that c nuiHt ho tho h'ast a-xin of tho ollipMoid, 
and that tho vahu* of oi'Vsi^// in ponitiva'. 

Tho patliH of tln^ partnth'H ar<^ thdc'numcul hy 


..(7) 

....( 8 ) 




“lly* 




r iX‘n 008(^/4*01 // nin (^rH-^), «»(), 

%tl> , 

.« . r.»ki •< *•. 


..0); 

(10) 

.(It) 


whonoo 
if 

ami l\ # aro arhii.rary oonntant.H, 
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there is some real value of o*, htumn a and for winch tlu^ (.oiulitiou ih hntihfknl ; am 
the value of <a given, by (14) is then real, for the 8aine reason as in Art, 3 If), 


4® In the case of an elliptic cylinder rotating about its axis (Art, 3If)h tlu‘ innaii 
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Dissipation -function, 528, 541 



Index 


631 


Dissipation ot energy by viscosity, 540, 556, 
586 

Dissipative systems, general theory of, 521, 
528 

Distortion of a fluid element, 29 
Divergence of a vector-fleld, 42 

Eddies, 592 
Edge-waves, 423 

Efflux, of liquids, 21, of gases, 23 
Elasticity ot volume, 454 
Electromagnetic analogies, 191, 209 
Electromagnetic rotation, 27 
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Dirichlet’s, 621 , Dedekind’s, 625 
Ellipsoid moving in a frictionless liquid, 134, 
135, 137, 139, 140, 146, 148 , in a vis- 
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Ellipsoidal harmonics, 132, 136, 140 
Ellipsoidal mass of liquid rotating under its 
own gravitation, 604 

Ellipsoidal shell, irrotational motion of liquid 
in a lotatmg, 140 
Elliptic coordinates, 78 
Elliptic cylinder in frictionless liquid, circula- 
tion round, 69 
motion due to an, 78, 84 
Energy, equation of, 8, 19 , dissipation of, 540, 
556, 586 

Energy, of niotationally moving liquid, 44, 54; 
of long waves, 246 , of vortex-systems 
of suiface waves, 351, of air-waves, 458, 
468, 472 

dissipation of, bee Dissipation 
Equation of continuity, see Continuity 
Equations of motion, of frictionless fluid, 3, 
12, of viscous fluid, 538 
of solids in a frictionless liquid, 157, 176, 
185, 187 

Equilibrium (relative) of a rotating mass of 
liquid, 602 

Exchange of stabilities, 614 
Expansion, defined, 5 

and rotation, velocities expiessed m terms 
of, 199 

Expansion, waves of, see Air-waves 

Emite amplitude, waves of, on water, 2G1, 392, 
395, 398, 402, in air, 459 
Eimte oscillations of a liquid mass about the 
spherical form, 621 
Eish-line problem, 445 
Flapping of sails and flags, 359 
Flow, defined, 30 
Flux, defined, 36 

Forced oscillations, 287 , of a rotating system, 
299 

Fourier’s theorem, 364 


Free oscillations, 236, of a lotating system, 
298 

Friction, eflect of, on tides, 524 

Generalized coordinates, 174 
Gerstner’s waves, 395 
Globe, oscillations of a liquid, 428 
Globule, vibrations of a, 451, with friction, 
581 

Grating, reflection and transmission of sound- 
waves by a, 509, 514 

Green’s theorem, 41 , Kelvin’s extension to 
cyclic regions, 52 , Helmholtz’ exten- 
sion to sound vibrations, 474 
Group-velocity (of waves), 360, 363, 435, 438 
Gyrostatic systems, equations of motion of, 
186 , small oscillations of, 294 ; with 
friction, 508 

Hamiltonian principle, 177 
Harmonic analysis of tidal observations, 342 
Hai monies, spherical, 102 , cylindrical, 126 , 
ellipsoidal, 132, 136 

Helicoidal solid moving m frictionless liquid, 
163, 169 

Highest waves on water, 394 
Hydiokmotic symmetiy, 161 

Ignoration of coordinates, 185 
Image, ot a double source, m a sphere, 120 , 
of a vortex-ring, 229 

Impulse, of a solid moving in a ftictionless 
liquid, 152, 155 
of a vortex- system, 208 
Impulsive motion, 11, 16, 113 
Xnertia-coellicients, of a cylinder , 72 ; of a 
sphere, 115, of an ellipsoid, 147 , general, 
154, in cases ot symmetry, 161 
Instability, of surfaces of discontinuity, 358, 
of linear flow of a liquid m a pipe, 592 
Iiieducible circuits, 47 

Irrotational motion, general theory of, 28, 
32, m cyclic spaces, 48, in two di- 
mensions, 62 

of a liquid mass with a free ellipsoidal 
boundary, 625 

Jacobi’s eUnisoid, 607 
Jets, theoiy of, m two dimensions, 85 
capillaiy phenomena of, 448, 449 

Kelvin’s theorem of minimum energy, 45, 54 
Kinematic coefficient of viscosity, 5B6 
Kinetic energy, of an irrotationally moving 
liquid, 44, 54, 63, 118 , of a solid 
moving through a liquid, 155, 172, 
183 , of a vortex-system, 208, 210, 217, 
225 
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Kinetic stability, 298, 337 
Kmeto-statics, 188, 190 

Kixcbliof’s integral of the general equation 
of sound, 477 

Lagrangian equations in geneialized cooidi- 
nates, 176, 182 

Lagiangian equations of fluid motion, 12 
Lamina, impact of a fiictionless stream on 
a, 91, 93, 95 

Laminar motion, 29 , m viscous liquids, 558, 
560, 561 

Laplace’s tidal problem, 312 
Limiting form of relative equilibrium of a 
rotating liquid, 613 
Limiting velocity, 21 
Lines of motion, see Stieam-lmes 

Maclaurm’s ellipsoid, 604 
Minimum energy, Kelvin’s theorem of, 45, 54 
Minimum velocity of water-waves, 437 
Modulus of decay, 522 , of water-waves, 564, 
566; of air-waves, 589 
Moving axes, motion of a solid referred to, 
157, 170 

Multiply-connected regions, 47 

Newtonian velocity of sound, 456 
Normal modes of oscillation, 237 , of water 
in lectangular and circular tanhs, 418, 
m a channel of uniform section, 419, 
421, 422, 424 , of air in a spherical or 
cylindrical envelope, 480, 503 

Obstacles, scattering of sound-waves by, 486, 
491, 507 

Oil, effect of a thin film of, on water-waves, 
570 

Orbits of particles in water-waves, 346, 349, 
396 

Ordinary stability, 298, 337 
Orthogonal coordinates, 141 
Orthomorphic projection, 65, 100 
Oscillating plane in viscous fluid, 560 
Oscillations, see Small oscillations, and Waves 

Pear-shaped figure of equilibrium of a ro- 
tating liquid mass, 618 
Pendulum, oscillating in air, 485, 497, im- 
pact of air-waves on, 486 , in viscous 
liquid, 583 

Periodic motions m a viscous flfiid, 558 
Penphractic regions, 38 
Permanent type, waves of, on water, 398, 
402 , in air, 460, 463 
Physical equations, 6, 433, 589 
Pipe, flow of VISCOUS liquid m, 543, 545; 
turbulent motion in, 592 


Poiseuille’s experiments, 544 
Pressure-equation in irrotational motion, 18 ; 

in steady irrotational motion, 19 
Pressures on solid moving through a fnction- 
less liquid, 158 

Prismatic vessel, irrotational motion of a 
liquid in a rotating, 81 
Progressive waves, tidal, 242, on deep water, 
347 , in air, 455 

Reflection of water waves, 247 

and transmission of an -waves by a grating, 
509, 514 

Relative equilibrium, geneial conditions of, 
615 , linear senes of configmations of, 
615 

Resistance, hydrodynamic, in a fiictionless 
liquid, 93, 94, in a viscous fluid, 553 
due to the generation of waves, 391, 41B 
Retardation and acceleiation of tides by inertia, 
334 , by friction, 524 

Revolution, solid of, moving m frictionless 
liquid, 164, 167, 168 
Ring moving in fiictionless liquid, 173 
Ripples and waves, 437 
Rotating liquid, 24, 25 
Rotating dynamical system, small oscillations 
of a, 293 

Rotating sheet of water, tides on, 301 
Rotation of a fluid element, 29 
Rotation of a liquid mass under its own at- 
traction, 602 
Rotational motion, 193 

Scattering of air-waves by spherical and other 
obstacles, 486, 491, 505, 506 
Schwarz’ method of conformal representation, 
86 

Secular stability, 297, 615 
Ship-waves, 412, 416 
Simple source of sound, 474 
Simply- connected regions, 35 
Skm-resistance, 594 

Slipping, resistance to, at the surface of a 
solid, 537, 544 

Small oscillations, 235 ; of a gyrostatic system, 
298 , of a dissipative system, 529 
of a rotating ellipsoidal mass of liquid, 619 
Smoke-rings, 228 

Solids, moving in frictionless liquid, 150 , with 
cyclosis, 170 

Solitary wave, Scott Russell’s, 398 
Sound, velocity of, 456 
Sound-waves, see Air-waves 
Sources and sinks, m irrotational motion, 55, 
119 

Somces of sound, simple, and double, 474 
Speed of an oscillation, defined, 237 
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Sphere moving m fnctionless liquid, 114, 130, 
inertia coefficient of, 115 
in VISCOUS fluid, steady motion, 552 , oscil- 
latory motion, 582 

Spheres, motion of two, in fnctionless liquid, 
122, 124, 181 

Spherical globe ot liquid, free and foiced os- 
cillations, 428, 431 , influence of vis- 
cosity, 579 

Spherical sheet of water, tidal oscillations of, 
286, 290 

Spherical harmonics, 102 , zonal, 105 , tesseral 
and sectorial, 110 , con]ugate property 
of, 110, expansions in terms of, 111, 
486 

application of to sound-waves, 478, 496 , to 
steady and pei iodic motions of a viscous 
fluid, 548, 571 
Spherical vortex, Hill’s, 231 
Stability, theory of ordinary and seculai, 297, 
337 

of a solid moving m fnctionless liquid, 159, 
167, 168, of a cylindncal vortex, 218, 
of a let, 450, 451 

of the ocean, 336 

of a rotating mass of liquid, 615, of a 
rotating annulus, 611; of Maclaurin’s 
and Jacobi’s ellipsoids, 616, 617 
Standing waves on deep watei , 346 ; see also 
Normal modes 

Steady motion of a fnctionless liquid, 18 , with 
a free surface, 85 , geneial conditions 
for, 229 

of a viscous fluid, 542, 546, 548 
of a solid in a fnctionless liquid, possible 
types of, 158, 159, 168 ; stability of, 
159, 167, 168 

of a solid of revolution, 168 
Stokes’ theorem, 117 

Stream-function, Lagrange’s, 60 , Stokes’, 117, 
119 

Stream-lines, 17 , m two dimensions, 61 
of a circular cylindei, 73, 74, 75, of an 
elliptic cylinder, translation and rota- 
tion, 79 , of a sphere, 121 , of a circular 
disk, 138 , of a vortex-pair, 214 , of a 
vortex-nng, 224 , of a spherical vortex, 
232, ot standing waves on deep water, 
347, of a sphere in viscous liquid, 
553 

Stresses in a viscous fluid, 532 
Surface-conditions, 7, 433 
Surface-distributions of sources, 56, 58, 575 
Surface-disturbance of a stream, 378, 379, 386, 
440 

Surface-energy and surface-tension, 433 
Surfaces of discontinuity, see Discontinuous 
motions 


Surface-waves, 344 

due to a localized disturbance, 364, 371 , 
due to a local periodic pressure, 374, 410 , 
due to a progressive disturbance, 378, 
379, 386, 412, 442, 445 
of finite height, 392, 395, 398, 402 
Syminetiy, hydrokmetic, 161 

Tangential stress, 533 

Tension, surface-, see Capillarity and Suiface 
tension 

Terminal velocity of sphere falling m viscous 
fluid, 554 

Tidal waves, deflned, 235 

m uniform canal, 239, 244, 248 , in canal 
of variable section, 257 , on open sheets 
of water, 265, 267 , on a spheiical ocean, 
286, 290 

on a rotating sheet of water, 301 
of finite height, 261 
Tide-generating forces, 339 
Tides, diuinal, 323, 332, semi-diurnal, 324, 
332, long-period, 315, 319,329, sprmg- 
and neap-, 335 , of second order, 265 
equilibrium theory of, 340 
on a rotating globe, 312 , Laplace’s theory, 
314, Hough’s theory, 329 
effect of f notion on, 524 
Torsional oscillations of a spheie in viscous 
fluid, 582 

Trochoidal waves, 393, 397 
Tube, flow of viscous fluid m a, 543, 546 , 
critical velocity, 592 

Turbulent motion, 591 , cntical velocity in a 
pipe, 592, theory ot Reynolds, 597 

Vectors, polar and axial, 32 
Velocity-potential, defined, 15, kmematical 
property of, 17, persistence of, in 
fnctionless fluids, 15, 33 , mean value 
of, over a spherical surface, 37, 474; in 
simply and multiply connected spaces, 
35, 49 

of an isolated vortex, 202 
Vena contiaota, 22, 89, 91 
Viscosity, 532 , stresses due to, 533 , coefficient 
of, 535 

of gases, 586 , effect on sound-waves, 587 
Viscous fluid, equations ot motion of, 538 
steady motion of, 551 , peiiodio motion of, 
558, 571, 584 

flow between parallel plates, 542, through 
a narrow tube, 543, 545 
steady motions of a sphere and of an el- 
lipsoid in, 551, 554 
pendulum oscillating in, 683 
Vortex-lines and filaments, 193 , vortex-sheet, 204 
Vortex-pair, 213 
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Index 


Vortox-rings, 221 ; mutual influence of, 22H 
VortuKW, motion duo to iHolated, 201, 202 
peiRiflteiico of, m iriotionlcaH litiind, 105 
I’octilmear, 211; oylindiioal, 21H, 219, 231, 
circular, 221 ; nphenoal, 231 

Wator-wavoR, olToct of viHConity on, 563, 501; 
ofTeot of oil on, 570 
ako Capillary wavoH, Burface-\vave«, 
Tidal \vav(»H 


Wave-patterns, due to a progressive distmt)- 
anca, 412, 410 

Wave-propagation in one, two, and thuH* di 
luenHioriH, 241, 270, 271), 317, 400, 4011, 
455, 471, 600 
Wave-resistance, 391, 41 H 
Waves, see Air-wiives and Water-waviw 
Weber’s transformation, 13 
Wind, action of, m generating water- wav("4, 
508 
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